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d)l(z) = Gw(x5y> + !f(xay) ’

o Gu(r.y) = 3 (i) + 6, (), fx.) =5 (6,(2) = 6,(2)) 3
f(x,y):I:(O'X;dy—O'),;dx), (4)
G%+i%=0}z - o ; =<D,(z)=¢);(z), (5)
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Rf (1 _7) (1 _%j (1 _pi)ﬁrldt + const (R EH), (16)
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- t
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0
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1
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(a) The triangle configuration and its (b) The unit circle and its exterior

exterior region (on z- plane) region (on {- plane)

B2 fRABERR
Fig.2  Mapping relation

ST RAEAH (4], 2 (16) PGB %

o= (i-8)" (-5 0-5)" -

L= (B = Dy + By = Dps + By = Dy -+ 0( ). (18)

tZ
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BB A5, HH T PR AR G A SR —— 3 o P8 B pR R, DU (1) TR I R BCE R 0 18, T 45
(B = Dpy + (B, = 1)p, + (Bs = 1)p; =0. (19)
TERX(18) F(19) T4 py == 1 MK — etk 1A FERALE b, AT % p, = e™ Fip, =
e, T, R (19) " E K
(B, - 1)cosa, + (B, = 1)cosa, - (B, - 1) =0, (20)
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(B, - 1) F(B, - 1) BUFERT, lHBLGCR KX (21) FIA, o, & FIEMEIT o, R HE. R
(20) F1(21) , Al 45 o, A1 o, BUFRUNT .
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(By =1) = (B, —1)cosa,
:81 -1 )
%E,%Bl %uﬁz $§EZ{3\%(B‘533 =5-B,-8B,) ,zl'ﬁpl(zexp(ial)) ﬂesz( =exp(ia,))
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= (24) , AT TR
Bi-1 _ By-1 _ B3-1
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ik« Moy de” BT RAL R IER pop, b, )55
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O e L (28)
15 1, AT
(1= =t m DO =y g, 1020l g
R L (30)
R (26) 5 (30) fUA SIS (25) 1 LRI B, + B, + B, =5, A FR(LE2)
de/R =[5 (527 B exp (i6) d, (31)
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_ : .

AT & WA T8 & 0 BOEL, LTS o™ Wi B2 [ L 99K p, p, BUHERT , 050 2" W H
2 q,q, BTHE BEAR, EX(31) AR ds(ds SEE) I FRR = (ILIE 2)
ds/R = |dz/R |= 27575371 d6 . (33)
bk, HER R =R, =1, 2RI RST. IT, XF2X(33) W45 5Lz B L IRHK p, p,
TR ABAR 0" MG A EA T .
b, = g(6)do, (34)

(32)
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a.=[ g(6)ds  (Ma,=-m). (37)
1.3 ZRREARMNETHT
BTk, R TR R RGT, 23 TAEA S X=X (34) F1(36) S (37) ARHE B AR 43 4T
BUESR R, R TR (34) IR R4 BRI A0

oyt o, —a a, +a, )_
0_ 2 +u”h_ 2 ’§(T+u _g](u)’

G(u) =g, (u) VB> - u* .
AN BRI T IR BA R

ay h h h G
1 :f g(0)do = fﬁhg(alT-l-az + uj du = fﬁhgl(u)du = fﬁh hfu)zdu =

u

(38)

%ZG(%) (Mﬂ?%%;ﬁ(,uj=hcos((j—0.5)ﬂ);j=1,2,---,M), (39)

FEVFERTEL M = 100, 13X ] 40 e 6% i A 2

B FEE L ADEITR B E-AEA EAIE,EA 2 MRS yr (WWE 3(a)).3
ZNHHKACH “a” ,“b” F1“a” . 24y M w/36 283 177/36 , 1K “a” F1“b” HIBALR 4
FIFER 1 . BLFE, Sy >0 0, Ha, =2 b, =4, HFHEEIEE L, Y ym =7/36,
Ha,=1.9675H1b,=3.920 1. X—5 AT ML T A L BUS T A BERSE R, Hik, Y yw
=97/36 , B a, =2.102 5, M EZEF L4 RBRE o, =2.102 5%, FE, S ym =
12w/36 , AR @, = b, =2.371 1, AR BILRIE o, =b, =2.3710" .

a E
b
a b
Z iR
(a) FHE=1E (b) HM=MIE (e) MWLM =MIY
(a) Triangle with two equal edges (b) Triangle with a right angle (c¢) Triangle with arbitrary edge lengths

B3 IR LRIk
Fig.3 Configurations for triangles

BHl2  FES 2 ANAEGIR RN EA AT, Ry (WWE3(b)), 3 A
K&HN “a”,“b” F“c” . Bymw N w/36 28] 9m/36, B BB S b, Fle, 1 H7ESR 2 . &
20, Yy = 9m/36 BN ST b, = ¢, = 2.102 5, X—Z5 R THEAH] 1 g rfE.

