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3%u
t—'é‘a(x,t, u)ﬁf+0(x,t,u)=0 (1.1

§ (x,H)EQ={0<Lx<T, 0<I<T}
u(%,0)=p(x) 0<x<1 (1.2)
u(0,0)=u(1,H)=0  o<t<T (1.3)
BIEMTRE
(H1) o0<e<i, a(x,t,u)>=n=const>0
(x,1,0)EQ* ={0<{x<C1, 0T, —oo<lu<l+ o0}
(H2) c.(x,t,u)=v=const>0, (x,#,u)EQ*
(H3) #FEL&HRL: 9(0)=p(1)=0
(H1) @B# alx,t,u), c(x,t,u), o(x) oK, RESFREEITUN N IENEBHE
SBEEEQ R E R,
ExEBEZT, RONTANTEEN s HE Q. D~AUDKWBREEEE— (BL
[1D.
BNKA S T EREXANAE, EEyYIME EREZBEEESER, BHTFERA
BREHE R, AT EZ0BAXTFIEE ¢ B— Bl s,
HERNMTE—TFTREMEQ. D~ DRR—HR, ETEHE PG PROVAMBRM
hy Ty e BRINEFEH.
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2.1 WME-HFRE
& u=u(x,t) REEQ, D~ 3)HH, XBEaR

I={0<x<1, =0} {x=0, 0<IKT}U {x=1, 0<IKT}
EXRERT

1
L:“y = g—% -—ea(x,t, u)gxyf'lhj.u c"(x,t,su)dS'y

5138 HTLUSEBAERE, BN FEXEQ LNERMEE v.i(x,1), y.(x,0),
RLiy,>Lly., (x,0)€Q, Hy>y: (x,0€r, My =2y, (x,0H€Q,

R MARIEERRZIENESR.

B AAEC.D~O DWHEEQ L E—RERM, W ju|<M, (x,0)€Q, MEIRK
BT e IR,

B BEHLis=—c(x,t,0), B

M=max{} max |e(x,t,0) ], maxltp(x)l}
V 09 o<z<1

mE
Li(Tw)<LM, (%,H)EQ
FuM, (x,)El
RIBSIEIF s <M, (x,DEQ,

2.2 HEM
Mo ORF, 8 FNFMIC . 1)~ (1.3) B4 K T A Y4 I A,
LOWE%I;/—-i—C(x,t’W):O’ WI"°=(p(x) (2.1)

B, fEx=0f0x=1 WLEBKHILRE, MR Vishik-Lyusternik J5 i Hns &
(1. 1)~ (1. 3) B E IRIE BB R 2]~[4),
(%, ) =W o(2,1)+ 00 (&, D +vP (L, ’ (2.2)
Ro(x,t)y=u(x,t)—i,(x,1)
HEohW (x,H)RZBIEFEC. D BR, v VE Do D8 B 27Ex=0f1 x=1 KEHEN
BREBERE, E=x/" e, E=(1—2)/s/ e, v REFREIR LRI G RI G BR 90 EE
(2.3 090,

2
(%(W,,(o, D+’ (&,))—a(0,,W,(0, )+ v (£, t))»ggz— (W4(0,1)
+0i7C5,1)+c(0,£,Wo(0, H+u{¥(&,1)=0 (2.3

(&,1)€L0,+o0) % [0,T]
Uso)(é',o):()’ Ulgo)(o ,f)=—W°(0,t)

viV (L, ) R IBUR REAG A, Ro(x 1) RWHEBRIR T FTEHEB LW o(%,1), 90 (£,), v (L, 1)
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BT 8t

akl a 2 W I m
(2.4)
gk a‘u”(c f)l<Me"‘¢ k>0, b,>0, k+k<<4 [
atk, a;k Y 1=V 2=V 1 2
HPEH EmR S5alx,t,u) i RAESvE %, F R 5 S
| Ro(2,8) | =|u(x, t)~—i(x, )| <M\ & 2.5
2.3 Wz BN S &I
ABEQ. D~A ) BB DO SBAERT A
k
ﬁlz: axk,“(x s D[S Me—t/2 k>0, k>0, k+h<4 (2.6)

AR DRMI5IM 51 TEHE EE LR,
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3.7 RIS

BRI, D~ )RFEEx=0flx=1{HEHARB D RE, BEERIES ER A
JEHIMEs, FIFH Bakhvalov Bifg AR i Mk S fEx=0fnx=1KE 8 hNE . HHRR
H5 M.

