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1§ R4  Taylor %= I FI Lindstedt-Poincaré 2

B EAFAE—ATCRE AN AT He 4 1 TCHE IR AZ 3y, A 25 T 2 A [ A3 8N [m] 5[] 18 38, XL ]
Bedly . m W n P IFAERE— D IREE S S K- sl At , AT 8T — A A AR R ST <« iRy fah
AL T F- 21K ( the mean water plane, AJ i #K>A2 MWP) b, 2 e 5 ) F. T2, 4z 30 X
Al IR KR 2 =— h A RRENAS 2 = (x,y,1) = (x,0) IRE, HIGRGEST5]A—
N BERRECN D (x,2,0) FEH T P51 R 5 U, b o S Ia] it B4
HAEM RG] D FEH T R H

v2<;b+“2p=0, —h<z<{(x,t), (1)
0z

2—5—@+V¢-V§=0, Zzg(xat)’ (2)

I3 0z

oD 1 , (0D’

at+g§+2|:<v¢) +(azj :':C’ z=§(x,t), (3)

oD

E—O, z=-h. (4)

Hor, v=0/0x,g HEITIGEEE , C R UEAR AR RIF A EGRAL T MWP _F T & A — > B
B, VA 512 FEAE BE IS EA T 45 S R FF AT Taylor BEFFrp H B AY 45 B i 40, IS S VL i T
SEHE ORI 53 ifk 1 5 B 1 8, e A ELHRI , ISR T — e,

SRR AR AR LT R, T H S A S S BLE H 1Y Lindstedt-Poincaré 3%, LA BR &5 By
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{(x,)=elV + &P + 50D + &Y + 0T+ (5)
D(x,z,t) =U-x +ePV 4 220 4 3PP 4 APP 4 SIPO 4 .. (6)
r=t[1l+e0"" +&’0?® + ], 0 =01 +e0'" +%0? + -], (7)
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Sl 4 P 2 T ST = = 0 LD AT Taylor SUOBURTF | W44 (2) F1(3) BN F R T A
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Ve +azjz(£) =0, ~h<z<0, (8)
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Dt 0z

D](f:) vV =CY A O, z=0, (10)

afzm =0, z=—h. (11)
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2.1 FEHM#E
(W= [G,,(Acos 0, +B,sind,,) + Géi')(/lzncos 0,, + Bysin 0,,) ] + (n—>m) +
Gi3n(A, 3,008 0,5, + B, 5,80 0, 5,) + (nom) +
Gopion(Asy2,€08 0y, 1, + By, 1,810 0,,,5,) +
G (A, cosb . +B _sinh ), (12)

¢<4) = [F4VL<A4ILSin 04/1 - B4ncos 64H>COSh( K4nZ) +
F$P (A, sin 0, — B, cos 0, )cosh(k,Z)] + (n—m) +

n+3m(An +3mSln 0” Bm Bn t3mCOS 071 t3m) COSh( Kn 13mZ) + ( nHm) +
2n +2m ( A2n +2m Sln 0217 2m BZn, +2m cos 02!1 +2m ) COSh( KZn t2mZ) +
(4) s <
Fan(Aangln 011+m B"ﬂ”LOS 011m>C05h<Knth) ’ (13)

w, =0 "1 +s0'"” +&0? +0 V] =
01 +0? =20 + 0l =
k-U+o, {1+[30Y +2 2007, (nom) . (14)
Horf FRR 0 f m B4R AIERAE n B m 3¢ =7 FOoRDHAR o B 0 0! 3
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[FIFE, 1 T IR BT RR , &M 8 bR G, F AL B AT 5 TR AN RIA 2 LRSS T W AR I 19 1% 328
PRACFIH B AT 5 B TR R O R ABGR. T3 4

0, =01 -k, x=wt-k x, (n—>m),

0'” =k, U+ ./gktanh(k,h) =k, -U+w,, (n—m),

nxm n +m n+m n m

(15)
K, = =Jk, +k, , (n—>m),
Z =z+h,
{0 _20 6411 - n’ (n*)m) 0114—3171 :0" i3 m? (nHm> (16)
02n +2m 20 + 20m ’ 0! = 0” * 0,” ’
Kn n’ :4Kn; (n*)m)s
{ 2 (17)
n+3m ‘k + 3km ’ (n(—)m); K2n +2m = n+m = kn * m 1
2
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e =a, +b, (n—>m). (21)