BHI3 e 3 AR, R E A = AR S ABARME AN v, y,w M
')’377(')’3 =1-y -v) (jrﬂ,[g 3<0))-X¢ﬂ:‘F§U'FﬁEﬁ (a) Y, +v, = 1/6,3/6, 5/6;(b) ')’/(71 +
v,)= 0.1,0.2,---,0.5;3 MBI RSFHI AR 3 H.

« 4 Chen J . T. BYFANSSHSCHE(2011)
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T ONTHEE =ML 2 MBURT a, b, (ym FESM) (SEE 3(a))

Table 1  Degenerate sizes for two edges, ora,, and b, , for a triangle with two equal angles ym ( see fig.3(a) )

cr o

a,, values
v 1/36 2/36 3/36 4/36 5/38 6/36 7/36 8/36 9/36
a, 1.967 5 1.946 5 1.936 4 1.936 7 1.947 4 1.968 7 2.001 1 2.045 3 2.102 5
Y 10/36 11/36 12/36 13/6 14/36 15/36 16/36 17/36
@, 2.174 2 2.2627 2.3711 2.503 3 2.665 5 2.866 7 3.1219 3.460 6
b,, values
v 1/36 2/36 3/36 4/36 5/38 6/36 7/36 8/36 9/36
b, 3.920 1 3.8339 3.740 8 3.639 8 3.5299 3.409 9 3.278 4 3.1335 2.973 3
Y 10/36 11/36 12/36 13/6 14/36 15/36 16/36 17/36
b, 2.795 1 2.5957 2.3711 2.1159 1.8233 1.4839 1.084 2 0.603 2
®2 XTHEHM=MAVRHERR 2 MBS b, Fle,(ym —BUA) (ZFER3(D))
Table 2 Degenerate sizes for two edges, or b, and c,,, for a triangle with a right
angle /2 and an angle y (see fig.3(b) )
b, values
v 1/36 2/36 3/36 4/36 5/38 6/36 7/36 8/36 9/36
b, 3.676 2 3.433 3 3.2185 3.019 4 2.8299 2.646 1 2.465 1 2.284 5 2.1025
c,, values
v 1/36 2/36 3/36 4/36 5/38 6/36 7/36 8/36 9/36
Cor 0.3216 0.605 4 0.862 4 1.099 0 1.319 6 1.5277 1.726 1 1.916 9 2.1025
R3 MTHAIDAREM (yym,y,m lysm(ys = 1 -y, —y,)) ZMAEHAN
3 MBS ay, b, Fll e, (BHEE3(c))
Table 3 Degenerate sizes for three edges, ora,, ,b. and ¢, for a triangle with three
unequal angles y,m,y,mand y;m(y; =1 -y, —v,) (seefig.3(c))
a,, values
/(v +72) 0.1 0.2 0.3 0.4 0.5
1/6 3.523 1 3.102 6 2.703 6 2.316 7 1.936 4
Y1t 72 3/6 3.479 0 3.097 6 2.7559 2.4290 2.102 5
5/6 3.620 5 3.409 9 3.230 8 3.0555 2.866 7
b, values
/(1 +72) 0.1 0.2 0.3 0.4 0.5
1/6 3.880 1 3.814 0 3.772 1 3.748 5 3.740 8
Y+, 3/6 3.5224 3.2570 3.0930 3.002 4 2.973 3
5/6 2.560 1 1.968 7 1.672 4 1.527 7 1.4839
c,, values
/(Y1 +72) 0.1 0.2 0.3 0.4 0.5
1/6 0.406 1 0.797 3 1.180 2 1.558 7 1.936 4
Y+, 3/6 0.5510 1.006 5 1.404 2 1.764 8 2.1025
5/6 1.3252 1.968 7 2.3651 2.646 1 2.866 7

