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B AR AT T IR BL AT BT 45 AR R BU A A4 7Y Lagrange 75 K75 TE HE R = 4k
ABRICH T IT ST T SMA R 5 ) 2 i i BUE AL, SMA Bk i A1 B 2 it 2k 52
TR IR SMA A KRR R AZIEAT BRITT5 RERESAT SR ALL ] SMA B 3P A8 HE 3 [T 37,

LA SMA ABERIHARJE T AL, 41l Tanaka #5741 .Liang Fl Rogers AL .Boyd I La-
goudas R AL BT L8 — 3| Lagoudas 5519 =Y AR , T 45 o R A8 32 B g [X
S TE T A VE AN ). X SMA K A &5 S M EAT B A AT I | 32 B R X 2 —J2 X AR
VI 4 AR T 2E ARG AT A (V) HEASORIAE DG (4 I S HARE L S T AE40L SMA &2 24 1 32 ) R AE
TEAT 7, 5 LR R R L s R Sk M LS 17 ) st S0 T LA Ay 07 g ol R R
6] Fil Euler AP, N ) [MIBEEE O 2P T SMA K HAH G450 R 58, TR Fk 2
FF AT Euler 7RIS — 288 MR ik  FET T+ 4TRA T ARAF I 1 FH L i
SRS E 2] SMA K HEH & 454, (B fer 480 3ok S ] BB 5 LR AN Wie S ) A, 4™
TR UK HSS N T E A BRI SMA 25 45 i) B [ R AR S A A
U 5 Lagoudas %51 2 H (1 [o AR EAT T FL AR,

1 SMA #1221 M A EUE B

FEIERICILA A AR R 75 200 1 IR FH B R S5 AR 5 22 R ek
fifi ALk ), AR 4 Lagoudas Ll 2] i AR , Z RN Gibbs B H HRER] £on T .

C=-Lo:C(y): a-pia: [a(n)AT + ] +

2p
c[AT—Tln(TY;)]—sOT+g0+h(7]), (1)
2 AR & R S0 WSCHR 12 ] AR RSl 72 AR eR Bl F AT SLANTT
F(o,T,n)=sign(n)(o: A -pd, G) —m, (2)
XHE X 9,X = aX/9Y . i T AR AR AT RE i AR AR AR G 1R, SRS RE R AR AT R, A
do=L: de + 5+ dT, (3)
A, LA NN B AR 2 A N2 itk i, BATT 3k
L(o,T,m)=C" —sign(n)a® a/B, (4)
Z(o,T,n)=-L: a -sign(7n)ad, F/B, (5)

A, a=C": 9,F,B =sign(7)0,F: a-0o,F o oF om (T EARIARAE S 124 WA,
2 SMA MIJEAM S R BT B
Xob T 45 R IV AR e A SR SR TR A A S R 3 el R O
Ao =C': (Ag; - @/AT) . (6)
KRN ) ol = o) + Aoy ARAAHZZ R4, JF R AT Kuhn-Tucker 25 R34 0 1 RS 15
F(o,) M F(o}) , # P8, RMEC 254,

F(o,) <0JfH F(a) > 0. (7)
(7)) TR AL TR AT T A {E )
do=L(o,T,m)Ae + 5(o,T,m)AT, (8)

Hfr, y e[0, 1] Sy fhma), X20(8) By, i 5 B AN AR N AR
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& =An, (9)
KRk A 7E n BEVE B RAEERY, Nk B b+ 1 38 BT R0 , TSRS X A AR 725 oy A i
LRE V|
8_;:1,k+1 = 5;':1,k + [ (1 - w)AjH,k + mA_,‘+1,k+1 ] (77_,'+1,k+1 - 17j+l,k> , (10)
Hrp iz wel0, 1], 2R(10) ATEMET SUBIE B ol b SR k.
2.1 MAEBREE
37 7 [0 WA 2 A ST e I B R T T Bk L BRSO o R AR 8 1 5
RPIRES ol FFIR , E AR R B 2 AR AR — Bk SR AR N RS (o ym ') o Bl i Bl
B EAE T B REE AR 2 Ak, I i — 2 2 M AR M ok R A — e S0 B SR T, dic it
S I R Y T BT AR R A B RN Ak ), X6 T 52 AR ) 5 ZR 1B Ll A PRI RSB, A I,
K@ T LA™ T TR0 e (8 A TR B0 T ISR A 722 i Aot J3E AR Ak U Y 5
2.2 BRFHINORRS
22 R SRR AR 5 — T il AR G O ik (9 ) A AR AR N AR R s
TRUT (AT A 5 02— Bt Buler J7 %5, SR R 243G 5 2 05/ Euler J7EA 2RI RY
I Euler J5ik s 51400 45 G .
2.2.1 RXEIAEARE B AREGHE
BT Euler 2P SEPEH I 7 6458 5 AR A2 kBT 19 32 S 2920 (7)) A5 2
(RIARAS Je A ) if B i B el 1 - x, flifs