Hrp a, Fb, B HRIA BRI, X (18) . (19) frumiy &5 A Fl B, B R M
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22 FEHME
{9 = [ G5, (As,cos 05, + By,sin 05,) + C;:)(A3ncos 05, + By,sin0,)] + (n—>m) +
[Gan(A,gc08 0,4, + B, 500 0,,,,) +
Goian( Az 3,€08 05,5, + By, 3,810 0, 45,) +
Gisi>2m<Ani2mCOS 0, * Bunysin 0,,,,) 1 + (nom) , (22)

P© = [ Fs,(Ag sin 65, — Bs,cos 6, )cosh(ks, Z) +
F7(15>(a”Sin 6" - b"COS 0")COSh(K"Z) +
F;?(A3nsin 6, — B,,cos 0, )cosh(k, Z)] + (n—m) +

I:Fn i4m<An i4mSln 0r1t4m - Bn 14mCOS 071t4m>COSh(Kn i4mZ> *
F2n, +3m ( A2n +3m sin 0211 Bm BZn +3m cos 02!1 +3m ) COSh ( K 2n £3m Z) +
(5) ; .08 .08
Fn t2m<An t2m81n en 2m Bn +2m COS an +2m ) (’O‘Sh( Kn iZmZ) J + ( nHm) ’ (23 )

0, =01 +0? +c'0'Y 20" +f0? +e'ol? =

k-U+o, {1+ +2200 7 +

n n nn m nm
4r 4 405 4 4 (5 22 5)
'kt + ka0 ]} (neom) . (24)

;H\:EFI ’ A3n %n B3n ’ u& An +2m %n Bn +2m %ﬁ%:‘-m%éﬁtzs'zﬂ 'ijE-

0,, =56,,0, =360,;(n—m),
{0“4"1 =6, +40,_,60, ., =20 +36_,0 , =6, £20 ;(nom), (25)
{KSH = |5k, |=5k,, k,, = |3k, |=3Kk,;(n—>m), (26)
Kywn = |k, 24k, |, Ky, 5, = |2k, 23k, |, k,,, = |k, £2k,[;(nom),
a,(a; - 10a2b> + 5b}) b,(5a} - 10a2b2 + b))
A5, = e , Bs, = e ; (n—m), (27)
a,(al —6a b2 +b') +4b.a,b, (b - a’)
A, = ah , (nom), (28)
b,(a’ - 6a’b’ +bl) +4a,a,b (a’ —b.)
wsdm = e , (nom), (29)
a,(al —6a’b> +b}) +4b ab (b’ —a’)
Ay = A , (neom), (30)
b, (a - 6a’b> +b') +4a,a,b (a’ - b))
By, 0 = ah , (nom), (31)
0 = ! [13 704 +
" 8192[2 + 3cosh(k,,h) ] sinh'*(k, h)
20 188cosh(k,,h) + 8 713cosh(k,h) + 1 464cosh( Ky h) +
512cosh(kg,h) + 116cosh( kg h) + 15cosh(k,,h) ], (32)
o - cosh(k,, h) + 24cosh(k,,h) - 13, (33)

" 256sinh*(k_h)
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0(5) _ (kn.km)(Gn+m + Gn*m) gh
" 8hza)lm

[k,, F . sinh(k

n+m= n+m

wlnw Im

h) - K/L_/ﬂFll_NISinh( K h) :| +

n+m n—m

(1)3 w
Zg |:(gkn.km + - lmj (Gn+m + Gn*m) +

w,,w In g

Im

Fo (o, k, ) F o,k.,)cosh(k,.,h) “ +

{ 16Kl31F2n( Gn,+r + Gn—m,) Slnh( K2n,h) +

m

R2h’w,,
K'hF [2G, +12(G,,, + G, ) +«,h]lcosh(k, h) -
12650,[4(6,, + GG, +GL) +2(6,0, +G,) +K0R7] +
2k>hF (k, -k,)(2G, + 3G, +3G, )cosh(k,h) —

20, (k,k,)[26,(G,. +G ) +2(G, ., +G ,) +hk’]} +
1
16h3w]”
2k, o h (22, - 2x2 F 3k, -k, )F, , sinh(k, , h)] +

2k, hF, [ (k2. - k. =3k, k)G, +

n¥m
2 2 2 -
4(Ku ikn.k >G + 2(Kn,tm - Ky + kn,.km)Gnim

F, .k h(k, +2k -k, +k -k )+
4(k’., -« 3k, k)G, ., Jcosh(k, h)}. (34)

UG , 4L PR AL G N F L4551 A Fab SR FEFROA.