ZNB A RAES IR A

Qi ={(x1,t;), 0=, <, < X< ool Xyw=1, 0LRL2N;
t=jr, =T/, o</}, r=0(/N)

/Tl'\
he=Xe~—Xp_), h=mthk
ne=exXp(—mue '"%x,_ )+ exp(—mpe  Y2(1—x)), mo R BAH
ox=minlhe " *ne+be & ey Mt Nearls k=1, 2, +, 2N=1
ATHBIXT e — B ET KRN, BERXBHE NI IMERHERHF
max oe<<Mh 3.1

1<k<2N~1

Hibh=0(1/N), MER KT h, cEE XK. =
BHELMEBRG.D), &R [61~[7]1, Bakhvalov® ARXEHP2z—, HREBR

b
we=A(se)y su=k/(2N),  0<<h<2N (3.2
Xt Fs€L0, 11, AHHIEXIT:
¥(s) S€EL0, &]
l(s):{ P(@+9' (@) (s—&)  S€L&, 0.5] (3.3)
1—A(1=¢) s€(0.5, 11

H P EBP(s)=ae"Un(1~s/g)~", g€0,0 HEFENEHR, o ZHE—ELHEOHY,



182 N % N &
THHRERHEE
P(E)+¢’'(@)(0,5~&)=0.5 3.4)
AT RAE R X R 48 By AE B S IR B SE i R (3. 1),

3.2 EHEX

S FEREL.D~(1.3), MRALENFERRIERREE, WAERBHEMKIERES
BANSBIRE, BERMNATENZEREES BRAREE:

4y =@(%%)

4 =@(xk) +70ea(Xe,0,0(Xe))P" (%) — (X ,0,p(xx)) ] 1

ult =ul ' 21l ea(Xp ,t5,0] )08 —c(Xp o ts,ui)] (3.5)
I<Sk2N -1, j>1 J

u,=0, uZN=0‘

st
sl=(u{"+ui+ul")/3

j fag—u} P—whio
IRl e e re R
he=Che+hiey1)/2

H(3.5) BAMEZL HBAR&EIBA, FREREZSA. ™A LTK, ME
T, W22 RTRE SR,

FFAENEEe (We=1MBRINNR LMD R G BE —HENE, Lees® A([8],
[ODEH M LiTie I RGBSk, XMES KRB FEBHCrank-Nicolson
BRAL0D), RIVGERN FENBR PR EMBYR G RE—DER & (1.1)~1.3),
RGO R AR BRLEHBXTRETFNE B e— Bk AT EA BN R u(xe, ),

Wb, & £ 5 i

4.1 HEEit

BINRERM—BEX, 4 .

w={xg|k=1,2,,2N—1}, W={x3|k=0,1,,2N}, w*={xx|k=1,2,+,2N}
X5 F Mg E B oW, EX

LN 2N_1
(Vs Wor=3 0(x W (%) biy (0, )w= Y v(x)W (x2) e
prs E=1

Vg (xe)=(0(X4)—0(Xe_1))/ by (VW )p=(vg ,Wz)w+
Be82e % I PUAG R B0 (O AR S R 23S 8], v()BXEB L, Ho(0)=0(1)=0, EQ L5
XYEH

lel=(v,0)y? Ivle= max [v(x:)],]v]o=C(ve, vs)'"

1<k<2N-1 wt

BIAMERHILS

u(x,1;)={u(xx,5), k=0,1,+,2N}, u'={ui , b=0,1,+,2N}

Ho(x,t5)= {Ug(xpt5), R=0,1,+,2N}
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XT?‘EXEWJ:H’JWAWJ%ZI#(U; WﬁTEH@%—~§§:‘1‘%ﬂ< AN ([11]%5ﬁ§1)

a2 Ww=—0a , W)+ +va,oaWsn =020,
BEWED, M. DR
Oz W) w=—(0a ,Wa)uw+
BRIVISIvlo, TIHBERAER ([11155F §4) Blvlo<lvis/2, FFLL
lrl<ivio<<lvls
BMNETHA S RE .
EIB2 Fulx )RR D~ DB, {ul}ZEn EF3.5) KR, Dlﬂ
luCx,t)—w | <M (2 +h/e),  0<i<<d
MEBR  4zi=u(xp,i;)—ul, z/={zi, k=0,1,+,2N}, Mz'€Qs,
A A U(x,,0)=@(xz)=u;
B LA
2l=0 (k=1,...,2N—1)
fETEHKEHEPRITANG=1,2, )RR EEbhE, BIIYEFREERFE.
5]

2

U(Xi o) = u(x,,,O)+ u(x,,,O)r+ atz u(xg,0,)t?

