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W ik, PHETIXERERBRERZORERE, XE2—1PERTXERENIRE,
ELSERIBX LA AR EN XA R E#ITHR, REARRER
BSHBOERSRBIELE, ZEEERBEBOTRE, RAARENBELE XA—EN
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HELE. BFRTROEREEN AQESR. BERNEDER, TLURBEERENRHHE
ROlERRA BREZERLSHAEME, ARLHAER. SBTTRELEAMA F EE
(RESH, B IO I 2 AL T2 70 BhE T B PR 8 ik SR R A0 SR 0 S Anls 5 4% 4 10 8 BRT5
B. AHRETEGTETESEREENRME, SHRORARAEATEHBRENKETE
REGWEALBIEFBREET K. S TFREXMHEREZRENER, ESHEA5%
ERLWBRARM. EARNENERNXERBEREBHORERRIEFRTET K.
ERFBIBBASh, AXB AR S SXMI1IER.

R - N -
ERBUMNEENE, ZBRONTRMEE S B 1, oj=0i=1le=15:=u;=0, HE
MR,
NE:
OY=—py, 4= %‘r, u2=—"§i—z (2.1)
PP b
0 } T, ue
] =
e
‘A‘{sz
ot -—}-1— -
P2 B,
R,
ry !
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r
zu by P Dy
A 1
SAEF:
ol=—p, uy= ’g}z'r, uy=— g;,,z (2.2)
2 2
%'E‘%:
ot=—p, w="Er, uw=—f: (2.3)
HTHmMERRE, Arid
b b _ P
E=E=E (2.4)

Rltryy tzyy Uryy Uz, HBIHANEEENE ENERNOEERENLREOCHLE
BB INAI 5 By 0ry e HIF MR FIHBs (Ordearts (Tre)rors T (Or)earyy (Trz)rar, 23 B
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Ehy (v 0ur , 8%z _
(Rl F + 822 )+(Tr:)r,n-—0

_‘pz

E.h, R O'u,, Ury v auzl] 9%
1—»* [( 12 gz¢ T R? )+R 8z +p1h1 22

0
‘—(Ur)r-rl— zléé(Trz)r-ﬂ:O

SNEFEs
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B et Yo e

hy, @

-|-(O’r)r-rz —_ 2 3z

(Trz)r-rz—o
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(2.5)

(2.6)

NFRLFE, EESIAXMIIIFOLER. BXM11HR(2. 51)%11(2 52)R, M THMmEZH

KB R X R AR, =0, FH

te=[m AT (my)—mB, K, (mr)+mA,I (my)—m,B,K, (myr)]sin mr;rzﬁ
ne="T (1= &) Ao (mir) + BLK ((myr) T+ [ Ay Lo (myr)

+ B,K ((myr) ] }COS m;}.z

or=2G {(1—~)mlz [A ] (myr)4+B,K (mr)]

+(i-56

—m B, K (myr) +my AT, (myr)—m,B,K (m,r)] } sm@?

mint 1
T (A (myr)+ B, K ((myr)]— o [mA L (myr)

Trz-—ZG 1 (1— 2PG )[mlAlIl(mlr)—mlBlKl(mlr)]

+[mydy I (myr) —m, B, K (myr) ] } cos m:lrz
Hrh
= mr PAY = T 2.\t
=TT m="T(- 1 )
M RERE, RASNEREDPEO BB N

. muz maz
u,1=Cusmf—r—, Uz, =C,,cos—~ e

. maz mrnz
e, =C,,5in VIR tiz,=C,p,c08— I

MFRORXFHELHE, Bz=0MmTH,

(2.7)

(2.8)

-(2.9)

(2.10)
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("')z=o=( g;uzr)z —'(ur)z=l—(a ur) =0 (2,12)
FH(2.10)RAA(2.5)R, TEBI(2.8)R, —H%

v

'R;Cu— mln Cr+ lE_h - 2G {(1 2G )[ml-A I,(mry)—mBK, (myry)]

