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KM WA BT R R R RN 3 B BB A e K AR B = O T ik J= (1A% 328 5 36 AR R | Achenbach
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HESCHRIF S 1K P2 DA 2 IS (R S B 5 s B AR T A I SR A MR B SOk
B HTIA RS ARG R AT IEIE.

tH T Hamilton g Birids ™2 FERRSEE D5 Tl oK 5 L AMEAT B, ELARIIE 145 2% 18] S5t i b 17 g
TR L, 17 1 B AN A2 T2 45 BB BE R K0 B 2R i 2 0K B2 3 9 10 A5, Qing
A 200 RS- 4 715 050 BROTABC T Kt AR A AT LUKE 2005 40 R 31 R ST A PR T
I;F.[27] .

TE Qing S5 19 TAEFERN I, 454 Hamilton (R Z8H 8 4 54 B ok I 0 AT, X 555 45 12 A 700 1)
He A i o A RAR LA AT T RRSE. HOEHE S T 8 W S S A RHE S IR S P i
R s SR R (B R FISE S 5 2R Sl Sr 1 55 R4 14 42 1 7 e SR A 5 e 5 B J 2 a1 6 At S )
SR S TR o [ AR SR R S R0 B AR R AT IR ST, M AR L L T B £k
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g, ¢, C, C; O 0 Cy

au
o, C, C, Cyn 0 0 Cy B
o | |G G Gy 00 Gy o | (1)
T. 0 0 0o ¢, Cs O yv + Bw
T 0 0 0 Cs Cs O ||aw+yu
r.) L€y Cy Co 0 0 Cg) Putaw

H, o007, 7,7, AN 53R u,0,0 BT x,y,2 I7 ARSI & s = 0/0x,8 = 9/ dy,
¥ =0/ 0z ST IB AT €., ,Chy yCry ,Cro yCoy s Coy , Cog y Cos , Cg , C, Cus , Cos , C o S HRAERT R HI
FERBGC (1, =1,2,-+,6) 5 TRESPES B HE AR S R T WLSCHR(1].
XA B2 20U CHR 20,2326 1 6 T 4% ] [l ¢ 1E 38 S Ml ) SR SR AR
UL 2z AR A B TE] ¢ F B IE G 1) Hellinger-Reissner ARy IR B AR AR i A BE R R N
ST = a”jy(zﬂng CH)AV + 55§E§ A'B_ - AlB, dS, (2)

Hodr | H J& Hamilton B8 P =7, T, o 1", 0=[u v wl]", S, =S, +S, +S, NIEAN
RAEMEA =[A, -1 A, =1 A =1)"AA, =[A, A, A ] RARESIAMRHERRL, A,
(i = x,y,z) BB 1RO, IR F77m 1 FORZS IRRFAE (10, 76 x J7 Tl R LA 4 U A, =
U AR RS A, = 0,4 A, BUBBMERREHE) , S ARERBUS , EURIREAL AR —
(AR, REAL IR & R4 F I B, = [p(u - @) p(v =) p.w-)]",
p.(i =x,y,z) AP 3 ADARBRG T ) BB oy a0 Al &3 A 3 A bR T ) 2
SEMIR B, = [pu po paw] p(i=x,y,2) SR 3 AAERADT IR F 45 5 7
gy, HUE W] LU
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px = n.ro-x + nyT.ry + nzT.rz :px’

(3)

p, =n.T, + no, + n.T, =Dy,

pz = nxsz + anyz + nza-z :pz!