AE = (1 -x,)Ae,, AT, = (1 - x,)AT,. (11)
Wx, =xr =x, WAHASTT LG g (8 7 PR 2SR B8 ] 3 i U o
0-<X)=0-j+1,0=0-j +XA0';, T(X):T,'H,OZTJ“"XATJ, (12)

AL, SEBR 2 AN TRIA 1 - x 5853, R THE S XS E x, e fal iy i R e vk
I, SCR FHH B AR R0 s, WMEIE Regula-Falsi (MRF) .
2.2.2 FHFFE
ST ISUE x ., , TR BRI AR G TRES o, o FORHRIIMREE T, « 32 TR Z AR
RPIRE o,y o BRSO ITIRE o, ARWIR AEAT T T — 25 SR 3R N5
Ao, =L(0,,,. T, ) ¢ A& + &0, T, ,.m,) ¢ AT,. (13)

j j
RV RIERE R L(o,,, T, om,) FIERERE S0, T, m,) RAEE— M HEATT
i, MFERG I AZ, AL AT, b, B3 ok bk FAT SR Al 2k k. ZE G B IX ] HEA T AR, DUl

d,o=L(o,, T, ,.m): A& + E(o,,,.T, ,.n,) AT, (14)
Hor oy PRl EE(14) HEARRUY 5 0 0BG R AR R M B A, I AT, LSBT
Euler BUMTE , FIAR SR 5 AE, FIFIAIREEIGEE AT, 7T LIANSY H— 2R3 T34 5, 1)

e, , = 8y,A&,, 8T, =8y,AT,, (15)
X, 8§ FaRAML T4 HLAX 8455 A DAt AR 8y, nRRUnF .
€1 WA,
67k: nSS € [Olea (16)
R, . <R,, Hahk %,

Hlt, g RFARB R, ARSI R, K LV TR LR 7 %6 , O 4k
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GUNACY
ngg—1
D8y, =1 (17)
k=0

H 852277 50 B AR R A GRAETT SR iR 2ZE AU RIS T, U] BRI 740 8, 1 R 2R I 2 A1 22

P A RER LA BEL

UENENE Se, , MR EESS & 8T, , 1 [RIRAER J i) 548 Bl it 05
O Fir s C_,;]l,k 188, = (9,F,,,¢ Cilhut @, = 0pF, )07,

an'k S Sign(ﬁ)éaFj+l,Ic : ij-ll,k : 8:117:11, - a‘r;F;‘H,k (8
HRARE 2 A1 F Euler 202, AHAR N 28 12048 5

08 = A\ ,0m;, . (19)
WERIRSAZ B L e e, T IR HATIR, MR AT SO anF

Tt el = Cj_+]l,k+1 [£j+l,k+l - aj+1,k+1( Tj+1,k+l -T,) - E}L,md . (20)

2.2.3 BEAEHTE

N T AR A AL T R DR R R DR AR i TR BRI AE, FI AT, ik —
A3 N /N TR R SR TR A A AT 2 P B0R 22 1 BRI R SR S LA AR B —
WP A R AR — P A R R I B IE, BT R B IE SO TE E 7 v —
AR ERR NI PIRE (o, T,n) BIEBI—F RN IRE (o, T, 7)) , HEHA TBE 2 AH
A5 PRER T R S B IE At AR b YRR RN SN AR B ANAR T I AE AT A T U

do =-sign(n)C™': 9,F8n. (21)
AREA S N — 25 BAAAE IE (9 R RS 2 — Bk F 44, 8 FH — B Taylor JRIT, W] 15

F=F(a,T,%) =~ F + d,Fdc + 0,Fén = 0. (22)
PRI FRH AR A8 R 2k T AT B

f=m +8n, 8" =" + 5", (23)