+[mzAzjl(mzrl)—szzKl(mzr1)]}=0 (2.13)
LR—— 2_2
( h112 ml4 R: )Cu—’jsl mln C.—2G 1 {(1 ) ”;zj't" [Ado(myry)
22
+B.K, (mxrx)]+(1— ZPG ')'ﬂz’zn' [Azlo(mzrl)'*‘BzKo(mzrl)]

‘—;,11‘ (myAd (myry) —'mlBlK1(m1f1) +my A1 (myr,) —myB, K (myry)]

hz'mlz [(1— 2%3 ')mlAJl(mxfl)— (1_’22”)’"131K1(m171)
el i) =m B (mar) [} =B (1-9%) T Cu=o (2.14)
7(£(2.13)$n(2.14)EE'43‘2%—‘EC123H%
4 ol 2
(D" = pbs T 4 B €26 {(1- 2 Y Al y(miry)

2 2
+B,K, (myry) ]+ (1_ ZpG ”;sz_ [ AL (myry) + By K o(1myr,) ]
—rll [m A (myry) —mlBlKl(mlrl) +my AT (myry) —szzKl(erl) ]

-,_(;51_]121 m;fz)[(l_ ZPG )mlA‘Il(mlrl)_ (1—' ZPG )mlBlK1(m1T1)

+mzAzI1(mzr1)—szzKl(mzrx):l}=0 (2.15)
#HADRKRA(2.6)R, EEF(2.8)R, 7/

v

f Ca="T" Cum E;: 26 {(1= S5 JimA L (mr) ~mB K, (myr)]
+[mzAzfxmzrz)—szzKl(mzrz)J}eo (2.16)

(57554 Youm 3, a0 2 {(1-2Y i L

+B, K, (mr) 1+ (1- {G—)ﬂ,ff[Azf‘,(mzrzHBzK., (mar2) ]

"‘;_L [my A1, (myr,) _mlBlKl(mer) +my A1 (myry) —m, B, K (myr;) ]

by mﬁnz[(l o5 ) M i(miry) — (1= YmBK (myr)
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- 2.2
+my A, I, (myr;) —m,B, K, (mzfz)] '—"'gzz (1—v%) mlz'r'LT C;1=0 (2.17)
1E(2. 16)$ﬂ(2 1) RHE%C,, 7 T4
E h s 2.2
( D2 14 ‘ mlzn +— R? )C21+ 2G {(1_5)@1? (A, (myr,)

2 2
+B1Ko(m1r2)]+(1_’ ZPG mlzn [ A1 (myr,) + B, Ko (myry) ]

- 1'12 (m A, I (myry) —my B K ((myr,) + my Ay ((myr, ) —my B, K (myr, ) ]

+(;€z+h22 —m;znz)li(l— —21& ) m AT, (mr,) —(1—"’2% )m1A1K1(m1r2)

+m2A2I1(m2r2)_szzKl(mer)]}=0 (2.18)
f£(2.15)f(2.18) R
E R} _ By __ _h _ h
D,= 12(1—»%) D,= 12(1—»?) * Ry=r, 21, R,=r,+ ; (2.19)
NINEFRAERARH T RBER, 7H
(‘ur)r=.1~1=u”, (u:)r-rl'—:uzl—'hzl"a'ai:l (2.20)
(Ur)f-rz—-UrZ, (uz)r-rz—uzz+h2 ag;z (2.21)

HERLTEMHAINEFROBE L r=r,, r4, BHESME, & (2.7). (2.10), (2.20) fn
(2.7), 2.am2.20)R45BATE

Co=m A, (myg,)—mB,K,(myr,)+myA, I, (myr ) —my, B, K ,(myry) (2.22)
hy
Co='3 "7 Cut "E{(1= & ) AL(mir )+ BiK o (mir))
+ [ AL (myr ) +B2Ko(mzr1)]} (2.23)
Coy=m A1, (myr,)—mBK (mr,) +m, 4,1, (myr,) —m, B, K (myr,) (2.24)

sz__,hz,,,m” C,+ " {(1 [A I(myr,)+B,K,(mr,)]