F LIRSS YRR AR, N SR B A — T AR O IR UL X 1] A 3
WA BRAK TR TR fife X HEEOTT BR K R A B, BV RT A5 AH 1 0% TR 7K I8 T o e, 22 T AH I 1 v K i
LB AR T R 3 AN K PR BE (IR R K 16 U TE i 49 U, 800 AR i AR 75
FELRE B KRR TSRy Airy B Boussinesq B KLY M B -2 1
RELUS H A EFE .

3 AREMIRIE G BOCR IR

TR T (L e, A0 A Tl R b (5 IOG 2R ARSI L (L IO 3R B 55— Bk
P U IOG 2R B (9505 = DO Tl 2 A 0 €5 IO R A B A AN B 5 — =
B HOCRAEAE 55— DU (L OC R LR ANEETE, B4R T 0.8/ 75 AT 22 1 o — 4
WA e B P T 0 A O (OGP AE (R B (L OGS A
IR STES = B GHOE R A (34) ARG T IS A R
0, =0, [0, + k0,0,
(35)
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T 5 2 TR0 )Y 04, 327 n U5 m W AR TR LR 2, n D55 3 Ry BB T T 7
TIPS EEASEIE 7 2) SR EHOCR oY i 3041, BTPIUAHLL O RO K
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Jsinh(k ., h) +

nxm



T I X 5| 7 477

Bl ARFRENS N ARAA LI h THER —AH T o, EHHEH 250, Q) K%

1n= “mm

Hoe il sh, 2= 75 3 WAL ), B2 hk 20 Wi Fhk RSk vl A8 20171 2 2 0 B AR
TR, AR U E X [ T R I A AR AR B (IO R MR 2055 2

n= “nn m"rm= “nm
m=1

w, =k U+ wln{l +g° {cikzﬂm + 202K20(3> } +

m#n

0 s
4 4. 4 N(5) 4 4 (5) 22 (5)
8 {CIZK")QHVI + Z CmeQ"I"L + Z cllclellm } } ’ (nHm> ° (36)
=1 =1
::,#n, ;Z#n

4 K F£ w~ Hi

AT EIIE H I — DS — B E 2 T R IR R P — R B R — 4
B BRE 0R B A AE S n] DLEIR B 28 22, VR AR ok 9 R 360 FE 6. i, SR ] — 2H it 7Y
P18y XS 7 g YR B3 2
h=10m, o, =27 x0.15s™", a, = 1.3 m, ¢, = 10°,
w =2 %0105, a, =1.0m ,p, =— 10°,

Hrp

k,=«,(cosg,,sing,), k, =k,(cos ¢, ,sing,).

n

P, AT — R YOG T | AR TALRS SR FE A BB IR E BUE , i3k 1 TRl I, AT 4
0 AE = 0 AN 1 IR 1(a) ~ (e) IRy 3 FHETE 1) Kl 1(a) ((b) () HRIRS
B =B LB B A i SRR A AR AR AT R P RS 4B AR R R X TR R Y
T ARSI, XEERE 27 2) B 1() W TEEFOL (y =0) B“— . =,
B H RS TR, — B b T &, “ =Bz, < HY ek ez 6 T
WGt vt HAETEAMA R AR, “ T BT 2 de T, <« — B R IR BI - B 0 o i e « 16 5
HE”.3) Bl 1(e) 4 TR0 ML TS « B 70 Sl BT w () — B, =B LB # e [A]—
R EE 2 ib, B N, SR EBOR Y BRORAE w I — R HEC— B LR
Uig, “ T T BRI ARAL T TR v A o f el B v, [RIRE N t,