BIEA PR ERFLLE] | F(o,T,5) | < Yy NIk
2.2.4 BAFFEEFHFENT XL Euler 7 %
A A LD U2k &, AT DASE— 2D 2038 01 FT Euler B0 BN BE | HE 45 21
X Euler B3 7515, Herb i I A LIRS T 2CHEA 7 58T .
O =0, +[ (1 -w)L,, , +oL,, ,, ] 8¢, +
(1 =@)E.,, + 05, 0T, (24)
XH, o HIHET. 0 =0 X Euler T, o = 172 X0 HETE HHATHE IE Euler( ME) J7
. 75 Euler J7kh
Mivtor = Mier T O M4y 8}21,“1 = 8}:1,k + 5‘25},"/” (25)
X, 87, =8n,, AR (18) 145, 8¢, =8, WX (19) 155,80, =L, ,: 8¢, +
Bt ST, AEP S Euler Jri b 55— (005 106 R 052 B AR 3 T— 5 Euler 7
4 10 )RR AR D
8¢,, =L, ., 0¢,+5, ., :6T,, (26)
&, A &g}, WA iARPE (18) A (19) I EATA GG F,C M e 75 A Y R B o0 B4
SEEEFInHT Euler TR 71 (O it Tt s M 1) A, T X Euler i, 1 S TN
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PR ] AR T R

G =05, + [ (1 —w)b 0o, +wdo;, ], (27)

irger =Mjs + [ (1 —0)6 7, + 0y, , ], (28)

& =€l + [ (1 -w)de, +wde,], (29)
X L BB AR AL P 4% T A T TR

ittt = Ejign =€y + 08, (30)

Toiinr =T = Ty + 8T, (31)

{EASHE SR AR R TR A v, 5 AR08 n & R T [0, 1] JEREIP, AE 0 » (5
INITREAL PR, 553 (27 ) ~(29 ) AHXT W ) i 22 3 1 F 20455

Ef =6, ~ 0., =080, , -80,,,), (32)

E o = T = Mg =@ (87,00, =8 7,50,) (33)
Arf, B a6 B 3R K R RO 1502, X T4 — TR AR 22 LT

R=max{ [E“ |,/ 6], [E™ I,/ 191}, (34)

Horf |-l MERICEEEE A MW R, ., < R, 3 ARTIO D ] T 250 6L 6y, , 0,
8y, =0 RVHEL 5y, I LHEARE A kLIRS B R, AT, N R T2 8y, T —
BT L 8y,,, = £8y, W ARIEINT € Allid TR,
£=0.8/R,/R, .1 » (35)

¢ BRI T T — TR BT TIEAR. Ho T B 1T — TR B R SR 7T
& BEATRRAN, W € €[0.1, 2.0] . B3 1 HIEIE Euler A3 TR L.

#ix1 R8I Euler B3I FHEE,ME (R,,,N,..)

1) iff 7 3 48 55 R A e ST Y 58 S BRI PR 7

2) i o, o(x) =0, +x Aot FHE AL TFRAITHG LIRS , TRIA B AS S B A 7 4%
I AZ = (1 -x) Ae;, AT, = (1 - x) AT TERLAL B )ty = &) Homyy g =55

3) Do While > 8y, <1 (ork=1tN,.);

4) TR AR T A Oe,, = 5y,A8,, 8T, =5y,AT;
5) Do leu=1 to IMeth;
6) T RARIARFIE n YT 5,

S5n., = ao-FjH,ls : Cj_+11,k : 88/,k - (aa-FjJrl,k : Cj_+ll,k L~ aTFjJrl,k)aTj,k'
o Sign(h>auF]’+l,k : Cj_+ll,k : a(er+l,k - anan,k ’

7) W (n,,, +6n,, € [0, 1]) Then;
8) E%ﬁ Cj+],k7 aj+],k7 Aj+],k’ L'+1,k, E’j+1,k+l;

i
9) If (leu==1) &, ., =€, +0&;, ;

T,‘+1,/c+1 = Tj+1,k + 5Tj,k§

10) ?ﬂ}ii 5nleu = Bn/,k 5 88[[:14 = Aj+l ,k5nleu 5
Ba.lpu :Lj+l,k: 3Ej,k + Ej+|,k+l : 67‘]',1;;

11) Else;

12) AbEAED n {H;
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13) End If;

14) End Do;

15) BB ) AR S AR &

16) If (IMeth==1)Then;

17) Niiir =My 015 Oy 4y =0, + 805 €74,
18) Else If (IMeth==2)Then;

19) Nkt =Ny + (00 +61,) /25 6,y 44, =0,

€ v =&, + (88" +6£)")/2;

Ej(jl),kﬂ = (8m, = 6m,)/2; E;:rl),ku = (80, - 00,)/2; E) 1 = (08y" - 8€,") /2.