H, n,,n n, 5350 0 FERI A MNE L Y O7 A4
(B B A AR A 00 i (oL B8 i S 2 AT
U=U, V=0, W =W, (4)
MBI A IC BA HARB v B o0 B OISR, 8 1 AT IRIT L 4 1 A FROTHEAT
PRAGISEIRE A SCEIA 8 5 STB pRAL ) g — 2 A T A% Rl 4, LI 1.
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(a) Model and coordinate of laminated plates (b) 8-node finite element

B JZ5Hk8 WEESTT
Fig.1 Laminated plates with 8-node isoparametric element
(1_52)(1"'77177)/27 i:2765
N(Em)=9(1 +££)(1 -7n°)/2, i=48, (5)
(1+§L§>(1+77177)(§L§+77ﬂ7_1)/4, i:1’35597'
RERAAR « 1y SRRARER € Al A AR REIOC R .
x=Nx, + Nyxy, + Nyxy + Nyxy, + Noxs + Noxg + Nox, + Ny, (6)
y =Ny + Noyy + Noys + Noyy + Noys + Noye + Noyy + Ny,
RIVRTAS P 1 e —A A T RSO

N(x,y) 0 0
Na=| 0 N(x,y) 0o | (7)
0 0 N(x,y)

X
N(x,y)=[N(é,m) N,(E,m) Ni(€,m) N(€,m)
Ns(§.m) Ne(&,m) N,(&,m) Ny(E,m)].
IR A RAS Hamiltonian 25250103 REUH
u(x,y,z) = Ny -Uy(2),
v(x,y,2) = Ny Vo(2),
w(x,y,z) =Ny Wy (z),

(8a)



sz(x9yaz) = Nall'TIz,all<z) )
T}'z(x’y’z) = Nall.T;ljz,all(z) ’ (Sb)

o.(x,y,z) =N, 'U';F,an<z) s

y
+

Uu(z) =[u(z) - u(2)], Vy(z) =[v(2) - n(2)],

W(z) =[w(2) - w(z)], 7”,&11(’):[7”1(2) e Te(2) ],

Tj‘z,al]<r) = [T}Z[(z) 7)28(z> 1, az,all(r) =[o,(z) - o4(2)].
IR (5) FX(6) , 1 P A1 Q B HMIE AN

P=NP,, Q=NQ,, (9)
K (9) HTHR e FRoRHEE—WIZ TGRSR e B— DI TEAL IR SE I S5 3I(2) . A5
X (2) HATAE I LB WV AT AR R AT 7

o elito) = Lr ollol* 5] (10
0 clozlQ, F D.1\Q, 0
K(10) ¥4 C,A,B,F ,D Fl 5 B TRk UL SCHER[ 1923 ].

FEZ R TR BT IS R T P e SR, BV AT A5 380 B2 A o R

A%WHQ):KHWHQ)+GW. (11)
H o R MEROr AR B T, 28 (10) FIARHESF N
VO (2) = exp(KP2) VP (0) + fozexp(K(k)(z — )GV () dr. (12)
4G (r)=02ZmAGER,X(12) N
Ve =TV v (13)

Hrb Vi RV AR IFORES kRN E RS R T = exp (K 2) ZI%JZ M558 5 1.
[ ERHE WA 2 G D e B2 O R B (k + 1) 2BA
V{(Ql;n) _ T<k+|)vl<)f[+1) . (14)

2 SRhAR Y By Y

2.1 RESBXREAEKME
XF TR 2 Z A S, A5 2 DR 4 2 1 SRR BE , Toie R e e b 2 e A B 2,
FHERERRA
T(k+1)lmt — 7_(k)mp — K(k) [u(lm-l)lmt _ u(k)mp] ,

(k+1)bot __ (k)top _ (k) (k+1)bot (k) top
T, =7 =K [v - ]

(15)

a_z(ls+l)bul _ a_z(k)lup :K;/f) [w(k+l)bot _ w(/r)lup} ’
Hrb, KV (i, j=x,y,2) RS EJZRER b+ 1 B2 538 280 A A BS54 6.
KX (15) /5 N
AU, =R, (16)
H, AU (i =x,y,2) B3 DIT0 FABRRE ;o (i =x,y,2) 3051 BB )53 4
(16) TR E RE R, 7E AR 200 AT LAAS2AS [ i St T A .
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2.1.1 ZEHFamoysmsER

