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Banach
Banach
0175. 6 oA
(E, 1*1) Banach P E JE “« P
(PBVP):
A= f(t,u, Tu) (lE]a.e.),} (1)
u(0) = u(a),u(0) = u'(a),
S ECIXEXEE),J=[0,a](a> 0),

(Tx) (t) = J:)K(t,s)x(s)ds, (1)
K € C(D,R,),D = {(t,s) CIxJ:t >s}- uw € C*J,E) PBVP(I ),
w  PBVP(I)

so= maK(1,5) x5y € C(J, E), x Sy x(t) Sy(t)(Vie€J)

. ( [1~4]) [1]
; *12]
, . Banach R
PBVP( 1) ,

1

1( ) p €CY(J.E)

* ;199709 13; o 19991025
(1962~ ), , 30
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p <& Mp- Nlp, } )
p(0) Spla), p'(0) <p'(a),
M> 0N 20
a’M+ a’soN < %, (3)
p(t) SO, (t €J)e
g€P (P P [5]). u(t)= g(p(t)),
u€ CY(LR), ()= g (1)), g((T)(t))— (Tu)(t), (2)
u < Mu- NTu,
w(0) Su(a), u(0) <u/(a)j (4)
g € P ; p(t) K0,
u(t) KO (1 €J) (5)
(5 :
(A) t€J, u(t) 20, u(t) =0;
(B) /.0 €, w(t')> 0,u(i)< 0°
— b= 1nf{u(t).t€ J}- (A) , b= 0 (4 u(t)<0(t€J),
u(t) , d () <u(0) <d (a)(t €J), d(t)=C( )
u(t)= ct+ u(0), u(a)- u(0) = ca >O, (A) ¢> O
(4)
0= u'(t) & Mu- NTu< O,
(A)
(B) , b> 0 + €, w(ts ) == b, (4
W (1) SKMb+ Nasob (1t € J) (6)
2 (1) t+ = 0, u(t) [- a,a]
W (0) = 0:(2) 1« €0, a), W (ts) = 0 , (6)
W (0) <u'(a) K(a=- t+ )(Mb+ Nasob) < abM + Na’sob,
W ()= u (0)+ J:)u”(s) ds < (0) + J:)(Mb+ Nasob)ds < (7)
abM + Na’sob+ a(Mb+ Nasob) = 2bM,
Mo= aM+ a’soN, (8)
(B) o € J, u(to) = O° :
(a) to € (t+,a]*  [t+,to] 1 € (t+, to)
b= u(to)— u(ts )= u(n)(m—t ) < 2abMo,
> <aMo. (3)
(b) to €10, 1+ )* [ts, a] u(t) < 0, w(0) Su(a)< O
i € (0, 1), u(t') > 0Of )e - A=
mi{u(t) 0<¢ <t} A> 0 w(0) < 0)° (4)

W'(1) KMM Nasoh (0 <t <7,
(7) ( Ry
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u (1) K2M,

L €/0,¢), u(t’*)=—)\, [l’*,t/] tzE(l/*,l/),
w(t )+ A= u(tf )= u(ts )= u (12)(f = £+ ) <2aM,,
0< u(l) S M 2aM,, 2aMo> 1, (3) .
(5) , p(t) SO (t€J)e
2 w€ CYJ,E) PBVP(I)
x:(x1x2)—(uu) (9)
Ax = « . A= (A, A2)
e—h a t
(Aw)(1) = Ta 1J-0e“[lx1(s) + xo(s)]ds+ e‘“JOeL-‘[lm(sH xof s)]ds (10)
(Aax)(t) = e*“JLe“[sz(sH f(s,x1, Tx1)]ds +
— Lt
= e[ Lua(s) + f(s,x1, Tx1)]ds, (11)
e — 1Jo
L>0
w  PBVP(I) . (1) (10)( 11) A < (10)
eU(Alx)(z) = eL,Ll_ 1J:eL-‘(Lu(.S)+ w(s))ds+ J‘OeLS(Lu(s)+ W (s))ds =
[e’“u(a)- w(0)]+ e"u(t)- u(0) =
e u(t) = e'xi(t) (1t €J)e
(L) (1
% 7
e(Ax)(1) = | e"[Lu (s)+ f( s uls). (Tu)(s))]ds+
To oI ()% s us) (Tu)(s))]ds =
.’eB[Lu/(s)+ u”(s)]ds+ elal J‘aeb[Lu/(s)+ u”(s)]dsz
eu(t)+ u(0)+el,, [eL“u,(a)—u(O)]_
e (1) = eMat),
Ax = x °
x:(x1x2) Ax = x, Ax= x(i= 1,2) (10)
e xl(t)— je [Lxi(s)+ x2(s)]ds+ _f [lxi(s)+ x2(s)]ds, (12)
13
x1(t) = x2(t), (13)

(11)

ea(t) = elal_ lj:eb[lxz(s)+f(s,x1(s), (Tx1)(s))]ds +

[ rLats) e f(soxts). (meies) s, (W)
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xa(t) = f(txi(t), (T () (¢ €J), (15)

w(t) = xi(t), (13) W (1) = xa(t), (9) - (15) W(1) = f(tou(1),

(Tu)(1)) (t € 1) (12)u(0)= u(a), (14) &' (0)= u(a) w  (1).(15)
W € C(J,E), u PBVP(I) .

