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FELE Ty BRAE TS QSRR FEHe AR ) e A U R AR 22 H 2 B B PRI 9 R M
JrRERSRARAR . B4, 1955 4F Penrose'" 143] T AXB = C 1 fift (¥ 752 A< {1 HUE fiff 1) 35
;1970 4F Lancaster > F| Fi] Kornecker 3 FR IR B WL SHLAS 2] 18 A — M fire il S5 440 Sk =X e
1984 4 Mitra ™ 1] 143 (8] OGS MARIAR ARG, 4 i TR 4l AX =C, XB =D Ity
/BB H B R BRI SE A 5 Uhlig ™ T 1987 4R 45 Hh T HE I 5 B2 AX = B (¥ 7] BE AR 9 ; Xiao
DT 2009 AERFSE TR AX = B (RIRFR Fe/ Nk A A i o 1 30 fe

— R AR LR AR 5 R Y B R R LU 4075 | Cholesky 2312 QR J3 i 4, 1%
R H Jacobi AR, Gauss-Seidel 25481, JGS (Jacob Gauss-Seidel ) %4, SOR (successive
over relaxation ) £/ | SSOR 1E/RL | SAOR i , S HGERIE S5, X T 3R il R A2 A 14 7
P DAL G B e AR TR LR B vk o &, R A i /0 33 D R A5 R AT TR A0
SCHR[ 6 JTFE T 56 T 3R itk R I J7 R A0 /N 3 K00tk A /)N 0 80 s /D> — 3 fie 110 728 L o 18 1k
( modified conjugate gradient, fij FX MCG 3% ). MCG IEAE A FEA K Keylov 25 [0 7%, 5 T I1
1746 MCG 5 YW SIGH B 5 ZR IO B 1) S5 A B0 B AR OC , 2R MR/ IN MR BSOvE i e i 03 ]
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DATEAR D 1Y JL2D il 23 304 R B2 1 AR A . H 25 2R 000 B 1 2% AR B DRI, WAe S5 2 S AR A2
TR H BT AL B A 3 B R B 15197 ( predisposed modified conjugate gradient, fij # PMCG
), ESRlaiE Y  TAL BEy  | ATRAL R [ M, S R 8 AR (R S A T A A AR
W 25, AR B4 v WAL SR 2 11 H .

AR SCEF XA R D7 RS /IO EURR SO /NIRRT — RO AT O R AR
SCHI TSR N T AR IR T AT R AM ™ = A, BM™' = B BB B 248 | X i PR 4
T RER I T UEARTT R SR AR | 1T ELAESK A aok i vh RAEAR AR AL BEAL ) A 8@ A5 7 A
R CE T R R 7 R B SR, )RR SRR IR AT MR S TERAE TR I 1800 4R HE BT T
BUIRYS , JF S G IS RaAE B TR S5 Rt AT T I CP A @ BRRHIFA 5 B
#J Kronecker £, vec(X) FmBHAE M X #4100 B A A2 1) i, 8 LRV PASE R A 5 B BN BN
[A,B] =tr(A'B) , LS HH R Frobenius yU%K || A || = V/[A,A] .

1 MCG &

VLN LR 7 1

AXB =C, (1)

Hr A Rmxn565M,X N n xqfEM,B R qx LHFE,CHm x .

g vec(X) = x,vec(C) = ¢, Hi 7T AXB = C i # A 7Hr B vt T fedl

(AQB x =c. (2)
MR R (1) A R SR LR M R4 (2) MR/ N B 1) MCG B IR
B ATRAENGRIME Y EH k=1, I

"= - (A®BHXY, 2V =¢c - (A®B")'r".
B Hmr =08 rY £ 00 z =0, 21k w0

(k)
r
MU - I i
Iz ]