T LR A B VR T B R S i

Table 1 A set of typical values for the Sth-order bichromatic short-crested waves in finite depth

free surface displacement velocity potential wave number
F, -6.578 14 k, 0.107 37
F, —13.295 40 Kk, 0.065 14
G, 257722 F,, ——2.45491
G,, 4.63546 F,, —19.063 30
G,,, 3.13200 F,,. —6.44991 Koem 0.170 047
G, —1.406 00 F,_. 3236570 K, 0.0512539
G, 3.55715 F, —0.118 115
G, 9.37072 F,, —10.703 50
G,.pn 17.633 30 F,,,, —8.04455 Koiom 0.234 073
G, p, —2.07530 F,, —657186l Koo 0.047 032 4
G,vrn 12.863 60 F, .. —1.95820 Koo 0.276 849
G_yy  —4.894 60 F,_, —14.88410 K, 0.155 137
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S|
free surface displacement velocity potential wave number
F$)0.158 40
F) 0 0.426 70
G, 9.698 34 F,,  0.161 669
G, 47.45270 F,, =—20.569 00
Gpiyn  25.125 40 Fop  —11.324 03 K,a3m 0.298 582
G, 5, —8.446 80 F, 3, —79.741 20 K,_3, 0.101 408
Gpusn  30.145 60 Fo —7.839511 Koe3 0.383 968
G5 —70.23570 F,_5, -16.55258 K,_3 0.261 848
Gopsom 55447 30 Faruom  —39.584 27
Gy —32.773 30 Fopon  156.905 21
GyP  0.268 40 F$® 0.775 44
GLY -0.457 90 F§8  8.576 51
GY 0.588 30 F9 0.205 36
G®  -0.32420 F9 1,174 85
Gs, 83.08190 Fs5, 0.214 419
Gs, 345.565 00 Fs, 7.668 12
Gprgn  266.054 10 Fo —127.883 15 Kopam 0.363 315
G, 4y —101.599 80 F,_,, —425.78429 K, 4 0.163 834
Gpesn  200.33120 Foa  —54.043 70 Kopean 0.491 197
Gpogn —411.333 50 F,_y, —211.70591 K4 0.368 942
Gopryn 118222 30 Fausm  —345.685 20 Koppan  0.403 943
Gz —326.11570 Fy sy —789.124 45 Kyoam 0.073 7211
Gopsn  77.025 90 Fypiyn —101.459 28 Komay, — 0.446 761
Gopose  —259.123 40 Fy s —419.456 60 Kop_sn  0.204 598
6D 0.366 20 F 0323 62
GSY  0.887 40 F{) 053519
G, 2.897 50 F(3, 174401
6, -0.336 70 FO,. 3.679 42
G, 1.888 10 F$3),  0.216 25
G,  -2.31390 F,  0.546 71

F$0.017 847
F30.043 563

(a) —HrEHmREACEEUNE (b)) =B EBREABERE (o) THHYE hRE B
(a) A perspective of the 1st-order (b) A perspective of the 3rd-order (¢) A perspective of the Sth-order

surface elevations surface elevations surface elevations
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(d) Wy = 0 WA MRRIMAE : —PrESRL) , MBS (A05:4) , e (ML)
(d) Surface elevations along the center line y = 0 ; Ist-order theory ( dashed line) ,
3rd-order theory (thin real line) , Sth-order theory ( thick real line)

z/m

Il
?
]
1
»
+
i
1
1
L

-10 .
0 1 2 3
u/(m/s)
(e) TEHLLAL (x,y) = (0,0) ALMYEREE w BTl — B 3Ie (HELR) , = IrBie (4HSEEk) |, I BEIE CHLSEER)
(e) Velocity u profiles at the center point (x,y) = (0,0) : lst-order theory ( dashed line) ,
3rd-order theory (thin real line) , Sth-order theory ( thick real line)
B 1 A7 BRAK R oS WA I8 114 L Y e

Fig. 1 The Sth-order solution for a bichromatic short-crested wave in finite depth

.