SCHR[9-10, 12 14 51 43 25 R B0 R, HUH K, DR ST RS AT 0 ) 2Z ) i) 07 27 PE e s

FERMOC R R TR AR 22 e BN ZE M FL1HT (flexible interface, F1) 43 B4 AL,

AU =R o,, (17)
AT EFRER, —>0(n =x,y,z) BFRFHEEIEREIER 1Y R, — o(n =x,y,z) B
T FUH SE A,

ZOTIEAEHENE R TATIY  (EAE SEBRR o B2 rp AR MRS ) R, (HUE. TR 25 e Sh
T —ERET ,0,(i =x,y,z) WREME KR (n=x,y,z) BERIEM(FIMERR, >
10%) W, B2 KA BZ W 2 A B A BRG. WOre (8 %0 ik B e, SCHk[9-10,12] 4 R,
FIEE 0 < R, < 3 WE(ERIE/IMT R IR,

2.1.2 wramRdE s B

kTR G RS 2 (] S TR A RS e R, 5 ) A A T 555 G e R i AR A X BT 43 B A AR

ATeltt R oCH I 2R 4 2 pR B B2 (16) B

dAU, =dR,-o, + R,-do, . (18)
SCHRL 15 JF 0 (18) A i (19)
dAU,j =0 (O-i < UI)M) , (19)

dAU,; =R, -do, (o, =Z0u),
Horpr oy 9 BT B IR BR, 25 ST R IR T oy I, 3R 2 R DR 584 R T oy 1S
SRR AEIRZ i O [R] 09 5 (B R, SRASALUIE J2 2k B2 38 5 FRIZASE R Sy Wi 107 51D ( constant
compliant interface , CCI) 3 BRI
2.2 RESBEXRFENELME
i [0 S TR 3 B A T AR b A R BR. )2 R A — BR AR TN B T R,
S N RBEE R H AL TR U, A BRI BENLYE, S50 0aiE A ™ FE 2 S R i R, 2 A
FARHI R g -8 I AFAE BT Y 3 A BB« 56 1 BBy TS UM 45 58 4, I -1 A8 56 R R
REHRYE 55 2 BB, BT A A TR 0 -1 AR AR A TR AT A ST AR R O
BB A T AR 5 3 BB, S i 2D 0 B D ARAL, HR A R AR B B B BB AR
XF TR BR 2 G HR, 7 T2 ARG 2 0SB BE |, SCHR 16 ] SR ] — o i St T 73 B 455 1
dAU, =0 (0, <opy),

o, =UDM'ﬂ'eXp(1 _ﬂ) (dAU; #0), (20)
p P
Hrfr, oy HFE R R IR BR 5o S5 A ARHAH SR I ] 00 Ui R 42 2 )5 B ( SEBRoRl 42 58 B — ik
/NTF0.05 mm) . IZBAUAL BRI PR 4258 4, T ELIE REREHOUE 2 i rpr | 2 (R) S D73 18 R
BbtE A AASIRAS R A T AR k. PRI 32 R R Sy Ay i g 3 B AT (evolving com-
pliant interface , ECI) 43 B #7,

S5 (15) A SOR M 3 N 5T 3 B AR et Sy

(k+1)bot (k) top (k+1)bot (k)top
bo i) to u - u u - u
P e oo Vexp(1 - ¢ )
p p
(k+1)bot (k) top (k+1)bot (k) top
e bo o v -0 —
Tiz/n)l " =7_}(Zk)tp _ T)DZM ( ) exp(l (v v )) , (21)
~ p p
(k+1)bot (k) top (k+1)bot (k) top
) , w - w -
o (bl e (Bop _ DM ( ) eXp(l ~(w w ))
pP

p
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3 E SRR G BB K A
3.1 EBAMRHEHRTTE
mFR2) X (1B BRI P=[7. 7. 0,1".0=[u v w]", HF1)BWARH
RN 3 AN AR
o, Cha+CB Cea+C,B Cuy
[0')} =|Cha + CyB Cxa + C,,B C23y]
T Coa + CcB Ca + Cy B Cigy
132 H 8 W A RITYENIRIEMRECK oo, Fl o, B 3T k2R — APk 4542
(7) MK (8a) PR (22) BN