=L R
k+1 T k+1 k+1 TN T (k+1 || (k+1) ||
r'“"V=c - (A®B"Hx"" z “>(A®B)(”+Tﬁﬁwq

WU B hke=k o+ 1, W,
ic

x® = vec(X®), r® =vec(RY) , 7V = vec(Z™) ,
F UL BRSO R I AR R
H— ALHOIAREFE X H k=0,
R(O) C - AX O)B Q(O) TR(O)BT Z<0) Q(O)
B4 EHERY=0HFHERY #0W[Z2Y,27] =0, F1LIEEN] A
IR™ | °
1z |°

%:‘ﬂ} T]‘%:R D _ o AXD B, Q (k1) _ TR+ BT
(Ir+l) ”

X(Ir+l):Xk +

Z(k+l) Q(l+1) “
IR™ | °
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WU B ke=k+ 1, HE0
MR RR (1) Jofe, FRATTSR 7 RR M /N B /N — e i, RIVSR A 7 R (1) 19 IE R
%Eriiﬁﬁ‘z A"AXBB' = A'CB' WM/INEEUR ,MCG Bk FEE T .
—% ARHWIEHERE X B k=0, 15

R(()) (C AX O)B)B[ Q 0) _ A AR(())BB Z(()) Q(())
B HRY=0ZFRY #0M[ZV,2"] =0, FIEIHE AW, T
XD — IR |*
VA
%‘Eﬂ; i+% R(/c+l) :AT(C _ Ax(/f+1)B>BT’Q(/c+l) :ATAR(/C+1)BBT’
R(k+l) ” 2
Z(L+I) Q<A+1 “ (k)
IR |*
BV Ek=k o+ 1, B,
2 PMCG ik

VEMCHAS AR R M, (545 AM; IR HEE R A (SR ETE | TR A4 M M, (45 BM,!
FREI AR B WS MR IR &AM, BM," (XSHf# RSB A AM
BM;' B R , R E A TR, IR 20 T M, M, B U R 543 22 T Jacobi
WACEPE S I, BT LR LA, X Jacobi S AVE LIS T8 00 4610l R BRI g 7™
M XA GO0, e mo < n, BEEUALBRARRE M, A n B T8 HST R A AR A g < 1,3
BT FRAERE M, A 1 BT sss HLEHE R B AR iRaER o, 1

ay a,
ar_\.l
M, =
a aﬂlV a fll+/‘,
1
1
bll blrl
brxl
M, =
bq q-rq bqq b1 q+rg
1

BATHYFATE r, BREHCEOR G M, M, 27 As X LA R 2 AR A, B X oTAH %G,
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TEHFE M, M, (AR A & PR,
TESK A% AM;' AT RUERT B A = AM; R JHR ks U2
T A
for h=0,---,1-1
A" = (AM(L, +U,) +A)D;"
end
A=A"
H M, =D, -L, -U,,D,, -L,, -U, 53 5ZH M, PR T =55 ™ %
= AR RE
TER A BMG' (AT, 3% B = BM;' RIERE N
T B
for h=0,---,1-1
B"" = (B" (L, +U,) + B)D;'
end
B =B"
Hp, M, =D, - L, -U,,D,, - L,, - U, 735150 M, BIXFAFERE 74 T = MRSk
=
MM T RE AXB = C A4 AR i

AM;'(M,X)BM;' = CM;". (3)
WM X =Y, W(3) iTFAL S sK i
AYB =C. (4)

G SVER R AR B 7 R (4) A6 5 TR PRI 0, R R AR T SRS RE B R Y, SRR R A
5L B R AR R A AT MY B R R X, A B AR I R A NS U S /NS
Kot/

TR E I M, , M, T DI AIE A SR e 7 A B D R i v R AR A A0 FE ML 47 38
e ZEA SO FRATTATE T AM,  BM; " T2 R s AR kA0 1k, X RERE
REAIS T AR BRI A 88, SO T A i
3 FkmIF TR