05 o s o
I A AR LR ¥/

hk,
(b) HMIEPAREAEN: ¢, = 30°, ¢, =-30°
=-30°

(a) LLMMEEM: 0, = @, = 0°
(a) Collinear interaction: ¢, = ¢, = 0°
2 W IEHRILHLILAE A R R 00 (1) 71 0D (9:4%)

Fig. 2 The amplitude dispersion functions £2(3 ( dashed line) and 23 (real line)

(b) Short-crested wave interaction: ¢, = 30°, ¢,

for bichromatic short-crested wave interactions
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FESRS =B 5 T LRI R R BB RS FAE AT B P R R A FAVE D BAZ O304 Sk F)
QD HFEE KT 80 WB 2 hee, K hae,” BIAS ]G K A 0 AN S Ak, W it
[FIFERBL k, = k,(cos @, ,sin @,) K, =K, (cos @, ,sin @,) , HHILRPFFEIRITE : (a) HL
PEAEAEH: @, =@, =0°; (b) BIERAEAEN: ¢, =30°,0, =- 30°. LA & 2( LA ke,
e, AR (R RN E Lk, =k, (cos ¢, ,sineg,) k, =k, (cos @, ,sing,))) SAFA
MR TS T RAERRES T, Q0 MO0 B KEYRAETE e, < he, 20 BRI RS
“VRAKPE AP X w0, W TTHREL SR T BOK P STIE " A hie, (H—ERHOLT A2 00 Fl
O BURVBEIE, WA T 2R A hoe, (LS FU R 38 0 K, B R 48828 A9 0 7E b, (1 — R BT L
T HIE A A .

5 % 7

IR H T Stokes IS AR FTMSE SRy K, 25 1835 33 1 I8 I 281 R Ham-
ilton 2 P INFEIEASC R | USSR W Stokes BRI 7E 42 BRAUH A F A IEE (JLHBOK )
ARSI 3 TP I A R )2 R AR AR SRR 28 8L A 1) = 9 B FL 1) Stokes
P BRI MR JRE iy B 22 B |l BRI 2 YRS A 00 XS o 35 e IS R T
FONFEA B T2 A R AR | 3R FOR AR R IRIE (0 0OC R 7 19 ARk, ik —2b
FHEAL TR0 STRCHUAE AN 32 1) 5 X2 Bl Y T0 55 22 P AT T8 P PR AS ] 31 3 AS [ 0 i A 2L
YERIE T B AR A IR IR B O 2R

FEME, — 3B BUEE A K PR P 5 © 285 Al S-SR, FOd I, AR TR
RS 4 Wy BRIEE A SR AN 2 R T AR SR A TS IR AN SR T

A LA | DA TR i L B ) A R i) A5 — b S ARME R DR B R O H o
RFRRT TR < B R PR A T R A R N LR TR
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A 5th-Order Theory for Bichromatic and
Bidirectional Ocean Surface Waves

HUANG Hu, LIU Guo-liang
(Shanghai Institute of Applied Mathematics and Mechanics ;
Shanghai Key Laboratory of Mechawics in Energy Engineering,
Shanghai University, Shanghai 200072, P.R.China)

Abstract: The classical Stokes wave theory of pure wave motion for the 3rd-order monochro-
matic and monodirectional waves was expanded to a 5th-order theory for bichromatic and bidi-
rectional ocean surface waves under the ambient uniform current effect in water of finite depth,
which, based on the 3rd-order theory for bichromatic and bidirectional waves, comprised the
4th- and the 5th-order explicit expressions for the free surface elevations, the velocity potential
and the nonlinear amplitude dispersion relation. The Sth-order nonlinear amplitude dispersion
relation playing a key role in the bichromatic and bidirectional wave theory was generalized to
one relation of 2 arbitrary interacting waves with different frequencies and ampitudes in pairs
out of infinite waves. The typical characteristics of bichromatic and bidirectional short-crested

waves were illustrated in detail with diagrams.

Key words: Sth-order theory; bichromatic and bidirectional wave; ocean surface wave; non-
linear amplitude dispersion relation

Foundation item: The National Natural Science Foundation of China(11172157)

5| 432/ Cite this paper:

TG, REBE FHORE U R e [T ] SHBCERITI%E, 2016, 37(5) : 472-482.

HUANG Hu, LIU Guo-liang. A Sth-order theory for bichromatic and bidirectional ocean surface waves
[J]. Applied Mathematics and Mechanics, 2016, 37(5) ;. 472-482.