1)}. (22)

o, ¢, G G|
o, =[C, €y Cil|ip (23)
T o LG Gy G w’ ;)
R () FORE RN o RIS | A R
B (15) S R REIE A
T(k+l)bot r 1 0 O O 0 0— T(k)top
7_(k+1)bnt 0 1 O 0 0 O T(k)mp
¥z yz
o (kDb 0 0 1 0 0 0 o (Do
z = z 24
e [T[RE 0 0 10 0] o (24
kDot 0 R)(,f) 0 010 RO
w(k+1)lmt L 0 0 R:(:‘) 0 0 1] w<k>mp
Horr 0P FAUH A3 B O R ML, R, A X T 43 B OC &R O AR L )
R, =pexp(AU/p = 1)/0py »
K (24) AT LB R
Vi =MV (25)
= (13) Ak (14) AT 5
Vfﬂl;)+l) — T(k+l)Vl(“l:'t+]) — T(k+])M(k)T(1c) Vl():t) . (26)
XT3 m )22 AR, R AT DS 2
vy = (I merhvy). (27)

TORE R AT A5 A AR 4 1 O A o T ERARCRE B 00, MY 59 R AL S R 5+ A T
JZ2 RSB AL R, 5 SORTRN Y Z 8000 T LAAS BAS ] 10 3 TS A,

XA O i A gl 5 (3) A (4) A5 B MR R R A i
FEAAE AR (27) BT SRAS AR bR R E A .
3.2 EERHFAH KR

XFF FI AR CCI A B AR IS 2 17 1 200, B a1 5 (27 ) sk 48, R X (16)
Rl R A 25 1 )2 3R i 1 S A A%

v =TV, (28)

[ BE AT A5, 56 & 2R L3RI A RS A
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v - (li[T“*”M“’T“) )V“) ) (29)
=1

top bot

B (29) iTLCR B —2M P =[7,. 7. o,]' fMQ=[u v w]", REX(23)BIAK
fift T 3 AN F1 50

X F ECT 3B RiRL Sl ad Pl A K AU, (i =x,y,2) , SE TR HUZ RN 7. e i 330kS 1
W T A AU(i = x,y,2) BUH.

4 B

R T e IR RS A AR B A LG A SO S 3 Al R 2 Gtk T R A2 1k
£ ANy I 1E .
4.1 FERBEHWER
BHI XTIk 28 1R A DU AT 2 G, AR SR Bl 1 TR BRSO T
A3 fEx = (0,0) WA EFEA 0 =w=0;7Ey = (0,b) WA LA =w=0; M EFRmMEN S
q = qosin(ma/a)sin(wy/b) , Ho o,y AT AR ;R R H B2 ARG RS R
E, =7 GPa, (E, E ,E)=(251,1)E,
(G,.,6.,6,)=1(0.2,0.5,0.5)E,, (v_,v_,v, )=(0.250.25,0.25);
Z 4 2B RAEHZ A B [0°/90°/90°/0° .
R T E R RISCER[ 9,28 T HE ZETH R A R = 0, RIARAE I 2 22 18N e /7 AT 5 i P9 A
WERY =RY = RyMIIMNE a = b MR A4S R0 1 FioR.
FA DB LE AR