FBGRITE AL BEHLE R P, PR m Hm=Pv, P#n Hn=Ps P q Hq=Pd,
PHEBRIHL=Pg,P(i=1,2,-,P) FnE i ALY, myid 7R YATAFAL. 10

A=(A A, A,), A=(A A, - A,), A" =(A] 4], A]))",
B=(B, B, ,B,),B=(B,,B,,- B,), B"= (B ,B),--- B})",
C=(C,,C,,,C,), C=(C G\, C), Y = (VY 1Y e YY)
XY =(xi" . x)" - X07), R = (R R -+ R,
z"=(z2,".2," ,-.Z}"),
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Hrf ALB YR v xon,d x LAFHTHERE AT B 2 xv,l x d 5T, XY Zn x d )
Per b, B TR MRS LR B 2%, BT AFEAS SCH SR T 4 PR e AR IR i JRAT 3303 43001
I%[8-9]
Tk A5G AR
ik 2 BTG A
ik 3 BN o A
Tk 4 ARG A .
1) fEttr R AL AL XY B, B R 2D BIEETH P.(i=1,2,-,P) BAFHL.
2) FiAbH AR AR R AR A,
for h=0,-,1-1
AU = (A”')(L +U,) +A)D;'
end
A :AU)
Hp LAY (L, + U) , HiH5EAY (L, + U) + A, BJa g 1 i A% =
(A" (L, +U,) +A)D;".
B"Y = (B (L, +U,) + B)D;", C"*"" = (C" (L, + U,) + C)D;"
TS AU .
FEFE 572 (4) A IR
M VIR D =AY | 5k 4 AR DB /5 R =C, -D.B .
k2 MOrik 3 i Q" =A'RVB" . B 2 = Q.
3) AT,
(i) FEIE (R, RV 5[z, 20 ], &M EH2[RY RV ] 5[ZW ,zW] . 4
[RY | < &,¥=Y" 53] 4) 0] 4kt
(i) & HFIH o, = [RY RV ]/[2V,27];
(i) &R Y * =Y 4 0,2
) J7k 1 B D = AY'"Y D5k 4 AR B DB AR A S R R =
C, - D.B; & #HBHE RS RV ] 2HMAEHEE[ RS R™V ],
V) A2 Mk 3 5 @Y = ARV B" kBT B, = (R ,R™V J/[R™
R(UJ Z(k+1> — Q(A+1) +:8 Z<k)
W) B E=k+ 1, R E33).
4) _kﬁfﬁFXJiﬁ
R X = 0, A0
for i=0tol -1
XUV =D (L, +U)HXY + YY)
end

X=x"



I R o X [ /A ] 245

HAHFEI R T = (L, +U)X?  FHETEW, = T, + Y, FHBE3HE X = D/'W,
FEFE TR (4) OB LT .
D7 1 R72: 4 SRR D = AY B SASHITL, = C, - D, ik 2 Arik LIS R
ATLB" D2 A = ATA, ik 1 I B = BB rik 2 i @0 = ARV BY
zZ0 =09
5) TEFRLEFL.
(i) RS (RO R ] 520 200 ] & MAFHFRY RV ] 529 20 ] 3
[RY | < e,Y=Y" 53] 4) G0 kS5
(i) &I E o, =[RP , RV /(2P 2V ],
i) 2R YD =YY 4 0,z
(v) I 1 5k 4 HESERRM D =AYV B SRIGHE L, =C, - D, ; 712 k1 3t
BWRM™Y =A'LB" . B HRITE R RMY | AMAFER [ REY R™Y T,
V) 2 k3 i QY = ARV BY KRR B, = [RYY RV 1/[RY
Z0D = Q(k+1> +,3 zh
V) B hk=k+ 1, &MEFG),
6) Kftt X ﬂ'ﬁ
IR X = 0, HAHE

(
<k>1

fori=0tol -1

X(i+l) :D;I( (Ll + U1>X(i) + Y(k))
end

X=x"

