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2 fih BE S AN Ay LR ) B AR MER R AHE 1995 4F | Feng 3T XCAFEIS  $2H T —EA 8K
A T i S 4 A A ) B ) WA 91111998 4F: de Saxce Al Feng F3CHA[ 12] H, XF XAEAFH
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PR, IF 5 Newton BIEHAT T /0T A HLE S,

WFFE A T U B o7 FH A AR BRI IR B Sh A A A RS RIAS A .2001 4F, Bodoville 55
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R B AR DR RERTE 2
1.3 BB RIAONEEE

iz RS A BB EAPE AP RL, AT DL 23 5l Sk S RS RS RS A T 408, IEH 38 2
e R IE s, FoE T LA 5]
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Ab*(Ae” Ao) = Ao Ag” . (12)
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Ab?(Ae ,Ao) = inf[ Ab°(Ae® | Ao) + Ab"(Ae” ,Ao) ] . (16)
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2 WA
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Lﬁmﬁﬁ%gﬁg\ﬁg
L= (o o) 4 (0, ~0) 4 (0.0 ) +6(e, + 72 +72)];  (20)
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Jy RS R = A
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F(o,k)=F(I,,],,Js, k) =], +a,I, -k, (22)
P(o,m)=P(1,,],,J,,m)=/], +a,], —m, (23)
Hoh 240
_ sin ¢ a, = sin 6 h=m= «/§0C05¢’
S3/3 +sin’d S3/3 +sin’0 V3 +sin’p

c AMBIREER 7, & M BN RS .
2.3 Drucker-Prager B B XA E ik

HRPE(22) , (23) D-P BERY Y J MR R i P NSRS Rl P ELARTE 2, 43 0% 7 g 7
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0F (k) _0F(y,Jo,J50k) _ aF 9o, oF 0], ok dl;

dor dor Cdo, do g [, do 3], do
do a./J aJ

C, 40—+, (24)
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oo oo Cdo, do 4[], do ], oo
do, a./] aJ
D17+D2 ﬁ+D3J, (25)
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aJ, S.S, - Ti 1
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3./1, 3./1,
oF oP
C3:7:O, D3=7:0,

i (29) AT LIS 2], 25 it BAE S8 D-P AR g R BN R Y 6 NS EUE. T H e
AR PER) D-P LAY T RAC(18) H A = 0.45520(18) ,(24),(25), (29) RIS PETE T dA
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Fig. I The diagram of stress correction algorithm
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A TRPEIRAS MU £, < O, T 2 AR U 5F P X SR BEoR  IT A 1Y o, = oy o H
T TR TR IR BEAE W e, = e, JEIRTGEEINAZE IR,
R, A RIBYEIRZS MBS, £, > 0, AN R IRENIBPEREOR (f,,, = 0) T AT LT B 1,
BT E B ASK R T 0 o) BEATIBIE Sl A o) Lt R T 5 5 A4 B LSRN o, TR G
], WA E LSS a,,, 5R,,, .

3.2 Armstrong-Frederick #&%!
b A B E SCER B s 5 AL AR 7Y Armstrong-Frederick FE71 ( DR &K A-F #5571 32 ,H
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Jet A 4 R KR BN S R P R
Fef= [S&:& -0, (30)
P=f+%%X:X, (31)

o, o, UL R R €
AR LN 2

S_X’“:”

PR RRT s 90 1 w5k, X i A-

a=¢ -1 Xp,
H (32)
X = He,
)4
X = Hé" — yXp, (33)
v H BERIBHR p S OBYE AR R o BT T B A = p =/ (2/3) (" &%) .
A-F BN SR AT LR Ry
. oF d
ki Y (34)
o o
. 9P .9 .
a=- AP Y Yy, (35)
0X 0X H
3.3 Armstrong-Frederick # & fa IR A& %
b= = m——————— /] return mapping
/
/
énﬂ ________ 7=
/l
¢ ,’ ,’ |
LI .
s Vv ,
/v '
/ /) .
< €y 1 - én En+l
&
B2 A-FBREBARSERRERE
Fig. 2 The implicit integral algorithm of the A-F model
Kl 2 hy A-F BB B SRR B R B S AP R AT LB 25T
@ AR ST £,
£, =€, +dev(D": Ag) . (36)

@ FIWTEIRAEE f(E,) < 05Lf(§,L,) = 0.
@ #S(€,0) < O, LI BRI T JPRR S I £,

— * P —
+1 _§n+| » En1 T 0.