=p(x) + r[aa(x,,,t u(xkt)) %2 u(x,,,t) c(Xpoty 4( Xk, t))][

t=0

1 8%
+—2‘ —a;ru(xlc ,91)72

. i
=@(xz)+7 [Ba(xk ,0 9(p(xk))g;"z‘(p(xk)_c(xk s0, ‘P(xk))_l

2
""i %’ u(xky 01)72

L az u(xp,0,)7*

=t 5

H(2,.6)%
=0(7?) (k=1,2,-,2N—1)
EXrit R
(X o501 ) =Xk o5 )=27[ £a( X o5 yu( Xk »15))0p 38 Xk st 5)
—c( % ot j,u(Xp,t3))+rit], i>1, 1<k2N~1
Hp
BCxp,t)=[u(Xp ol i) Fu( X b)) Fu(Xp,t5.,)1/3
g Taylor ARF(2.6)H

4. AEA= thu(xk , )T+ 0

?atz u(xk ’02)7

a** 8(xg, ;)= ‘a zu(x,,, tf)+ 3 9x
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2
(4. ORI =2eTealn sty UCasts)) 5 ey 1)

h

— 2
— (X ot 5 (X t,~))+O(rz+ —"ts‘l—,z’“ +Z )+r;;+13 (4.8)

AHEEH, NFIEHIMEG.2DHO~G.DF

Chiyy —he )/ N e =0(H /&) 4.9
BT, WORAWU.G), FIRC.DE
it =00 b e), | oM+ R ey,  j>1 (4.10)
H(4.4), (4.5)F]2I<IZ]0=0, 12I<I2 <M7?, BRENISISTH
Iz | <M (z*+h*/¢e) (4.11)
BRI 2/ <M (22 + A2 e),
A a(x,t,u)y=1/a(x,t,u)y, b(x,t,u)=c(x,t,u)/a(x,t,u)

FLt =, ty,u(Xe,t))ri "
WIER(3.5)RI(4. 6)F%F
aCxeyty,ui) (2t —2f ") =2reds 2]+ 2rr "

FLaxet;,ul) — 8k ot 5,400 ,85)) W Xg 5t 5,0) —u(Xet5_,))

+27(b(%e,t5,u] ) —b(Xp b4 ,u(xe,E5))) (4,

i) L@t 0l ) —8CXg, b5 ,0(Xe,13)) U Xg ot 540) —U(Xpot5_1))

=8,y 0)(—21) S aCa, 0027,

b(xpyts ul)—b(%g b5, u(Xe,15))=bu(Xk,15,05)(—2])
& 2=zt — 2], 2t=ziti— i
EU D) FmEIRUSLY ., 1ERBC, dw, 17
IL+I,=I1,+1,+1; (4
H

I,=3(2%7,8(x,t;,07)2 ) w, I;=—6ve(2},08:87)w, I;=67(2F,7 )y
(23 * = 6
I= —a(zi sBul(X, 15, 03)z’atu(x,04)- ZT)w

Is=—67(2%,b4(%,t;,05)2)w
WiEHOMa 0, t5,u) >m >0, Frid
I,>3m|2}|* ¢!
Hy2T€2,, H(4.2)55
1 =67e(2%,5,2 Dwr=61(2%,2))p

=2rel 27" 54+ (27, 27 )p— (27,277 )p— | 277 5]

4 Ly=2[|z"* |5+ (27,27 Yp+ 27| 3]
m Iy=ve(L;—~L;_ ) (4.
BR
s <m|z}|*+m7 - 90771 .

B(HHm(2.6)7

12)

13D

J14)
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13800, 115 0 205,00 | <M1y 1364Chnrt5,00) | <M
B
L J<2M el iz <m, |25 P+ mi M e 2]
|| <my |28 1>+ mi M 3] 27|
H(4.13)~(4.18)%5
eLy<eLy_ -+ 9omi 19 |2+ (M + M Dmy'e) 2|
EifExtels 1, el FEWHFRUNAER, HREF

E) J
eL,<eLot9rmy 3P 1A+ (M 4+ M mie( S 1241 ) =1
f=1 f=1
=S W)

e — 1__1_i2— 2 _l,is_ 3
Zk-—u(x]g,f) U= 2 6t2 u(xk, O)f +3' ata u(xk,gﬂ)r

1 __ 51 3 3 2 3
2 =-ZE7EED 1O u(o,,o)fZ+o(;;)=o(:};+~;k)
FAEEBIEH IR (3. D~B. DE R

N e /le=0(h")=0("")