HAHFEIIAT= (L, +U)XY SIEHEW, = T, + Y, AL IE X = D/'W.
4 BUEBA) 555508

FEFEATHL L3 R MCG Bk 5 A i PMCG BvATHR T 2 ANEBIEAT T H# 1
AR AR YO X AR K1k & e = 1077,
Bl SRAERE TR
AXB =C, A = (ay) s B=(b,) 0, C=(c;) -
Hrp

1 4 1 1 4 1 1

L 1 4] 1 4] L 1]
KX XHEm=2000, n=2000, ¢=2000, [ =2 000, }1 T4 A 5 B AXFRIE S, A
DAT] SR T LH0A0 B R i, G B 53 0 0 T RS0 B2 12 A5 R SR A 25 SRR AT Lo A, 45 2R L
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*1.
E16I1 i
Table 1~ Numerical results of example 1
P 10 12 16 20
T/s 1 000. 806 4 844.478 7 642.198 7 520.808 4
K 40 40 40 40
conjugate
S 11.8512 15.584 1 19.216 4
gradient
E 0.99 0.97 0.96
method
E 0.43 0.42 0.41 0.41
A 6.13E-11 6.13E-11 6.13E-11 6.13E-11
T/s 2072.8250 2 097.461 9 1310.749 2 1103.048 0
deformation K 127 127 127 127
conjugate S 9.8825 15.814 0 18.791 8
gradient E 0.82 0.98 0.94
method B 0.21 0.17 0.20 0.19
A 8.88E-11 8.88E-11 8.88E-11 8.88E-11
T/s 1875.597 1 1 932.601 4 1263.948 4 1 031.566 3
K 118 118 118 118
algorithm of
S 9.705 0 14.839 2 18.181 7
this paper
lo1 E 0.81 0.93 0.91
E 0.22 0.19 0.20 0.20
A 8.00E-11 8.00E-11 8.00E-11 8.00E-11
T/s 428.5150 437.728 2 289.476 0 224.419 5
K 21 21 21 21
algorithm of
S 9.789 5 14.803 1 19.094 4
this paper
(-2 E 0.82 0.93 0.95
E 1 0.82 0.93 0.95
A 4.26E-11 4.26E-11 4.26E-11 4.26E-11
T/s 438.780 4 453.500 1 290.625 0 232.822 6
K 19 19 19 19
algorithm of
S 9.675 4 15.097 8 18.846 1
this paper
. E 8.10 0.94 0.94
E 0.97 0.79 0.91 0.91
A 4.56E-11 4.56E-11 4.56E-11 4.56E-11

Bl2 SRR
AXB =C, A = (ay) 0, B =(by) 0, C=(c;) -

y

Hob, (e,) FRMIHPE 0, b, 01

12, i=,
~3, i-j=1,
a;=1-3, j-i=1,
2, i-j=0.5n,

>

j-1=0.5n.
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12, i=],
-3, i-j=1,

b,=4-3, j-i=1,
2, i-j=0.5n,
, j—i=0.5n.