+[A2Io(m2rz)+BzKo(mzrz)]} (2.25)
#(2.22) RN (2. 15)’t?§
(Dl'm'li Plhx lz + sz )[mlA I.(myg,)—m B, K, (myr,)

+m, A0 (myry) —m, B, K (myr ) ]—2G { P m ” —[ AL (myry)
2 2
+B,K, (mlrl)]+(1—*50’63")22’5[14210(’”27'1)4‘BzKo(mzrl)]

_r%[ m A1, (myry) —m B, K (mr,)+ mz-AZIl(mzﬁ) —m, B, K (myr)]
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(n = N (= 5 Y mdditmr ) (1= £ YmBK ()

+my, Ay I (1myry) ”—szzK1(mzfl)]}= 0
¥(2.20) RN (2.18)REB

(Dz I zmlzfr + Rz )[mlAI (myr,)— mlBK (mlrz)
+my AL () —m, B K y(mor) 142G {(1— & ’"“[Af(mm

2 2
+ B, K, (myr,) 1+ (1"' Eé-’)mlza"[AZIo(mzfz) +B,K  (m,r,)]

- : [m.Ad (myry)—m BK (myr;) +my A, I (myry) —m, B K (myry) ]
2

(g, +5 W= g ) mAdimrd —(1= & ymB K

+my A, I, (myr,) ”—szzKl(mzrz)]}= 0
H(2.13), (2.22)F1(2.23) AP HZCLMCLFETH

(v mén? h,

R )[m A (myr ) —my B K (myr ) +my A, 0 (myr )

2_2
—m,B, K, (mzrl)]_mlz” {(l_é_:’)[AJo(mlfl)'FBlKo (myry)]

2
+ [ A1 (mory) + B,K, (myry) ]}+ VIEJ‘: 2G {(1_ 2% )[m1A1[1(m1r1)

—mB K (myr,) ]+ [my A1 (myry) —m,B, K (myr,) ]}=0

H(2.16), (2.24)F0(2.25)R 34 £C,, F1C,, /5 715

hy
(;Zq_mlzn )[m Ad\(myry) —my B K (myr,) +my AL (mor,)

2 2
—m,B, K\ (myr,) ] —mlzj'r'{(l _'éj‘)[AJo(mlfz) + B K (myr,) ]

+ [ AL (myr,) + B, K, (mzrz)]} E h ZG{ 2G )[m1A111(m172)

—my B K (myr,) 14 [my Ay 1 (mgry ) —my B K (myry) }}=0
#(2.28), (2.29), (2.26)M(2.27) %EF7H
F A+ F B+ F A+ F By,=0
F21—’41+Fzsz‘l'FzsAz‘l'FuBz:O
F31A1+FszBl+FasA2+Fs4Bz=0
F1 A1+ F B+ F 34,4+ F B, =0

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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—( cf;—)fow
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Nty
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vh m?m® h? 2G m:rrh2
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h hi *h
Fum (i 1m0 B Tt T it

4 2 EhN hy h hy, m’a® h}
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._(1 ) m's h‘I o(myry)

4 E\k, h,
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2 112 th
_(1R§ —m B YK mr - (1 2ymr . Kamr)
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4 EhN B &
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=[(p7 — p "  Eshy hy  ( vh,  mimt B3
Fu—‘[(Dz 14 pzhz 1 ) sz Z'l‘ Rz + 'lz 2 )] Il(mlrz)

+(1=&) T ()

—-{( o ) By B

2 hz h
+”;2n " )]Kl(mlrz)"'(l pyma 2K' o{myry)

2 G/ I'm
F43=[( Dzml’:n‘ — phy [2 + Rz )2(; T:,’ff —Zz')]h(mzfz)

2
+(1_”2PG )";2” Lo (myr,)

F44=—[(Dzm;4n“‘—‘f’zhz 2 +E}‘??)