J+1,k+

ln.
1 9

— tn
=&, +06¢&

4w+ (80, +80,)/2;

20) R=max{ [E |,/ [ &, | E |,/ 19 1,} AR, . <R,?
21) HHE=0.8/R,/R\ 101 5
22) End If;
23) End Do;
24) FATI B IE.
XH | IMeth & Euler B:MUFRRAAT, IMeth=1 X —2 Euler ¥, IMeth=2 Xt & IE Euler .

3 SMA 2 Re4sF4) I B 515

KA ABAQUS $EALR A ARV RIEE A2 7 UMAT, il 1 AH R e 0 ) B k.
3.1 HEWIE
F1 SMA KM RIS %
Table 1 Material parameters of SMA

material parameters physical meaning example 1 example 2
p material density 6 450 kg/m? 6 450 kg/m?
Ey/E, effective Young’ s modulus of martensite/austenite 30/67 GPa 30/70 GPa
vy/Vy Poisson’ s ratio of austenite/martensite 0.33 0.33
o/ thermal expansion coefficient of austenite/martensite 2.0x107° K~! 2.2x107° K™!
M./ M, martensite start/finish temperature 291/275 K 291/271 K
A/ A austenite start/finish temperature 300/322 K 295/315 K
€' (er) maximum uniaxial phase transformation strain 0.045 0.05

S 1 25— ZARK I SMA, BRI R S HOLER 1. B et AT SMA 9 Dh s,
BEALY RN 504 3 /S TR AT, PRFFRBEE 325 K (6 R B8 FGAR) ATE AL, £ SMA 2877 fin 1
B (p = 0.6 GPa) . X FILBRL S i B3 T5 vk, B IR 225 SCINE

n, p 172
g _ { Z (o - Okops O — 0'H1<DP>/ 2 <0'm<upa O'RKJJP> } ’ (36)

X HL n, g SMA BRI EA SO RUEEL, (-,) ¢ R'XR"SRFRE LAER B2 R A
HLRE AAVFE R, = 1E - 9 PR EKFAEN,, =10 000 B, Runge-Kutta-dormand-prince
(RKDP) BB ARAF I ST 0 ypp BHAES 5 10 I MH, RPN AT T 07 7 1] S5 R0 A 3l 8 1
Euler T2535(1IE W ME (R, N,..)) WAEE. K2 A4 TMp=0.15 GPa%lp =0.8 GPa [ty
I R 5 3 A YGaAD R R, RO Bl SRVF(E R, WIRER, AL mAifk, A s g e
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Euler TP 50E 15 SEMORE 6. LU 158 22 7T L & B, 801 THD 107 7 o] B30 3k ilr 3144 1Y) & A%
{HFGEE S ME(1E-3,10 000) FHE B2 A AH [ 0 B k. 5 807 00 ) BBl 1, 3 3 ME
SR T LAARAS B i Y AR 00 L

F2 SMA KM MERE L

Table 2 Performance comparison of different integration schemes for SMA specimen

maximum successful  total number of total successful successful stress error
stress integration scheme wab-steps., 1 wab-steps, ne sab-steps, n percentage 2@
cutting-plane — — — — 5.21E-3
ME(1E-1,10 000) 13 111 81 73.0% 2.07E-1
ME(1E-2,10 000) 28 161 122 75.8% 1.66E-2
ME(1E-3,10 000) 58 253 207 81.8% 5.82E-3
ME(1E-4,10 000) 124 613 537 87.6% 4.05E-4
RKDP(1E-9,10 000) 1984 20 886 20 328 97.3% 0.0E0

3.2 SMA HEEERBI#H 00

linear elastic material

==
’/
Nl f cohesive interface
SMA
(a) Jiti s 22 A (b) HEnfi 25
(a) Before applying tearing loads (b) After loading