(Hy) o, vo € CZ(J,E), uo <1}0,

u/;) <Sf(t, uo, Tuo)

uo( 0) Suola), u(0) <uofa),

V0 >f(t vo, Tvo),

o 0) Zwola), vo(0) Zvola)*
(H») wo Su< u< vo, Tuo Sv <o KTog

fltou,v)- f(tu,v) 2= M(u- u)- N(v- v),
M> 0N 20 (3 L> 0,

La Nsoa’e" (L4 Mia
s e  L(1- ™ T (1- ¢ )

N La
by = (“ M; + S (1 bL < 1,

[uo,vo]—{ EC(] E): uo\u<v(}'
P J JXB xB B—{ EE||x||\r}(r>O)
(H)  (Ha) . {u} {yn c CJ,E), C'(J.E)
PBVP( 1 ) .

1° w € [wo, vof,

W == Mu- NTu+ z, u(0)= u(a), u(0)= u(a), (16)
z2(t)= f(t,w(t), (Tw)(t))+ Mw(t)+ N(Tw)(t)* w € [uwo, vof,

PBVP(16) . 2, u  PBVP(16) u

— Lt

W= Axw LAy = eli— IJ:eLs[Lu/(s)— Mu(s) - N(Tu)(s)+ z(s)]ds+

<1,

e OeLs[Lu/(s)— Mu(s)— N(Tu)(s)+ z(s)]ds, (17)
u(O)/: u(a),
x= (u,u), L (H») . (17)
w(t) = (Su)(t),
S

— Lt

(Su)(t) = i

ljgeb[(Au)(s)+ Lu(s)]ds+
e‘“J;eL‘[(Au)(s)+ Lu(s)]ds, (18)
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(Suj(t)= (Au)(t)+ Lu(t) - L(Su)(t)* (19)
C(J,E) lull = max | w(t)e 1, C'(J,E) lw Il =
max{ N I, 114 II}, S C'Y(].E) . , w,u € C\(J, E),
1A= Aull = mpx| [ (Aw) (1)~ (Au)(1)]e" | <
eml— | ZeLs[Lu/(s)— Mu(s)— N(Tu)(s)— Lu' (s)+ Mu(s)+ N(Tu)(s)]ds |+
max J;eL-‘[Lu’(s)- Mu(s)— N(Tu)(s)— Lu'(s)+ Mu(s)+ N(Tu)(s)]ds|<
La a
elf_ ljoeb[u Wi(s)= W (s)l+ Mlu(s)= u(s)l+ N1 (Tu)(s)- (Tu)(s)|]ds <
La La n ]
(e Maet i,y e[ [ ks 8rue- woradal <
el PRI I_Nsef)mj;eb f;e*“idg ds+ Nlu-ull; <
La
[(fj Mla N‘”’L“e } = ullye
a N La
by = (llzj ?L)a + S()L(le :
lsu— su ll = m:;lxl [(su)(t) - (su)(t)]eul <
eml— | J‘OeLs[(Au)(s) + Lu(s)—- (Au)(s) - Lu(s)]ds|+
m JOeLS[(Au)(s)+ Lu(s)— (Au)(s)— Lu(s)]ds| <
La Ca
j_—l.oﬂ (Au)(s)— (Au)(s))e™ 1+ L1 (u(s)— u(s))e” 1 ]ds <
1_—LL[ i Aull+ Lllu— ulljds <
el DRI PR T
billu= wlle
(19
H(Su) = (Su) Il <K Ndu=-Au l+ Lllu= wll+ L1ISu- Sull <
(bs+ L+ Lby) lu- ully=
by lu—u Il
(Ha), b, ba< 1, NSu— Sully < llu-wully, S ., Banach
S , PBVP(16) w € [wo, vo]
2 w € [uo,vo], Bw= u, u  PBVP(16) w
(a) uo < Buo, Bvo <U0,‘
(by B [uwo,vo] , w, w E[uo, voJw <w, Bw < Bu *

@, wi= Buop= w- uw,  p(0)= pla)= uo(0)= uo(a).p’(0)= p(a)
= uo(0) - uo(a)*
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P (1) = wo(t)— uilt) Sf(t, uo, Tuo)+ Mus+ NTui— f(t, uo, Tuo) -
Muo(t)— N(Tuo)(t) =- Mp(t)- N(Tp)(t),