Br A
N e 1208 | =00+ /¢ v%/he)=0(r%)
elztlb=e(z;,2 Pwr<Lel 22 | <M

iii] 2’=0, 2;=0

W4, 22)%

eLy=e-2[|2'[5+(2",2)p+ 21 51< M 7!
B4, 10)f# " g5 XA
[P PKM | IPKM 7 ASKM (22 + B2 e)? i>1
HIFAMERIZ(4.11) & (4.20), (4.23)~(4.24){%
el <M(*+h*/e)* j>1
HOBIEM, 12)FRERE3zLY, ERRC, D, 7
IG=I7+IB+ID+I10

FHrp
1y=3(2""1,a8(x,t;,0)27* )y, [,=3(27",8(%,t;,0)2 o
Iy=67e(2*" 0552w, 1o=67(2"!,7 ")
0= —6r(zi+1,[Eu(x,ijaa)gtu(x,&)+b,,(x,tj, 05)12)w
[ &Y RTE

I, >3m, 27+

| 1| <3Mo(pa | 27 24Tt 2774 %) /2

[Ig]=|2vel 2+ | 34 (2% ,27)p+ (24,27 1)p]|
K 2rel;+vel,

o] <Bv(ua 2/ P+ u7t 794 ™)
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[ 110 | SCM L+ M) v (g 224 24 3t 12715 (4.3
= Amy o 2 2m
m b= gMz’ U= 9T s Hs= 3(M1+M‘)T

R4.2D~(4 3DRAM4,. 26)E
3

mi 2 PG Mapt 2T 2ve Lyt ve Ly o+ 3Tad I P Myrust 12
B g5 (4. 10)F1(4 . 24)~ (4. 25)55
29+ P <M (z*+ B*/e)? (4.32)

WBEANGE, FF—0<G<TE
fuCx,t,) —o | <M (w24 h?/ )
B2k,

4.2 bt

I B (x,0DRC DEXWH RN, {wltRESFEG. KR, W
lgo(x,t )~ | <M (& & +72+0) 0TI

¥ X—EEIEREN AR OMIESIMENHEG.D, ERTIEHENER 2 B
BB 20U, BB,

4.3 —Hursgit e

MISEL2, 3SMBTILMR B 1(2.5), &MNF
R4 Fu(x, ) RFEEQ, D~ 3K, {uitREL5FEB.5) B, U {si}7E 5K
LEHBFEXTRFNERe—BOBE Fulx,t), HEMFH
luCx,ty) —u | <M (T2 +£*%)

B, ¥ & ¥ F

A& ET#HR, RNTETREBEHAT, EREABRISINETFINEH e £
— B SRy, TESERRK K BL IS L EBNAEE S, RIA Turbo C % = &5,
7£ Super 386 i} EH BT,

i 1

2,
g;‘—e(z+sinu)%§-+u+1=o, 0<a<<l, 0<t<1

u(x,0)=0, o<yl
w(0,H)=u(l, H=0, O0<U<I

BITE = 1018 eBUAR R RIE ., Aua(%,85), tan(X,85), ta(X,i) 53 BIFRM2N =10, 20,
400 1S B AR, HIEATES & LBk sk
rate,=In(Juy(x,t) —un(%, )1/ 18ia (2,1 5) —tha(%,t)|)/102
rate ,=In(uyn(%,t5) —ua(2x,t ) 1o/ Nthen (2,8 5) = thyn(2,85) | o) /102

R 1 eI RME iRk 5.
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® 1 ® 2
L [ ‘ rates rateq, € rates } ratéeo
0.01 | 1.77 1.62 0.01 1.89 i 1.93
1078 2,15 | 2,62 1075 1.97 1.87
10710 ‘ 2,13 } 2,62 10710 1.97 1.87
1 2
g—;‘—s(uz+1 )g;’;~+u—e""=0, o<Cor<{l, o<1
4(x,0)=0, o<{x<l
u(0,8)=u(1,)=0, o<<T
HHERNE2,
8 £ x W
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The Numerical Solution of a Singularly Perturbed Problem
for Quasilinear Parabolic Differential Equation

Su Yu-cheng Shen Quan
(Depariment of Mathematics, Nanjing University, Nanjing)

Abstract

We consider the numerical solution of a singularly perturbed problem for the
quasilinear parabolic differential equation, We coanstruct a linear three-level
finite difference scheme on a nonuniform grid, The uniform convergence in the

sense of discrete L? norm is proved and numerical examples are presented,

Key words quasilinear parabolic differential equation, singular perturbation,

linear three-level difference scheme, uniform convergence



