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w—- Au=f(u), Qx[0,T],

uloa= 0, 0Qx/[0,T], (1)
w(*,0) = u’ Q
, QC R, flu) :
| f(u) | Sclul, Vu € C( Q¢ (2)
,f(u)  Lipschitz ,
| f(u)—f(v) | LI u- v, Yu, v € O Q), (3)
L Lipschitz , € .
. (1] , L2
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R 7
Le(L2)  Lo(Le) y . (3]
) Galerkin
fen 2ch™ [4]
. (1) :
Radau Lagrange ,
, , L* . L®(L?
, 2
L=(L?) , .
1
(D , [0, T]
< tN: T, I": (tn,’ tn+1], kn: tn+1_ t", n = O, 1’ 2} .
= Qx[0,T], S"i= Q% [y {F;U} s ,
* ht T , h, = max ht, h = maxh,*
/HL n
1 1.,
Sy = {x EH) Q: X1 EP_(T), TE Fh,},
L Py T) T -1 ,n= 0,1, <., N 1¢
¢ 1
2 V,;:{«mn:: ¢ Zw;(x),xesz}-
j=0
Vi € Q@ 1 ¢g-1 , t"(n= 0,1, .
H'(Q) LY(9Q L7 Q) Sobolev
[le 1l m, [l e 1] oo
) 1/2
3 L1, L% Q) Mo, = L Wo(e) I5de]
L’(9)*
4 Lo(1, L7( Q) max I+ II, Il I
5 s,m= 0,1, ..., Vo € H"(Q),

W hnw s = [

6

((
1

(= M) |l Sellrlu Il n,
Nu= Tull <ellhiull, g,

. 1/2
Dl ||%,,,T] .

T€E .
T Ho( Q) ~ Sh,

Tuw— u), = X) = 0, V X € Sje

Schibdinger
I,

0 1
. 0=t <1t <

N- 1

T e T
Vi€, €S
SN- 1) .

>

Vv € L*(1,,

Sobolev L Q)

uEHSnHé, 2 <5 Kot
uw€H NH), 2<s <re
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[1,2,3]°
’ C N C *
2
(1) . ., v €C(Q) ,
L (w, v)dt+ L (u, So)de+ ([u"], %) = L (f (u), v)dee
[uw'] = uwi- ul, wi(t)= lim(t"+ €¢
€ 0
([u'].4%) L , ,
A A S A . ¢ : Lutdzz u™ et
, , U € v, Yo, € Vi,
- L (U,vn)dt + L(.-"U, So)des (UL - (U ok ) = L (f(U),vr)des (4)
. : g 21,  Radau
| q
Iog(s)ds = /,;w,-g(s,-), 0< s1< s2< o< 5= I° (5)
2g- 2 .
q >1, S, 82, v Sq Lagrange {l}?zl,
Lis)= 1L o i(s= si)/(si- )0 , b= "+ she,  [0,1]
I,
= " sk, ("= " Lo(t) = b(s),
! 1
wort) = Jy o= wfucas s kG212 0
t
, Un’j(x)z Ul «x, tn’j) € Sh, Lagrange ,Ux, 1) € Qx I
Ulx, t) = _i}zn,_,«(t) U (x)* (6)
i
, (4) , v = ln,i(t)d’(x)EVZ, ‘L‘(x) ESZ, Wp,j = J‘Il%l,jdt> 0,
(4),

- _ﬁ:ln,j(t)U"’j, i:ln,k(t)lln,i(tn’k) | d + izn,j(z) U,
I =1 1\

! n

q
S a4 Wt (U (1)) = L) (U 9) =
k=1

- Z’”'ujl/m(tn’j)(Un’ja $) + kaoi( U"’i, $)+

j=1

S (U, &)= L i(1")( U, &) =
L (f(U), Lui(t) &) dee
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kn q%q M N, Nj= wil,i(t") = wili(s), My= eeh— Nj,
e};= (00 01) ERq. VY= (yn,lp . n,q)TERll’