SR B

T

*h
+(1- 56 )mzf  Kolmary)

FE(2.30) R, HREEREEIERR0 %N
Fll Flz Fla Flt
FZl FZZ F FZ‘
Fy Fy Fy Fy |T0°
F41 F42 F‘.S Fll

B SR8 I SRR RAENE R Drors Dror B Pere

HTAARTRE- T REBALESR, FROKERRT p RT3 72 R0 I8 BRE
BB O S 2 MEREET, HK2.32)RE—TBEFE. BN (2.32) REBIEFRIH
BAIEFEE. FEBEATENSTRENE, R\BEFEIORDME. ARERBEIET
BRI EBREREREREDDHET BN REERBNOEFRESBEORER. &
WOERURE &, B—RFINREME, RAN(2.32)R, FREGEELENIEREITOR/NE.
HROHBEER, FUERRAMEERKN, BEABRNEREEERNTRBREN
a5 84, AmALIERBAROEREE. YR00HEEER, FHUKRERNTEER
KiF, BEHKRENEREF TN TFRERBOERRE. B(2.32) R HET IRERE A
HRBERBHOERRE, XET—THRTiS. BTHERENBHAMAERA L EX m,
BANARRBRERERBBERBOERET, W™ & (2.30) RE 5§ B/4, 4,/4,,
B,/ 4, (2. 71)R, Br=ro=(ri+r,)/28, u HRKEN

dr=m A1 (myro) —m By K (myro) + mo A1 (myr ) —my B, K (myr) (2.33)

Eﬂﬂ(z.m)%ﬂ(Z.ll)i‘t, Yr=r fir, K, sfEREICLFIC,. W fC, (KRC,) BR—F
%, MRBHORBEEBOERNT; WaZ N F Cu(E Co), XBRENE, MREBHE
JRER SRRl SRR Ty

(2.32)



| PRRMIERESERE FOMRAREE 189

=VRERBENR

(1) FFMREZXANRGE FREMEAE, EELRSE, MEXE,, hxh) O
W& EFEERL (ZER A BRERHSTEHET RN RETRN, m¥eLiBE Eh AR
E4E, BXEi21(3.23) R T BRELRIERBAN B R.

(1_v2) CSM( +D h1+h2
Neg=C,M+ B _,_;,,M 5 DH” (3.1)
[ h (Blﬂ1+Bzﬁz>+ oL
H
h+h h+h H
C1=Bl+Bz+Bs’ Ca= + 1B1ﬁ1+"‘-t“2' Bzﬁz 3h )
h,+h2
C,=D+D,— 2D, C;=GH, H=—(2h+h1+h)
B,H +0.5B;(h+h,) B.H +0.5Bs(h+h,) m'm’
Pi="""p g B~ * P=""pLB |B, , M= ,z (3.2)
Eh, E.h, Eh
B1='1T__ B, _“' vz s By= =yt
_ E\h} _ En _ E®
D= 12(1—%) ° D,= 12(1—»?) ° D,= 12(1—»%) )

Hﬂm=1, 2, 3, Lf]‘lﬁﬁ:’ T*T%(Ncr)min-
BROLTEEFFNBEER K, TRAESGEGRBREN, C>co, @ (3.1) AFE
Ci(1—»*)

Nea=(Cs+C)M+- RzM (3.3)

C,(1—*) T4 _ 2 a2 3
m=;‘t[7R2(C3+:C4) ] ’ (Ncl‘)mlﬂ""‘R [C1(1 14 )(C3+C4)] (3.4)
W IEIRE R B R R BN, W) (3.1) R, & (Blﬂ1+Bzﬁ)>>1’ LBl 1t

3 RE
yi G*R*H* \1%
[ CR (1 *BjB;hz')]
2 o GRH\W_ o H* (3.5)
o cr)min=R‘[CIC4( 1= e ) O
H(3.0)F1(3.5)%, AR mE LB, FRE— R E AR (Vo) minfF LB TEE . R UK
MR (3,103, TR B M 18 2 s S R AR 0 B AR B ool o T o £ 3T 5
REHHI0.9~1 . 1E/E R ETEE, A (2.32)5R, "RENE TR I 8 =k .
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(2) XT?W 'ﬁiﬂﬁ’ﬁﬁ(ﬂ =L, hl‘_h )%%F@Emﬂ%&?ﬁﬂﬂ'ﬁ&ﬁﬁ,
KO E R E,y~G~0. BRI RETS R hf, EHEMBER, d3XER 3] b