(¢) fifdEn#EZ IR (d) IR
(c) After releasing loads (d) After heating
B HA 1 ESYZ M SMA BUZAR A4 FROTH
Fig. 1 FEM simulations of SMA laminates with mode I delamination
B 2 AnIEL 1 TR ERSRPERSRHE R SMA BORHZE Z [IAEAE T L5323 BLR A 1 5L
H5T ( cohesive interface element) HEATAEHLLL 2845 FRITMIAE AL 5 600 -850, Hirf 200 4~ SMA
FATE, 200 ARl B TT, A0 i | S 2 R AN B R 23R 40,10 010 A
TP B 1 (b) 7R T 50 kN S g IR SR 2 AR50 2, B 1 (c) 45 3R 45 21,
A LAWER S SMA PR THKMZAETE. SRINTANIE 1(d) Bz, 24 )L 295 K Jin#As] 315 K i, fEs
KR AL RERE WK, 2] SMA APRLEAT A ATRYRE J). JE T4 10 D EITRYSS 1 DB A,
FeAE T JURR N 3 s AR 7 ik B3R E BE  BLARSE R W3R 3. FEX A1, 43 25 B AT R TL AR
AR AR LT HE L AN B B, TER A E L, A 3B TE Euler 5 KA Tr
TR S0 T AT TR0 07 g A I ARk, PR RE LU 07 < AH PGB T N ) i el e s ) X A 2% 1L
IR AL RGO, A SIMEIE Euler J5 17T L5 25% WK iR 25 L AR e, A g
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1E Euler J7 AT T LA 45 109 114 3 fifk ik 1]
R3 AT [ BMZH) SMA AAARER 10 NHICEE 1 AR S AR 7 R T TERE LA
Table 3 Performance comparison of different stress integration schemes at

IP. 1 of ele. 10 for SMA plate with mode I delamination

maximum successful  total number of total successful used global
stress integration scheme total CPU time ¢ /s
sub-steps, n sub-steps, ngg sub-steps, 1., sub-steps, n s

maxsuc

without geometry nonlinearity

cutting-plane — — — 19 899.0
ME(1E-3, 10 000) 55 357 288 11 659.3
ME(1E-4, 10 000) 168 911 818 11 668.7

with geometry nonlinearity

cutting-plane — — — 28 864.0
ME(1E-3, 10 000) 53 339 281 24 790.2
ME(1E-4, 10 000) 162 893 792 16 710.8

4 45 ®

T A HT Buler TAB5ME B UOK N THERICAZ A& & KL 5B A5 i 2
AT ARG BT FEEAY, O A T 4518

1) FALSAE AT T I TR 22 P SE B A Bl 120 05 58, AR5 Bk A i A AT T 7 o] Rk
ML, AR T RE R IEEZNR TR Rk,

2) kM5 B Runge-Kutta-dormand-prince 24375 5% 8- 11 7 7 0] B 530 FAE E. Euler H
B 07 RN BEEAT TGS, 45 R W) . 45 8 18 A SR VF(E R, , AH HEACF 1805 7 (9] ke
Sk BIE Euler H 872207 SRAEMSIRATH = A H L.

3) XTI BAR 720 AP HGE H 5 w45 B VR[] SR i i B AR AR
it 2 S /D RE A T A0 R, BEAS 0 35 8D THER N TR] DRV B 3 5 OB IRIC 12 5 46 B LA g
BRI R AR AL,
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An Explicit Sub-Stepping Stress Integration Method and
Its Applications in Numerical Simulations of SMA
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Abstract: Shape memory alloy (SMA) has complex thermomechanical constitutive relation,
thus its numerical simulations demand reliable and efficient stress integration algorithms. The
implicit return-mapping stress point algorithms, which have been successfully applied to such
materials, may encounter convergence difficulties when loading conditions are complicated or
load steps are large. Hence, an explicit sub-stepping stress integration method with automatic
local error control was proposed for the simulation of the thermomechanical constitutive rela-
tion of shape memory alloys. By investigating several numerical examples, the efficiency of the
proposed method and the implicit return-mapping stress point algorithm were evaluated and
compared. Numerical results indicate that the number of global sub-steps dominates the entire
analyzing time for large-scale computations. The proposed modified Euler automatic sub-step-
ping scheme leads to less global sub-steps so that the computing time is significantly reduced.
Therefore, the explicit sub-stepping stress integration method has the potential for large-scale

SMA simulations and computations.

Key words: shape memory alloys; smart structure; stress point integration; sub-stepping inte-

gration scheme; phase transformation