Table 1 Static results of simply supported square laminated plates

a/h R i 7, G, Ty T Ty
-1.93406  -0.71980  -0.66404  -0.04404  —0.22754  -0.300 40
0 [-1.93672] [-0.72026] [-0.66255] [-0.04581] [-0.21933] [-0.29152]
-2.10879  -0.778 143  -0.69546  -0.049 12  -0.22098  -0.274 54
A 02 [-2.21171] [-0.78585] [-0.70719] [-0.04988] [-0.21051] [-0.26391]
-2.37149  -0.80565  -0.70120  -0.04962  -0.21344  -0.258 13
04 [-2.458 15] [-0.84389] [-0.75108] [-0.05340] [-0.20179] [-0.24274]
-2.50630  -0.84350  -0.77124  -0.05168  -0.20107  -0.237 11
06 [-2.681 13] [-0.89607] [-0.79326] [-0.05648] [-0.19348] [-0.22568]
-0.73408  -0.55916  -0.39425  -0.02691  -0.30946  —-0.204 57
0 [-0.736 98] [-0.558 61] [-0.40960] [-0.02764] [-0.30137] [-0.19595]
-0.78649  -0.57743  -0.411465  -0.02730  -0.30060  —-0.201 08
o 02 [-0.796 88] [-0.56983] [-0.42079] [-0.02885] [-0.29592] [-0.19876]
-0.83167  -0.57941  -0.415746  —0.029 646  -0.30557  —0.204 44
04 [-0.85492] [-0.58106] [-0.43948] [-0.03001] [-0.29104] [-0.19582]
o -0.88538  -0.58234  -0.43054  -0.028946  -0.29748  —0.217 10

[-0.91203] [-0.59224] [-0.45716] [-0.03112] [-0.28606] [-0.20251]
E ORI IMR SISOk A TOCR[9 ], GBI FERT AR AR SCHARERI SCHR ) A 1) 1% 22 95 R 7E -8, 50%
F+7.21% Z I8, b AT AR A G AR U T LA 32 09, DR 2 SR 2R DN D SCHR [ 9 ) 2R T B2 RE 8 i, 1 e >R ]
AR A A, /\ T RO BROTY BT S EUZ S ARTEI BT ) A2 B, T3 240 BRAT S 1R 22,




TR TC NN RS RN 1N
w = IOOE},h3w(a/2,b/2,h/2)/(qoa4) , 0, =h’o (a/2,b/2,h)/(q,a"),
o, =h’o (a/2,b/2,3h/4)/(qya’), 7, =h*7,(0,0,0)/(gea’),
T.=ht(0,b/2,h/2)/(qea), 7, =ht (a/2,0,h/2)/(qya) .
4.2 FEMEZAESBEBETEER

B2 W TIHIUHE S EERE a = b = 100, HACEEZE08C R STk [ 21 ] thrgsteL ©
HZMA R U] RSEBERANE] 1 fios, ZZ2 G385 4 )2 by = hy = hy =h, =h/4 B —J2 X5
JEEEARIAY 4 T2, APREAEZE B M [0°/90°/90°/0° ], Hir 4l 2 S 0o ARG M R A

C,/C, =0.246 269, C,,/C,, =0.083 171 5, C,,/C,, = 0.543 103,

C,,/C, =0.115017, C,,/C,, =0.530 172, C,,/C,, =0.266 810,

Cys/C,, =0.159 914, Co/C,, =0.262 931, Cyg = Cy, = Cy = C,5 =0,
MR A S e R AR B RIS 15 R TR B A AR 4 R = R;RY =R =0, RIAH
M EZ ARV AN E S T

Ch=E (1 —p )/ (L —p iy —f oy — Mo, = 20 (),

AR R 55 B AL T AR SR IR I AL, FE R IR IR oy o = o /C, TCRK
Lb B,

T, ARSI e R Ay s B N - AR G R
W 2 PR, 2795 2P U A B R AR A 1 150 BOAS
IF) 14) ST 0 5 2R BSOH 2 ) 55 R 2 J2 (R ) RS S 5
il o WIEUE , KA [R] A JR AR AR BR , 24 & = 0 B, &
M 1 S T s A TR T s L T 0 B A AR,

M 3 AT LA T AR 2 A, 7R
BRI R (P 3 (a) (3 () B 3(d) iR ), 5 005 Lo 15 20
R F2 A RN B AR R A 25 - A AR B 8, 3% 2 B2 B LR b e 5
HlAE T x Ay J7 ) (R 55 4 R B, 2 T 1) I S5 R T Fig.2 The stress-displace relationship
x 1y J7 1a) HAT BN R 5 (R4 B 25 1 vT DL 26 of linear interfacial deboning
(£ 0 (B 3(b) BER ) s (HJESE TR A AR 0 5 (]