YMY— Zapynq’” an]n L(tn]) llln].
i,j=
2 D = dlag{sl, $2, 83, - 51},

M= D "’MD"?, o= +mind & . Red gy wq}> 0,
2 S Sg-1
M , VX € R
X'MX 2al X1°= a[iﬁ]
=1
[5]°
v = 5" € s, V(x,t) € Qx 1, Ulx,t)
q
Ulx, t) = D) 0" (x) L j(1)"
j=1
’ (4) ’ Vh = l/zln i 7 Ll) E SZ)
Su( U, &)= (U, si" 00 i(1") ) - /_Z‘,wwz;,;(t"’f) s VU, b) +

fewtoi( U™, ) = L (F(U),si "0 0)dt (i= 1,2

. s q)® (7)
TS , ke Lo e{sy (),
(4) U € Vie
{S'}q VX = (X, Xo, ooy X)), W (0 by oy by E{Sz}q,

(X, V) = i(xq b)e I Xx1*= Zl',llxi || %
F{Sl}q_){SI}

(F(V)i, &) = S(vg, ©)— Zw,z' (5)sV%7 Y20, ) + kavi( or, ) -
j=1

Hf[_qu}”ln,.fuf], i ]dt+ (vio )= (U570 i(1) 9)
1 j=1

Vo ESH i= 1,2, -y q°
Brower , F
, Ve .
VoV , (8 , &= vi— v, i1
q
Dvi— vi,vi—vi )= V= V' 1N%=
i=1

(8)
(F(V)is

s . F :
b= () (7

Z(F(V- V' )iy vi- vi ) =

q
Z(Sqi(vq—vz,vi— Vi ijl(sj)s] Si (1).,‘—11;,111‘— 1):)+

i, j=1

Zk,lw( (vi— vi ) (i vt))+ ;(vi— Vi, v - Uj)—

ZI [ [ s ni(v = o] )] 57 P i(vim o )] dee

(9)
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(M(V VO, V= V) Zall V= V'
f (2),

‘ZJ 1/2’”(0] v )] Ll/zm(vi_ vf)] &
ZI |[ (0= 0 ). sV s(vi- 0 )] e kol V= V0%

(9 (a- cky) Il V= V' N2 <0 k. < o/2ec, nhv- v n*<o V=
Ve
(4 .
3
L L) -

L= (to, tu1] Lagrange 0 C(1)  Pei(I), iy (™) =
y(t”’j)' " ,Jj=12 .. ¢, Radau  s1, s2, -+ s, Vx € Q,
fou(x, *) € Poi(L,),  Tw(x, ™) = uw(e™')e W= f,Tu(x,t),

3 W,

how= Wi, <ckhl w' W+ demax Thyu Wl 2 <s <o, (10)

mlax||u— Wl <ckﬁm{ax||u(q) Il + cmlax”hflu“,g,h, 2<s <re (11)

, u(q) u q . [6,7]°

2w U (1) 4 . LE(L( Q)

s Nu(e) = U(e) 1< e maxk, max( D e Ha Y e Naa’ )+

cmaxmlax( Il B s, n o+ ||hmu s, n)+ ¢ max Wy, 2 <s Sre

, M= " - Tu™e
W, e= U-u
e= U-u= (U- W)+ (W- u)= 0+ P
P 3 , e , 0

- L (e’ Uh,t) di + L (e, "..vh,)dt+ (eml n+ 1) _ (gl Uh+) —
.'Iu(f( U), vp)di + LL(W’W’ )die - J.IV,(.-"W, o) de— (W'Hl, v';ll+l)+ (W", vh+) =
_;“((f(U) =f(W)), v)dt+ J;“(f(W), o) dt + J.l,.(W’ vh, o) dt =

( W, -'-.’I)h)dt— (Wn+l n+ 1) + (Wn Uh+)