@ #i f(€),)) = 0, BERMREARL AL T IBMRRES T2l b £, 19 £, = O BT LB, 743

S INESE I N W I S
He=g" +¢&", WJLIHIEA

— e . e — e . _ oP
T, =D": €1 =D": (€n+l 871+1)’

(37)
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Al
T, =D": <8n+A8> _21u“82+19 (38)
|
£, =dev(D°: g, +D°: Ag) - 2ue’,, - AX =
&, +dev(D": Ag) - 2ue’,, - AX. (39)
HRAE = (32) AT LAAS )
X, =0H(a, +Ag"), (40)
Hr 0=1/(1+yAp) JILL &, Fk ]tk h
£ =600 - ﬁAp || i ” (2u + 6H) + (1 - 0)He, . (41)
HR A i IR 45
3
fn+l = ?§n+l : §n+l -0, = 0, (42)
H
3

2 §:+1
En = |2 A" (2u + 0H) + (1 - 0) Ha,
2 1 30 EL

X7 (43) iz ] Newton-Raphson 4%, AT DB =oRAS #:3 T Ap .
4 XEAARMF
41 NBRHSEEMHNEFEN
FR A st 2 rh A R B AR AR A IR R AT DAAS B
_LAU-As(Au)dV-LAJuAudV— LAT-Auds:(L (44)

Horb ) Ao R0 S8 Ae (Au) S RARHE S SRR i Au BRRE, AF iK1, AT S4TH 3.5
AR pREL

=0,. (43)

Ab(Ao,Ae(Au)) = Ao-Ae(Au) , (45)
1 (44) 254N
MumpAw=fAMAaAaAw>mujAﬁmmv—fArAmw. (46)

ATLVE L, (Ao, Au) Sl JEAA AL O R 2L ELIRD A e | BIIRG f2 (52 B F- 185 25 7F ( kinemat-
ically admissible ) Fll JJ-F-ff 554 ( statically admissible).

R R P-Ai7 2
Aeg(Au) = grad, Au, in (2,
. ; (47)
Au = A, on I ;
RS Pl
divAo + Af =0, in 2,
S.A.: j (48)
Ao-n = At, on I,

B Au” ST LRS- AR R RE AL AS | WU (A1 5
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AB(Ao,Au”) = [ Ab(Aor,Ae” (Au™))dV - [ Af-Au”dV - [AT-Au"dS,  (49)
1 Vv S
AB(Ao,Au") - AB(Ao,Au) =
| Ab{Ae, [Ae” (Au™) - Ae(Au) ]}V -
)

| AF- (8w - Auw)av - [ AT-(Mu” - Aw)ds. (50)
T Au™ 5 Au #5506 AR5 450, T DA
AB(Ao,Au®) = AB(Aa,Au) . (51)

I3, & Ao ™ Rl /2 7 A 25 A i e 1 7, DU AR 1 g oy
AB(Ao™ ,Au) =fVAb(Ao-* Ae(Au))dV - jVAf* -AudV - LAT* Auds.  (52)
AB(Ao* ,Au) - AB(Ao,Au) = k
jVAb[Aa* ~ Ao, Ae(Au) ]dV - jv( Af* - Af) -AudV -

[(aT" - AT) - Auds. (53)
HT Ao ™ 5 Ao #0052 J1- A 450, BT LA
AB(Ao* ,Au) = AB(Aor,Au) . (54)

M (51),(54) FTLLE Y, ABBEE (Ao, Au) #4T ELSEF TR T IS, X AU T B
IR AR A B A IR A RS R B 23R (16) | MR HEAS [] 1 53 38 1 A4 RS U W] LA
(EEPOPANPLE AL N =R7 N
4.2 Drucker-Prager t2 B W A4 E ik

2 MUPA SR IA AR D-P IR (1) 7R3 2 D-P BIRL SR A K B 451, A sk
ATEHEFIE T BN R 4L

K, 1 1
Ab*(Ae",Ao) = E(Ae;)2 +uf Aet | ? + T&(AS“‘>2 + i | As | =

K. 1 1
E(Aem = Ael)? + || Ae = Ae” |7 + TIQ<AS“‘)2 +‘E I As |2, (55)

Hrp ) K, R R u N BT , Ae, AN ARTRIEATIE e, = tr( Ag) , Ae 2 W A8 T T (1) (i 5K
i Ae = Ae — (Ae,/3)1,As, FFEHRI S As, = (1/3)tr(Aa) ,As AR H IR TKE As = Ao -
As I, FhR“e” RoRTRIRIRES, EAR©p” FoRIHIRE, 1 H A5k A