B&E
6 ua v dwa, -0
R 8z
v Ou, d'ws B ain v 0*uwp , 0w
B(R az +'R2)+Daz4 (h+h)( R‘EE) 10 gz
v Oup dtwp | E,y ’wp
B(p g2+ ) + D%+ 2= wp—T2. M =0
Bh (8*us v Buws Br® ¢ 8%up | v 8%wp h+h, dws
ZGI;( R 792) 24E33(8§4— R ’52’) =tet 9 5y
£(3.6)RH, E MG ARLIBEEEN AMBEEERABIEE. lﬂiﬁ’l‘
“a=%(“zz+“zx)’ Up= “(“zz tizy)
Wo= ‘;'(“rz+“f1)s wﬂ=é— (up,—ue;)
NS Eh EhR R, +R
0o —_ Vx = — t = ity
Ti.= 2’ B= —p?’ D 12(1—»?)’ R 2
H(2.10)f(2.11)RE
g =C? cos--m—;[?, ug= C} cos m;rz
wa=CY sin m{;z’ wp=C} s1n@;5
Hrp 1 s 1
= 2"(sz+clz)s Cz =?(czz"clz)
LCu+Cy), Cl=L(c,~C
= ’2( at+Cu)s n—'?( 21— Cu1)
¥(3.7), (3.8)fAA(3.8)R, HXCETAE.
N: o
F,cg+( Fot SF )C§'+F Cl=0
F,C? +(F +5 )C°_o, FyCl4F,Cl4 F,Co=0
Hip h+h, mx 1—y [? D m*n? hi-h
e — = — - - B -— = -
Pl— 2 I 3 FZ ( RZ ,nZ.n_Z+B lZ )’ F3 2
o vl _ I D m*az* oFE,, I
= e F= G 48 50 )
2Gy, I Gsh* mznz !
Fo=1+"pp’ oot pE,; 1 o= (th 5 Bh mu

G m nz) v |

s I* /R mm

F (1+ lesa lz -

;=0

v;
R
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(3.7)

(3.8)

(3.9)
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(3. 10)‘%43, C‘z’, CIMCIRBERROELH

1

N?
Fl Fz+ ZB Fs
N =
F, I R (3.12)
{ F, F, Fy
L ER
NOY L o (N
Fe "2‘B7) +F9 (2‘B)+F10=0 (3.13)
Hrp
Fo=F,F¢+ FFy—F ,F,—F,F, (3.14a)
Fo=F,FF ¢+ F,F F,—F FF,—F,FF, (3.14b)
)
No
( —FytnN Fi—aFF, ) (3.15)

B (3.11) A (3.14a), EIuZiJuFdsJJE, HERTRE NI WRDME, G.15)RXPwW
WS HREBIRS . Bm=1, 2, 3, - #HTRAE, TRBEREBRTORME T EBEHK
BHELR, THe TR,

BEy>o0, MF;>00, f(3.13), (3.1)RTH

h+h 2 Z Z
28 ( )
F, - Bi? 2a® 2 e
N? —ZB( F. -F, )" zv 'izﬁ,z +ZDﬂl'z£+_va7;j;z&z”’" (3.16)

5(3.1)ﬁ%Bl=Bz=Bs D1=D2=Ds BS=D3=0N%E%%§E§£%%@E- l:UIGla‘”’O,

2 2
miEM="", &

vi=o[ Dt B(FER Y My 1 28 (3.17)

ON? »
EBEM—O CIE-

l{ (1—v)B }‘&

RZ[D+B( het by )] (3.18)
F G MEN, HE.5RNE—-R el
B(1—v*) _ Gi(h+h)?
'”—n[ DrR* ~ DBR ] (3.19)

B (3. 18)F(3. 1) R LA EmE b, TREOBEME. RIEm A (3.16) R, AIREHE
18 E gy —> ool 3¢ 2 BIRE 5T Blixy #R B e e Ra i i S BT 0 s ME AT HRZ BmefE . FE Rm, + 3701
RRLE90.0~1 15N RETEE, RA(3.15)R, ARG MG TR J7007 4 .