JI

- J‘I”(e, vp, o) dt + J‘I"( <0, op)de+ (07 oY) - J‘In(f(U) - (W), vn)dt =
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(0, vhs ) + L (f(W), vn)dt + J; (W,vn)dt -
L(.--' W, o )de— (WL OEY) (W ok ) (12)
W= TR)LLO, 0= - wl= - myyle

, vh= In i, & € S, W= ThiThu(x, t) = Zln,jﬂnu(x, t"’j), 0=
j=1
q q
U- W= DB, ™) = Dlui( U = Tu(x, 7)), (12)
j=1 j=1

a , q . ) .
- J, [ Zlnwj. 9”7]’ ln, L(t) (q dt + J, [ Zln,j e'ljja l?l,i "q dt+
j=1 j=1

n n

(80 e ) 8= [ (0= (W) 1 e =
- J [ Zln,j 0"/, Zl/n,i(tn’j) ln,j‘q dt +
INi=1 j=1
! . . L . .
L [j;zn,j 0, j;ln,jln,i(t"’]) 4] di+

n

(L, 0", 1, (") ) - .[1 (F(U) = F(W), Ly )dt =
e S ()0, 84 a8, ) -
J; (f( U) - f( W), ln’ L(b) die

. (12)

(0, Lo i) ) + f (F (W), b ib)di+ f (DT (), Sl (7)) -
n n J=1 j=1
q q
L [Zln,, (e, %), D il i( 1) qﬂ di -
wo =1 j=1

Sl T (x, "), Lo i(£" 1) 0) 4 (W, Lui(d') ) =

(0, Lo i(1") ) + L”(f( W), L. ) di + Z)wn,]—z’n,i(z'“f)(Trn,u(x, "), b) -
wikn( T, ) = (T, ), L i (£01) O)+ (W dai(") ) =
(0, L, (1) ) + _[I"(f( W), L. ib)de + Z‘,wn,jz’n,,-(f“f)(nnu(x, "), ) -

wikn( U L ) = i Tu(x, 1), b (1) b)+ (W, L i(t") b)e
N= u- Tu,

- L(u v) di + Ln( Su Sw)de+ (w0 ) =l et ) = Jllu(f(u),v)dt' (13)
(12)

q ’ . . - . -
— D il i () (0", )+ k(O )+ G 009, ) -
=1
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%

2

J.I(f( U) - f(W), Lnid)dt =

(0, Lni(") @) + j, (f(W), lni¥)de+ _;w,z,jl/m(t"’j)(nu(x, "), b) -

'M)ikn( _.-'u'l, i’ d)) - 611‘( Tl;zu(x, P (1)’ ¢,)+ (W", ln,i(tn) 4)) _

(gl, ln,i(t") d’) + j[ (f( W) - f(u)’ lr;i‘b)dt + .;Wn,jl;n(tn’j)(mu(x, tn"j), d))—
wika ) = G T, ), ) (W i 1) ) - I,(u, b, i) de+

II('...LL, and))dt‘i‘ (unJr 1’ ln,,i(tmr 1) Ll))— (un, lnﬁi(tn) ‘b) —

(Ot )9+ [ OV = (0, ) s Do ) (s ), ) -

L (l/,l, i, O)de+ wika( Au"", ) - L (Au, L, ;%)de +

an,jl;,,i(t'l’j)(mu(x, 09 ) = u(x, ), ) -
j=1

(u" = Tou”, Ly i(1") ®) = (", Ly (") ®) = Gi( W 7= w9, &) -
dﬂ(un,q, (b)+ (Wn’ ln,i(ln) ’*b) + (un,+1’ ln,i(lm—l) 4)) —

(0, Lo i(1") 9) + _[, (f(W) = f(u), Lni®)de +
(Zi+ S+ 33 )+ ([0, Lni(d") )¢

q , . ‘ '
= 2wn () (Tu(x, () = u(x, (™))~
=1

(un_ T["un) ln,i(tn) - 6,]i(T|;Lun"q_ LLn’ 4)7

q
= an,jl,,, () u(x, ) - J.I In, udt,
j=1 n

= wika Au" - .[, (Aul,. i)dt,

[T = [u—- Tu]= ui- Tui- o+ Tul =

- Tai+ Tul=- (T[nu+ T[n_lu)“”)'

q ’ . . - . -
Do ()07, ) 4 koG )+ (67, 0) -
j= 1

(12)