MR (15) ,FEW L D-P BERUIVEA Y 55 F T A S MRS TERS S8 20T 0 ek 4

P

cAe! c
Ab'(Ae’ Ao) = o + k,(tan @ — tan ¢) (smo + As,, - j | Ae” || -

tan tan ¢
SmOAeE\ - s(JAep ’ (56)
ThR“0” TR L BRI IRIR S G20 (55) (56) , R HE(16) , AT LIFS 2] s i Mok 25
FEHG L AT AR bR 4K
K, cAe’
Ab(Ae Ao) = inf {—'(Aem S Ae’) 4 p | Ae - A || + N
AeR,=kgtan 6 || Aep | tan ¢

ky(tan 6 — tan Cb)(smo + As, - Cj | Ae” || -
tan ¢
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1 1
s.oAe? — sOAe”} * o 1A 17 (A (57)

SCHR[ 24 ]9 25 T 2 (57) TEAR A HE S AR S AT DA IE 1 32 i B A2 Y, B
Ae € 9,,Ab"(Ae,A0), Ao € 9, Ab"(Ae ,AT) . (58)

RYEARAS A, vl AFTE

Jube +s, = { 2 + (K, (kytan 8 | Ae || = Ae, ) kytan 6 +

I Ae" ||
Fy(e = tan d(s,y + As,) + As,tan 8) ] | Ae?. (59)
AR (59) , AT LIFHRIEMESR T || Ae” || BOFRIAS
Ae' || = —— A _
1A= e 20T
8d|:c — tan d)(SmO + A'Sm) + tan 0(A5m - KcAem)] } . (60)
M T As, BFRKAPREE || Ae” |, Bl
As,, =K, (Ae, — Ae’) =K (Ae, — kjtan 0 | Ae" || ) . (61)

3 (60) .(61) ,i# i Newton-Raphson 1E4X, Al LITTRRIGIAMERT || Ae” ||
4.3 EBUBRHEZSREXRIEE

F A WA A 1 5 B Bk | DL D-P B Ry ] | B AR S0, RS 42 i 16 2R 16) 1 4 5
PO RN AR, BRI SR MR E = 0.5 x 10° MPa, Poisson (JARS) H v = 0.33 ki J1 ¢ = 30
MPa, N EEHEFH & = 40°, IR AR MER R D-P iR 87K 6 = ¢ = 40°, FRFRiER Bl D-P
B, 0 = /2 =20° 16 = 0. 5355 F SRR o3 50 R0 g SRR 3 6 3 BT ik A 1% D-P #557E
HEATECME AL, 4ok T 100 NG AP ATIHAR W IR RN w -0 4.

M0 = ¢ = 40° B, MRk B AR ER R, U Sh 3 eR EIORUE IR R ECE AT SCHR P R 3,
Bl 4o =40° 1) u -0 MZE AT LIE 1 B2 SRS A SBHR A 1 3 B B, SRR 4y
B B BRI A N BUE A S TR e 2V A, Bt as R,

20 =d/2=20°F60 =00 AR ERAPRHEM B, WE 3 5E 460 =20°,0 =01 u-0
Mk B LA R B R RS A — ik 28, HiP RS ARG MR =
Gy IRGAE m Rr A S5 SR oIS W, ELBY K AR 5 R EE A A 258K, RR 5 R SR 5 SR FH L
FBU AR B EUE R ST 2 &, TR G S TR SRR E.

-1301 v |
[
-110+ / £ &
_90 -
<
=
Z -70
s
=501
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The Bi-Potential Theory Applied to Non-Associated
Constitutive Laws

ZHOU Yang-jing, FENG Zhi-giang, NING Po
(School of Mechanics and Engineering, Southwest Jiaotong University,
Chengdu 610031, P.R.China)
( Contributed by FENG Zhi-qiang, M. AMM Editorial Board)

Abstract: The explicit integration algorithm based on the traditional plastic mechanics frame-
work and the implicit integration algorithm proposed by Simo-Taylor were 2 classic constitutive
integration algorithms widely used in solid mechanics. These 2 algorithms were reviewed re-
spectively with the 2 corresponding classic non-associated constitutive models: the Drucker-
Prager model and the Armstrong-Frederick model as the examples. Then, according to the bi-
potential theory and with the bi-potential concept applied to the material free energy, solid ma-
terials were divided into explicit standard materials and implicit standard ones. It was verified
that the 2 classic integration algorithms both can effectively deal with explicit standard materi-
als. However, in dealing with implicit standard materials, the orthogonality cannot be guaran-
teed in a unified form with the classic methods. The bi-potential algorithm has its own advan-
tage in dealing with both explicit and implicit standard materials. The solution existence of the
bi-potential integration algorithm was derived based on the variational principle. Furthermore,
the results of the bi-potential algorithm and the classic algorithms were compared through cal-
culation of the Drucker-Prager and Armstrong-Frederick models, and the accuracy and stability

of the bi-potential algorithm were proved.

Key words: bi-potential integration algorithm; explicit/implicit integration algorithm; non-as-
sociated constitutive law; D-P model; A-F model
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