KX .XHHEm =2000, n=2000, ¢g=2000, [ =2000. 54 1 2501, B oM T LGRS
PATERZER, 25 R 03 2.
F2 2 WiFELR

Table 2 Numerical results of example 2

P 10 12 16 20
T/s 1 609.863 1 1360.242 5 1023.925 4 830.637 1
K 67 67 67 67
conjugate
S 11.8351 15.722°5 19.381 1
gradient
E 0.99 0.98 0.97
method
E 0.51 0.51 0.50 0.49
A 9.95E-11 9.95E-11 9.95E-11 9.95E-11
T/s 6 006.577 6 5229.797 9 4531.1457 4528.3523
deformation K 345 345 345 345
conjugate S 11.4853 13.256 2 13.264 4
gradient E 0.96 0.83 0.66
method E 0.14 0.13 0.12 0.09
A 9.76E-11 9.76E-11 9.76E-11 9.76E-11
T/s 5908.176 1 4 956.525 5 3715.029 2 3 096.320 9
K 314 314 314 314
algorithm of
S 11.920 0 15.903 4 19.081 3
this paper
lo1 E 0.99 0.99 0.95
E 0.14 0.14 0.14 0.13
A 9.75E-11 9.75E-11 9.75E-11 9.75E-11
T/s 824.440 5 689.632 4 528.293 8 424.928
K 39 39 39 39
algorithm of
S 11.954 8 15.605 7 19.401 9
this paper
N E 0.99 0.98 0.97
E 1 0.99 0.98 0.97
A 8.62E-11 8.62E-11 8.62E-11 8.62E-11
T/s 900.259 8 755.605 1 585.873 5 468.998 6
K 41 41 41 41
algorithm of
S 11.914 4 15.366 1 19.195 4
this paper
I=3 E 0.99 0.96 0.96
) E 0.92 0.91 0.88 0.88
A 9.39E-11 9.39E-11 9.39E-11 9.39E-11

13 SRR
AXB =C, A =(a;) . B= (b)), C=(c;)

y

L

\
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c

(i +1) xn, i=7,
T, i #j.
_{(i+1)><l, i=j,
T, i,
_{1, i=j,
"o, i,

KXCEXHEE m =1200, n=1200, g=1200, [ =1 200, KfEE55HE W% 3 Fk 4.
£3 3m =1200,n =1200, ¢q=1200, = 1200 it
= 1200, n =1200,q=1200,[=1200

Table 3  Numerical results of example 3 about m

P 10 12 16 20
T/s 3 823.503 0 3335.253 7 2 819.507 9 2477.774 2
K 1 000 1 000 1 000 1 000
conjugate
S 11.463 9 13.560 9 15.4312
gradient
E 0.96 0.85 0.77
method
E 0.006 0.006 0. 005 0.005
A 2.17E02 2.17E02 2.17E02 2.17E02
T/s 29.609 3 25.598 2 20.983 3 18.347 8
K 5 5 5 5
algorithm of
S 11.566 9 14.110 8 16.137 8
this paper
o1 E 0.96 0.88 0.81
E 0.80 0.77 0.70 0.65
A 3.21E-11 3.21E-11 3.21E-11 3.21E-11
T/s 23.709 3 20.544 5 16.349 7 14.179 8
K 2 2 2 2
algorithm of
S 11.5405 14.501 4 16.720 5
this paper
PN E 0.96 0.91 0.84
E 1 0.96 0.91 0.84
A 6.82E-11 6.82E-11 6.82E-11 6.82E-11
T/s 29.561 3 25.188 8 20.500 9 20.292 0
K 2 2 2 2
algorithm of
S 11.7359 14.419 5 14.568 0
this paper
I<3 E 0.98 0.90 0.73
E 0.80 0.78 0.72 0.58
A 2.70E-15 2.70E-15 2.70E-15 2.70E-15
Fz4 Hl3m =1000,n =1200, ¢ = 1000, = 1200 ilE45
Table 4 Numerical results of example 3 aboutm = 1000, n = 1200, ¢ = 1000, [ = 1200
P 10 12 16 20
T/s - - - -
K - - - -
sonj te
conjugate 5 ~ ~ _ ~
gradient
E - - - -
method B
i - - - -

>
|
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P 10 12 16 20
T/s 19.907 7 16.872 2 15.720 0 13.202 0
K 34 34 37 36
algorithm of
S 9.4393 10.131 1 12.063 4
this paper
Lo E 0.94 0.84 0.75
E 0.26 0.24 0.22 0.20
A 5.48E-11 5.18E-11 5.18E-11 5.18E-11
T/s 6.452 0 5.586 7 4.884 8 4.2820
K 7 7 7 7
algorithm of
S 9.239 1 10.566 7 12.054 2
this paper
p E 0.92 0.88 0.75
E 0.79 0.73 0.70 0.59
A 4.29E-11 4.29E-11 4.29E-11 4.29E-11
T/s 5.125 8 4.514 1 4.044 9 3.4417
K 3 3 3 3
algorithm of
S 9.084 1 10.137 8 11.914 6
this paper
(=3 E 0.91 0.84 0.74
E 1 0.91 0.84 0.74
A 6.77E-11 6.77E-11 6.77E-11 6.77E-11