J.I(f(U)_f(W)aln,i‘b)dt:

(0, Lo i(1") b) + L(f( W) - f(u), lnid)dt +
(Zi+ D+ 33 )+ ([T L"), ) (14)

s Vh = 0
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- j g 112, + L 012 de+ (0™, 0% - L (f(U) - f(W), 0)dt =

l ntl |2 l n 2 J Z_J _ .
AL S L I RN AR R IR AP

(14 , b= 0", i1 oq (12) vi= 0

1 et 1%+ —|| o< I (F(U)= f(W), 0)de+ (0", 07) +

L (F(W) = f(u), 0)dt + ;)( e Soe 3 00 4 ([0, 0)e

1, S Lipschitz s
I(f(U) SOW), 0)de | e 015
3 3 Holder
2 /2 ’ 172
u), 0)dt QC{J; Nw- u ||} [J‘ 10 I11°d: <
(i w0, + ckifzmax Whyw e n) I 01, 2 <s <0

||21 ||2 [ ||hnll,t ||g}\l]’ 2<S <rs

. 0= L2 g

n+ 1
T

G — Zwm_il;z,j(t"’j)— Li(t") = 8- I L sdt = b i(1") = O
j=1 [
cii( n)
q ’ .
Il = &= Yty (5) M9 - Loy
j=1

||]Z‘,c,<,-(rrﬂf o | H]chfrl(s )ds

‘ i
“J‘Lu./—l( Uy = Tl;lut)(s) ds
=1

<cjl i — Tu, 1ds <

/2
; s 2
cj[ e 1l nd s <Ck%2U, Il “-\uhdS} . 2<s <

% H:C(I1") T Py(lL) I g ,
;o fhy(¢"7) = y (), Hy(1)= y(ir), j= 1,2 -~ q°
Idlu  2q- 2 .

Z’M)n jlm(t" o] n] J In iudt

172
<“; L) Ve 0 = w, <

I =

H."ll"’ i(Hu- w)de

1, 2
-1 2 1 1 /72 1
el kn JOI Li(s) 1)ds| RS oV, ek V20 oY e

ki ’ . . ’
ZWn,jln, (")) - J‘I In,iudt ||=
Jj=1 n

(15)

(16)

(17)

(18)

(19)
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23, L, fru t 2q-2 ,

W, i Au"™ " - '[ Aul,, ;dt ||=

n

H.fz (T,— 1) Audt

172
AR N

(5D 0lla= [Z‘,w, " |lﬂ g k}fz[ S Nl Ilz] 1)

j=1

q
DU ie oy om0 <l Ile Issl)non<

i=1
s 2 2 1) 2 2 2 2
C“’ I lls,hds} k2T W Y ME + BN A W00
n

(15 (16) ~ (20) (21),
G002 < 0+ e 10" 124 cha® 0w Wh+ chomax w1150+

cL WA w N2 ads+ k20« VW24 k270 Au'” Wi+ ¢ Iy 1%

o,

2 2 2q+ 1 2 1 2 2
om2 ek 10" 12+ 200 w023+ 0 V0340 Awll?) +

k[L I b e 115, ndt 4+ Fen max |1 B ||%,,J+ I/ ||2}.

q
(23) ., 0 I L0= DU, (14

e

an ]n L l 1)51/2_]/2(6,l’j, lb) + knwi( ,-'.gl’i, ¢)+ Sqi(evl,q, d)) _
I SO0 = FOW). L b)di =