B, M (y, +7,) 2O0Hy, /(y, +v,) =0, HAFIBMRTHE: a, =4, b, =4 Flc,
=0, EI TN AERTH, S (y, +y,)m=m/6 Fly,/(y, +v,)=0. 1,7 FHEEALRE: o,
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=3.523 1, b, =3.880 1 fllc,, =0.406 1. X —Z5FUEH T A7 3L BUS T4 BEAYSS 3.
2 PUhIB St ity aR AL R a3
AN AT WP 2 IR A RS TR B — A k. % T 3 28 IU0E | RIGETE P47
VUL FIBETE A5t T ARG IR A0 R 358 45
2.1 WA EREHSH
IR F =AU R B, DU JE S G R B (LB 4)

z=w({)=
¢ Bi-1 Ba-1 B3-1 Byl
RJ (1 _&j (1 _pi) (1 _&j (1 _&) dt + const (RH) .
1 t t l t
(40)
z-plane . 1 {-plane
y pz:el(lz
G '
9, 0

a=qGq, b =ad,c =g, d= g4, e =e™ =-1
B4 AR ILE R BR R
Fig.4 Conformal mapping for the contour with quadrilateral shape
AL SN (7F £ P ) BRI UIE A AN (7 2- P ) - s, 4458 py L p, ,ps B
py R BN PUTIE ) 4 DTS q,,q,,q; 71 q, B ARR—YE, /T4 p, =— 1. 7EX(40) F 8,7,
By, Byw MB,m HANTHE ¢, ,q, ,q5 Fq, SEARRLAYFAFE (BT 4) . AR, XS0 A7 2 L i A2 T 5155
X
B, +B, +B; +B, =06. (41)
5 (19) KR, SRA MG REON R A, T2, X (19) F1(40) 115 T35 #E .
By = Dpy + (B = py + (By = Dpy + (By = 1)p, =0, (42)
LB AR E 4 E W R BIE LR ARG (40) T p,(=exp(ia;)) (i=1,2,4) A
PIAE e il X — T SR A S 240, SIS, #5“R” ME M p.( = exp(ia,) ) (i =1,
2,4) BEAGHH (py=—1) UHKE“a” ,“b” ,“c” M“d” fEn] g ., MxTm s G —18 00 2 #
YRS i
KW T =ML FAEI, A4S g q, BK“b” AT .

b=R[ ¢(6)d0, (43)

A
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1l 16—\
g(0>—j1:[1(251n > ) . (44)
W EA SR = R, = 1 fERTFRRACRGE, T2, hi2(43) n[1546” AR RS anT .
b, = g(6)ds, (45)
5 F2EE, 1115 “e”,“d” fi“a” BB RGHITT .
¢, = [ e(0)d, (46)
d, = [ g(6)d0, (47)
a. = g(6)d0. (48)
2.2 MihFEREEESG
SN 3 AEHIIT .

B TR B, AR AN (7R ¢ T ) B BRI R AN (TR z-
Y (ILES) LA, W py, Py py Pl p, AR g, q,, q, Flq,. WHETEASEE “a” 5
E“b” .

z-plane n ¢-plane
y
M e pyx prei® P
O c=a (;) 2 p
9; 9, 0
d=b \qu‘ qlob X 0 9
a .
,@n(, \_)ﬁ]n pA:eia4 p]:elou
B, =B, =B;3 =B4, = 1.5 o =-a,0, =0, =T -0, 0 =—T+a

T AT S A DA
Fig.5 Conformal mapping for the contour with rectangle shape
HE S FrRi LSS, T4 (a) py == p, Mp, =—p,; (b) B, =B, =B, =B, = 1. 5. 1E4%
FN 2 MERT, 50 (42) SRR L. 750 (44) FIRA(a) B, =B, =B, =8, =1.5; (b)
a, =—a,q,=a,a, = —a fMa, =—m +a; XTI p,p, B AEEHRSF“0” BBERSHF .

b, =2 Jsin'a - sin’6ds. (49)
iR AT R “a” BB RST T .
a(,r=2fﬁ /sin’B —sinzedﬁ,ﬁzg—a. (50)
-8

o I w36 ZBF 9m/36 , FARM “a” FCb” NIRRT Bl e, F1 b, FIHTER 4 . B
WEERAT L M o =7/36 B, 6 a, =3.934 2 Fl b, =0.023 9, tAh, —PEHIKLER N, X b/a
—0,Ha, =4 fMb, =0. 15,24« =97/36 BIIEHIER, 6 a, =b,, = 1. 694 4. JeRifS 2945
HRtifa, =b, =1.6944",
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Fza4 SFTHEERR 2 MRS o, fb, (BFERES)