Y RLRE, EuxGu~0l, KERBERBRLN AWz RES, RN



m=§[§%§—fﬂ—]§, Nc,=4[2§%;—’—’ 2)]% (3.20)
LAG3.20) REFH W B AMIE R I ER BB, RA(2.32)R#THE, TREXEHR
RESE 72 R 0 S R s 7R 7 B0 7 A R

I N R

HHl NFNREEE =L, h=h)RERAERENETHMREREN, DARE
MRS, HPR=(r+r,)/2. HEEREBNG.1)N, TEHNHMRIGH K 55 Hm,
H1 5 —FREFEIER(3.18) R, WAHEENAm UG DRIBONMmiER S EE,
H(2.32)R#TLRAE, TREBEFR IR NLEE m, BT HREZRBRERE
ERFELER, BRFRIBFTER Ne. HHEERLE 2.

*1

) Bi=Exlla/ent) Exthgfend)| » | ntem) | rtem) | Rem) | lem) | hem) - hi=hatem)
w| var w0 o2 s | o» [ ws w10 01
@) T | @0 (08 3 [ 2 288 0 8, 10 | 01
€)] TX10° | 26 ‘0.3 l 27 ‘ 30 28.5 | 100 l 3.0 0.2
#*12
x5 | R k iﬂ;ﬁ%mﬁ@ﬁ' fiwiwég4pﬁ@ﬁM%
Nec(kg/em) | m © Nec(kg/em) m W(%B)  Neo(kg/em) mo (%)
W om0 o2 3880 | 20 0 05 | 103 28 —0.18
(2) ‘ 564.,3 ‘ Eéﬁ’ ”574.5 ‘ég | 17.817 | 563.7 | 29 foo=—-0.11
(€))] J 71i74.17 ‘ 24 | 7 1223.9 \ 7 2[ 7 47;724 1218.8 7 -' 24 | 7 5.81

Wig. (1) #&2.32)XRWFAN I, thEREZTEIBMH(S.1)H (3.15) Kokl
RBMEGLUBOHETEREAES. BOIEN, sik(2.32) X REEFRE I 0% R,
KEFM IO BB EME N E T RLCE CREINEMEE) RKBEERBOTE, 5T
MERK, BATMARLE . HEAXHTERERLEX. (2) BREFTEEH (3.1) 2K
BIRABTAECRE, FNSIAT E:=ccfiBE, MiZLL™ KA, # (3.15) fREDY
ERUE, WHEINT E.=E,=Gy=001BE, MZLMHBMANE. BEAA R T XA
Bl EEAQCG)HR, HTREXTEMPEERZILET1/8.38, BTE %, i (3.15) X2
BETECSEN, RO 1B)ARGRELUBRTHE THRSXAIEERR. KK
BHEORE, N QLB EHEDL, BERAKR, FEEmBRER, # H&ELER
BREBNEREMABHE . AR ENXMLREE —E0EREX.
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A Rigorous Solution for the Axisymmetrical Buckling of
Simply Supported Cylindrical Sandwich
Shells under Axial Load

Wang Zhen-ming Dai Fu-ling

(Institute of Mechanics, Academia Sinica, Beijing)

Abstract

In this paper, based on Ref [1], the axisymmetrical buckling of simply supported
cylindrical sandwich shells under the action of uniform axial load is solved by a rigorous
method, The classical theory of shells is used for the two face sheets and the core is
considered as a three—dimensional elastic body, A series of transcendental equations are
obtained, from which the critical loads can be calculated by numerical methods, Nume-

rical examples are given to compare with the solutions of sandwich shell theories,