SO ()0 [ GO0 = (), 1)+
(Zi+ D+ X3 0)+ ([]Li(1"), )
b = Qn,i i 1 q ,
250", 6 - an,l (1)) TR0 00 = (M, e
i=1

ij=1
q

W= (000" 00 (MWL W) 2a DI I

j=1

S =m0

q
3, (St 01t -
no =

| isf Vzwikn,(gl’ Lo i) | <
=1

q
‘Zw", i (70) AW - L Ay, 1t ||

1/2 172
| L.i 1%dt _[ W, Au- Aw 11Pde] <
In

()

(21)

(2)

(B)

-2
si o,

(%)
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q
ck,'fz[z % e (T ||k£{2] <
i=1

q q
k}fz[ S len ] Zszﬂ “2;#[ 3 e ||2] g
=1 i=1
. . V2
ck‘fz[ >l II"] IO,
i=1

ST AL <c{2 I o ||2}”{ NO" 11+ k20 01 u+
j=1 j=1

< %)
kUM = Wlla+ {Z( s 1P s 124 113 ||2] + gy @-
i=1

kn
0, S<ck/> 10" 11+ ckyl u— W,
ck,'fz[ Dl =llze 15012+ I ||2)] Y ke e
i=1
(10) (21) . (230
(23)  (22) ,
N 17 el ko) 1G24 cha’ (0 & o+ 2V 05+ 10 A’ 0%) +
cJ‘, | AS w, ||3,hdt+ ckn max [l hou “%,h‘f' c(kn+ 1) ||[TTL] [|2
o112 < Hc(1+ ki) 16112+ CZ{ Hc(1+ kj)]{ ,%:f{m A
m=0 Nj= m+ 1
N A WP cf B 112 e +
II"
ckmmlax Il b e ||%,h+ (dhim+ c) lly ||2] y
e I e lul= Tul T+ o DoR2 M @ 02+ Y n2+m an'® 1 )%) +
m=0
s 2 s 2 12 /72
L s 2+ W 1.5 [Z ey i)
(23)

o, <ckY? Ihyulll, h+ &Y> Z(k R A (A

172
2 ; 2 s 2
Il Au(q) Il m))+ J‘[ || hin ut || s, hdlL + km m,ax || hm u ||s,}} +

ck,‘fz[Z I/ II"j 2
m=1
) V2
01, € Vi, maxl y(t) I < din’? _[, Ly(t) 17|, Vy € Py(1,)° ,
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s 0 2 ( 2 1 2
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V2
aw ™ W5) + | W kb 15+ ko max kw1 ap 4
n 2 ]/2
C[Zu[n"‘] ||] .
m= 1
3 °
q = 17 2LL
. Cauchy
wi— we= 0 x €[-3,3], t €/0,7T],
u(- 3,t)= u(3,t)=0 1 €/[0,T],
0 -3 <y &, (25)
wlieo= 410 -1 <x <1,
0 1 <x <3¢
t= 0.1 t= 0.5 .
, L]
_ t=0 1=0
1.0 = 1.0
I P
o8 ;t =0. l‘ 0.8
| ! "—\\
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(1]

[4]

(5]

(6]

(7]

U — U = 2u 0<x <l,t> 0,
u(0,t)= u(lit)=0 i > 0, (26)
u(x,0) = sin Ty O0< x< 1°
w(v, 1) = ¢ iginme 2 b= 0.1 1= 0.3 o1
800 , t= 0.1
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The Space Time Finite Element Method
for Parabolic Problems

LI Hong, LIU Ru xun
( Departm ent of Mathem atics, University of Science and Technology

of China, Hefei 230026, PR China)

Abstract: Adaptive space time finite element method, continuous in space but discontinuous in time
for semi linear parabolic problems is disaussed. The approach is based on a combination of finite ele-
ment and finite difference techniques. The existence and uniqueness of the weak solution are proved
without any assumptions on choice of the space_time meshes. Basic error estimates in L (L 2 ) norm,

that is maximum norm in time, L? norm in space are obtained. The numerical results are given in the

last part and the analysis between theoretic and experimental results are obtained.

Key words: semi linear parabolic equations; space time finite element method, existence and

uniquess; error estimate