1 (Hy) p(t) <Ot €J), wuo<Bug Bro Swo*
(b, w,w E[uo,vo],w<w, u= Bw,u= Bw,p= u- u* (Hz),p”:
W= u'== Mu- NTu+ f(t,w,Tw) + Mw+ NTw + Mu+ NTu~- f(t,w,Tw) - Mo - NTw
< Mp - NTpe p(0)= p(a),p’ (0)= p'(a) I (H)  p(1) <01 €
J), Bw <Bu-*
30 Up = Burk 1, Un = Bvrkl(n: 17 29 ). 20
wo Sup < Sy KoK, <Koy o, (20)
(17),(18)
’ e—Lt a Is ’
un(t) = (Aun)(t) = Ta 1_[Oe [Lun(s) — Mun(s)— N(Tun)(s)+ zn-1(s)]ds+
R
e‘“J;eL‘[Lu'n(s) — Mun(s) = N(Tu,)(s)+ zo1(s)]ds, (21)
zo-1(t) = [t un1(t), (Tun1)(t))+ Mun1(t) + N(Tun1)(t), (2)
- Lt a !
un(t) = e,fz_ 1J-0eL-“[Au,l(.s)+ Lun(s)]ds + e_LLJ:)eL"[Au,L( s)+ Lun(s)]dss (23)
10

— Ls

Hune i— wn Il < b1 lwnei— wn 1+ mjax{“:)eh[e;;_ IJ:eLs(znwhl(g)— ze1(E) ) ds +
e LSJI)ebZ’(ZnJr c1(&) = z-1(Y)) d% ds

+

a — La
—1 je”[ = re@(szl(i — 2 1(§))dE+
e’ - 11Jo e - 1Jo
e_L"'Lelg(szr c1(8) = z1(8) dq ds | <
2La 2
bl ||un+i_ Un ||l+ ﬁ ||zn+i—l_ Zn-1 ||

j[ CA(s)= 2 $)]ds |+

0

’ ’ 1
||un+i— Un I <b2 ||un+i_ Un ||l+ HI?.X{

el - 1
}<

I;eb[zn+i_1(s) - zp-1(s) ]ds

La
bo Wi = un 1+ % Wzpic1— 21 Il
e’—1
. , 24%¢ a e *
b = max{bl, 52}, a = max{(el,a_ )2 1 (Ho) b <1,
||u,,,+i— Un ||1 <1 4 b* ||Zn,+i—l— Zn—l H (La n= 1; 2" )7 (24)
P ( oo {w)ocwE . s uxs
x B , (22) Cc> 0

||Z,l_1 Il <C (n: 1,2, )7
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(2D~ (23) {un J . , P (20)
un(t) ,  un(t) - x(t)(t €, n_ ), Azela Araela J
un_bx(n_’ ),
lup— x Il 70 (0~ o), (25)
(2) (25)
lzpr= 21l 70 (n~ o), (26)
2(1)= f(t,x(t), (Tx)(1))+ Mx(t)+ N(Tx)(t) (1 €J) (27)
(24) (25 {LLr} C'(J],E) , (25) x € C*(J,E)
lua= 211,70 (n~ oo)e (28)

(26) ~ (28), (21), (D)
X (t)= (Ax)(t) = & Jae“[lx’(s“f(s,x(s),(Tx)(s))]dH

e/u_ 1Jo

e*“JeLS[Lx’(s) + f(s,x(s), (Tx)(s))]ds

0

PR A / L Ls /
x(t)= o J‘e\[l‘x(s)+x(s)]ds+ e t.fOeA[Lx(s)+x(s)]ds,

1J0
2 x PBVP(I) .
y € C(J, E), lun— y 1,70 (n " o0+ 4  PBVPA) =
& X,y PBVP( 1) [uo, vo/ . . u € [uo, vof
PBVP( 1 ) , wn (1) Su(t) Sow() (t€J) L p(t)= u(t)- va(t),
(Hz2)
p” = u”— Up =
Fltou, Tu)+ Moo+ N(Tvw) = f(t,vn 1, Ton1) = Mup 1= N(Tv1) S
- M(u—- wv)—- N(Tu- Tv,) =
- Mp - NTp,
p(0) = p(a),p'(0) = p'(a), 1 op() <0 (1€7)  u<uve
un S u, n un(t) <u(t) <1}n(l) (t €1]), n_ oo x
<u <y' °
E Banach , P
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Existence of Solutions for Periodic Boundary
Value Problem for Second Order
Integro Differential Equations

. 1 . 2
Hong Shihuang, Hu Shigeng
(1. Science and Engineering College, Hainan University, Haikou 570228, P R China;
2. Department of Mathematics, Huazhong University of Science and

Technology , Wuhan 430074, P R China)

Abstract: By establishing a comparison result and using monotone iterative methods, the theorem of

existence for minimal and maximal solutions of periodic boundary value problems for second order
nonlinear integro_differential equations in Banach Spaces is proved.

Key words: ordered Banach spaces; periodic boundary value problems; maximal and minimal solw
tions