E1 R ~4 v, PERARABPLER, T HoRIE] K Fn b ARCEL, S R g LL , E FoR I IFAT80%
E FoRAXIATRR A R,

EF2 T GBI, IR 2 G TR ALR TR A, If B 2 6 AL BEHL /)y
BRI )R DAy B R TSN L R FA TR,

E3 P33 HIEARECK = 1000 IF B HAEER, % 4 kR K = 3 000 B3R HEFR.

4 45 R o b

1) ARERAW RS TR fem 1A Hp ik AR HoA AR T T4

2) Bl 1 A 2 B S R AR IR E I, 8 SRR A R vk 4 2 AR AR S B b
TR KBS (AR TR AR R 1 = 2 B A AR R B IR 10, = 1 B3R
BAT W 8D, LR D2k PR R D7 R A 4 R B R 2 A, oA PO B AR R A0, 1 2 P h
ARSCIRE (0 TR B R B e, e BBk, S BRI L = 2 IR Rty i i
C R BIR YOI I TRCRAR S LT (= 1 BTS00, RIPE TAZ S Jacobi FIALFE 5 4.

3) 13 /R 3 SR T LIA ), kAR UCEE A 1000 Ff AR SR LB B2 12t B A ik B8l
RERE i FIAR B30 i AU i, IR M B o 7 W B B2 AR Bk o, S kAR
WHL 1 = 2 IRCR BT ACHUE 2R IR YOI BT8GR IR 5.

4) 413 A 4 4R AT LIE I B D7 RO I, SR M D7 R RO/ NSRRI — %, 24
IEARRELENIE 3 000 i AR LA B kL BEA I BIMCBIORT JE |, i A T 030% , S ARk %L
I =1 I, 764 BRAP S gk I, RO b v 1 WO Sod L
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5 4%

i

R A R TR VR R — SRR T T AXB = C . 5 il e i s A
FUAEHE M, , M, SRR A M 00 B 25 e, A SO T — R 397 . U FR R M,
M, TR 7 DLAEE 7 P AR T 2 PRk O D B M 0 1325 PR A4 e e
Ji R A 38 T Bl ASTES S8 B T AT R A i A S 3 AR SR 5 e (i
RS 1 S8 FE oA R e, 178 5 , A SCR I R SO B 5 T IR A7 2
i LA BRI T,

B R T 2 PR RIS S R R AL B A S
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A Parallel Preconditioned Modified Conjugate
Gradient Method for a Kind of Matrix Equation

CAO Fang-ying', LU Quan-yi', XIE Gong-nan’
(1. Department of Applied Mathematics, Northwestern Polytechnical University,
Xi’an 710129, P. R. China;
2. Engineering Simulation and Aerospace Computing, School of Mechanical Engineering,

Northwestern Polytechnical University, Xi’ an 710072, P. R. China)

Abstract: In view of a parallel algorithm of preconditioned modified conjugate gradient method
for solving a kind of matrix equation AXB = C, a preconditioned model was proposed. Based on
this thought, firstly the preconditioned matrix was constructed, which was strictly diagonally
dominant matrix, secondly the parallel algorithm for preprocessing matrix equation iterative for-
mat was formed, and finally the modified conjugate gradient method was used for parallel sol-
ving the preconditioned matrix equation. Through numerical experiments, comparing our algo-
rithm with the modified conjugate gradient method, ours has higher parallel efficiency.

Key words: parallel algorithm; preconditioned modified conjugate gradient method; precondi-

tioned matrix; parallelism