3(e) B 3(H) i), B SR B ER A R B s, 0 2 5 A ) 2 18 B T A i AN 3% 5
PR X R IZ 22 BT RN RS, S T B AT ST AL

1.0 -~ , 1.0 ‘ ‘ —
. o v"
0° S — R=0 0 2
0.8} N ----R=03 | 0.8} 2
\ o 2
0.6L 90° e, e R=0.6 | 0.6L 9 2
: ¥, 7 Py
Z, " k .
. o . —— R=0
04+ o \J ] 0.4+ 99 2
\& 37 ----R=03
02f % ] 02p o 27
¢ s o . R=0.6
N~ .7
O . ) \.~ N O w7 .
-10 -5 0 5 10 -10 -5 0 10
0,(0,6/2)/q, 75(0, 0)/g,
(a) WHRE Z, B8 o (0, b/2)/q, (b) WEEE 7, E#7,(0,0)/q,

(a) o (0, b/2)/q, along the thickness Z, (b) 7,.(0, 0)/q, along the thickness Z,
y 0 k 2y 0 k
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1.0 e ‘ ‘ ‘ 1.0 e ‘ ‘
o — — R0 e k0
0.8} e 08 ° T RIS T R=03)
o N MESS
0.6} % N 0.6 9° BN
h) ~
Zk o \ Zk v,
0.4} 90 A 0.4F o0° G
A P
02 o o ] 02f T
qr-"_“-"'—-' ..... R=0.6 0 '_._.—.-'""-‘r """ R=0.6
0 === . . X 0—===m ‘ . ‘
0 5 10 15 20 0 5 10 15 20 25
1 (0,6/2)/4, 7,2(a/2,0)/4,
(c) WHEE 7z, LWy r.(0, b/2)/q, (d) WERE 2z, b7 (a2, 0)/q,
(¢) 7,,(0, b/2)/q, along the thickness Z (d) 7,.(ar2, 0)/q, along the thickness Z,
1.0 e 10— ,
0° B2 0% :
08 ... Bl ] 0.8; : L
A . 1
o . ——R=0 o ——R=0
90 . 1 90°: 1
0.6F % 7 ----R=03 | 0.607" ! ---- R=0.3
Z, - ‘\ Z, v ll
041 op > \\ ----- R=0.6 | 0-4Fg0° N R=0.6
. ~ N 1
02p & R ] 0.2F , !
0 TS === 0 : :
0 . TS Es 0 . ) L ‘
-0.30 -0.20 -0.10 0 =70 -65 -60 =55 =50
o.(a/2,b2)/q, u(a/2,b/2)E . /(qyh)
(e) WWEEREE Z, Lo (a/2, b/2)/q, (f) WWHEEE 72, B u(as2, b/2)E /(qoh)
(e) o, (a’2, b/2)/q, along the thickness Z, (f) u(as2, b/2)E /(qyh) along the thickness Z,
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Application of Composite Laminated Plates With
Bonding Imperfection in Hamilton System

DAN Min
(College of Aeronautical Engineering, Civil Aviation University of China,
Tiangin 300300, P. R. China)

Abstract: The weak interfacial bonding seriously affected the mechanical behavior of laminated
plates. Different imperfect bonding models of laminated plates were discussed in Hamilton ca-
nonical equation. By combining the modified H-R variational principle for elastic material with
the quadratic interpolation functions, the linear formulation of laminated plates with 8-node for
Hamilton canonical equation in the Cartesian coordinate was derived. The relationship between
stress and displacement on the interface between layers was considered to improve the normal
bonding model, and the state equation with delamination situation was established. The stress
and displacement were obtained by solving the overall model. Numerical examples showed that
the methods presented were correct, and this paper studied the linear and non-linear bonding
models of the laminated plate respectively. The last results show that the application of im-

proved models can simulate the process of fail better.

Key words: laminated plates; bonding model; Hamilton canonical equation; semi-analytical

solution; 8-nodes