Table 4 Degenerate sizes for two edges, ora,, and b, for a rectangle (see fig.5)

ero

a /36 27/36 37/36 4m/36 57/36 67/36 T7/36 81/36 9m/36
a., 3.934 2 3.780 1 3.563 9 3.301 6 3.005 9 2.687 17 2.3571 2.023 2 1.694 4
b, 0.023 9 0.095 1 0.212 3 0.373 1 0.574 6 0.812 6 1.082 4 1.378 5 1.694 4

B2 A2 AR AN (7 ¢ i b ) BRR BAT LI R BN (1 - F
L) (F6) . LA HE pypps Tl py 45 IS g, g, g5 B g, BOPAFIUIEA 4 ANHK
“a”, b7, MUd" (a=c,b=d).

TETE BB, =B, =2 —y By =B, = 1 +y . HHIE 6 FIRMILATR, /T4 p, =—p, =1,
Dy == pa = €™ NI, 55 F (42) SR8 36 2.

X T FRFIEL : (a) ¥ =1/6, 174 F12/65 (b) a Ik w/36 L2 9m/36, AR 2 MRALRSS
a, M b, SIHAERS d AR AT IL, Y y = 1/6,a = w/18, 4 a, = 3.949 6 Fl b, =
0.026 5. — AL N Y b/a— 0,4 a, =4 M b, = 0. K —Z5 R4 MU T A7 15
BT ABASER. AN, Yy = 1/6,a = 91/18, BfE— N ZERAEN, A a, = b, = 1.820 8.

z-plane n (-plane

3y

c
/ seln 9 0 ¢
,537'[( - T NN Py io
d

q\? X L
1 T
q, |~ ' .

104:6“”4

N
Bin

B =B; =2-v,B, =B, =1+y o =0, =a, 03 =7, 0 =-T +a
B 6 VAT UM R AR B A R S R
Fig.6 Conformal mapping for the contour with parallelogram shape
F5 XMTPATUBIE RS 2 NIRRT o, F b, (BFHKE 6)

Table 5 Degenerate sizes for two edges, ora,, and b, , for a parallelogram configuration( see fig. 6)

cr o

a,, values

a /18 27w/18 3mw/18 4m/18 5w/18 6m/18 Tm/18 8m/18 9m/18
176 3.949 6 3.8228 3.6356 3.399 3 3.1237 2.818 6 2.493 4 2.157 8 1.820 8
Yy 174 3.9428 3.803 8 3.603 7 3.3557 3.071 0 2.759 9 2.4322 2.097 2 1.763 8
173 3.9380 3.790 6 3.581 4 3.3254 3.034 4 2.7193 2.3900 2.0556 1.724 7

b, values
e} /18 2m/18 3m/18 4m/18 5m/18 6m/18 7m/18 8m/18 9m/18
176 0.026 5 0.1055 0.2349 0.411 8 0.6317 0.889 4 1.178 4 1.4915 1.820 8
y 174 0.0253 0.100 8 0.224 6 0.394 3 0.605 8 0.854 6 1.1350 1.440 4 1.763 8
173 0.0245 0.097 6 0.217 7 0.3823 0.588 2 0.8309 1.105 4 1.405 5 1.724 7

8O3 1EH 3 AFGIh, AL SN (78 ¢ P 1) BRRBBEIE A F A (16 2 F il
) (m‘@7) . '[H:&l\’i’%){_ipl sP25P3 %np4%5%%§u% »q2 595 Al Gy WA 4 MK a” b7,
“C” ﬂ:‘ﬂ“d”(a :C) .
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‘H‘%:Hﬂ'ﬂy(a) B, =B,=1+v.,B,=B,=2~-v;(b) @, =-a,,a, =-a,. M, 25K (42)
G
(B, = 1)cosa, + (B; —1)cosa, =0, ¥ a, :arccos(_ Wj. (51)
HAT I, — B a, A oy R (S . X F TG (a) ¥y = 1/6, 1/4 FI
1/3; (b) a, M\ w/18 ZL 5| 87/18 , FHAGHY 3 MMBIL RS b, e, I d,, ) HTES 6 .
x6 XTEIERARN I NMBURST b, ¢, fd, (BFEET)

Table 6  Degenerate sizes for three edges, orb,, ,c. and d

ero%er er o

for the trapezoid configuration ( see fig. 7)

b, values
a, /18 2m/18 3m/18 4m/18 S5m/18 6m/18 Tm/18 8m/18
1/6 0.366 4 0.907 0 1.5118 2.126 7 2.708 5 3.2194 3.6257 3.896 8
v 1/4 0.264 4 0.734 0 1.307 0 1.924 6 2.5361 3.094 1 3.554 1 3.8727
173 0.189 6 0.590 5 1.123 8 1.733 4 2.3652 2.964 8 3.477 4 3.846 0

c,, values
a, /18 27/18 3w/18 47/18 S5w/18 6m/18 T7/18 8m/18
1/6 1.764 7 1.474 4 1.160 3 0.8512 0.568 8 0.3306 0.150 4 0.038 1
y 1/4 1.9315 1.646 2 1.316 0 0.9775 0.659 6 0.386 2 0.176 5 0.044 9
173 2.217 4 1.922 3 1.558 2 1.170 2 0.796 4 0.469 3 0.215 4 0.054 9

d,, values
a, /18 2m/18 3m/18 4m/18 S5m/18 6m/18 Tm/18 8m/18
1/6 3.4228 3.460 8 3.5216 3.601 1 3.693 8 3.792 1 3.8862 3.962 8
v 1/4 2.9959 3.062 1 3.168 1 3.3070 3.468 8 3.640 2 3.803 7 3.936 2
1/3 2.407 0 2.512 8 2.682 0 2.903 6 3.161 6 3.434 1 3.692 8 3.900 9

— NG, o, > w/2, Kb, =4,c, =0l d, =4 TEARGIT, Y ym =7/6 Fla, =
8m/18 If B FAILER . b, =3.896 8 ¢, =0.038 1 Fld_ =3.962 8. iX—&5 A4 HIGEH T A
TG T A B AE R,

AN X F AN PARRRIEIE . (a) y7m =nw/4,a, =w/18; (b) ym =7/4,a, = 5mw/18; i
Ky JH FHEALEIE R TE R 8 .

z-plane n {-plane

iay

3T ‘e i
- . 10
7 P, prel®

a=c
Bym B 4
oy

p.e

By =B, =1+y,B3=B,=2-vy Q) =0, Ay = -0y
B7 WHIEEANRARE KR

Fig.7 Conformal mapping for the contour with trapezoid shape
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¢, =19315 ¢ =0.6596
dy =2.9959 d o =3.468 8 -
or 2995 b =0.264 4 o ‘\
\ m b =2.536 1
(a) ym = w/4, a, = w/18 (b) ym = w/4, a, = 5w/18
B8 AR R 2 AR IR
Fig.8 Two particular degenerate sizes under the conditions
{7

1 LA B RHES AT LU ), 0 T = MBI IE 5, PR A g 0 R4 A 1 SR R A R I7)
B — A RGERE 5L SAIE AT & 2 0008 BRI O, AT, SR A IR A RO )
A, Schwarz-Christoffel £ Mg T — B B AE . SR, Schwarz-Christoffel 17 4 & -FNIEN
RE BLHER AR AL RAT Al ASSCrPESe, R R AR R EO T IAA R = R, = 1, KRR
A — LB A BER ARG 102X (45) B,
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Degenerate Scale Problem in Antiplane Elasticity or
Laplace Equation for Contour Shapes of
Triangles or Quadrilaterals

CHEN Yi-zhou
(Division of Engineering Mechanics, Jiangsu University,
Zhenjiang , Jiangsu 212013, P. R. China)

Abstract . Several solutions of the degenerate scale for shapes of triangles or quadrilaterals in
an exterior boundary value problem of antiplane elasticity or Laplace equation were provided.
The Schwarz-Christoffel mapping was used thoroughly. It is found that a complex potential with
simple form in the mapping plane satisfies the vanishing displacement condition (or w=0) a-
long the boundary of the unit circle when a dimension “R” reaches its critical value 1. This
means the degenerate size in the physical plane is also achieved. Finally, the degenerate scales
can be evaluated from some particular integrals that depend on some parameters in the mapping
function. A lot of numerical results of degenerate sizes for shapes of triangles or quadrilaterals

are provided.

Key words: degenerate scale; conformal mapping technique ; shapes of triangles or quadrilater-

als; antiplane elasticity



