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£

fim?
206, 0(x, ,0,,.¢,) | +Bo,, =0. (23)
ARSI 2.2, el e, > e =0, (x
26, 7A(x,,.0,,,¢,) <1, &fH
lim 1 -£"A(x,.,0,,6,)=c" e [1/2,1].

npd~n
g, —>e* =0 k k
k

6,) > (x",0°) e S.Hife, #0,0 <1 -

ny

L —a-B+20=0,-a-B+8+y=0,(23) ME 1 THETAHRME, 2 0T L
55, M= (23) WA R0, XA RE I, AFEFEX 5. TRk, > 0,k =k, , 3041
e, =0,(x,,0,0) L(P{rk) X v, 0, T2
fi(x,) < 0,, J=1,2,,q;
F(x,)=0, j=q+ 1, m.
ik, i1 (x,,0,,0) e L(P, ) TER(x,,0,,0) ZAFAE—DERIR 0(x,,0,,0) M THAI (2,0,
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0) € 0((x,,6,,0)) N (Sx {0}) FeilHh,0 = max,__, fi(x), FKATH
ek =fu'k(x/r’0k’0> sfak<x90’0) =0’
Hi, (x,,0,) € L(P). O

3 JalAE AR
TEARAT R FRATHEIE N , 76— R B30 10 4 1 F R — SR A B3 2 P R L 0 T 9643 S 1 51

S8 o, (27,07 ,0) JESIR(P,) HYRFREALELR, R (27,07 ) RIERE(P) B RFER /N
fE 5.

M1 AR BRSO B f(x) , Vi =1,2, g FIF(x),Vj=q+ 1, miEdEtH R
BT IEWALS, j=1,2, g FF,, j=q+1, m BITEATIA FIRIER e Hfi(x), V)
=12, g M F(x),j=q+ 1, mMHEWENf(x,8) ,F(x,e) . HI, SIARER & XK
[F)d (P) A3 T EE ], EAIEA R RS FR S 7R WSRO0 T A2 2
TE)FI'JE/‘JVFFHEJHMJCZ%,IEI@I]Z(LS) ,Vj=1,2,---,q F(x,e), Vi=qg+1,- m7E(x,
&) FHPEELLATINNY e # 0 I H 2

f;(x) =]€.(x,0)=1£iﬁr(r)1fj(x,8), vjzl’z’“.’q’
Fj(x)sz(x,O)zlil.?Fj(x,a), Vi=g+1,,m.
TATHE TR RS
min 6
feR
(P,) s.t. f(x,e) <0, Vi=1,2,-,q, (24)
FJ-(X,S)ZO, Vj:q+17”"m'
L h(x,0,8)=f(x,8) =0,¥j=1.2 - q,BA(P,) "] LABHEAL A
min 0
feR
s.toh(x,0,6) <0, Vj=1,2,-4, (25)
F]-(%,E):O, vj:q+1"”’m'

MAERRATA 2 R E X
EX 3.1 FRATEWE T RSN « e R HMWESRICHN S
F(x)=0,
g(x) <O,
ARG o W RIRZEFZN T AN s € x" + 0B, WRAFAEERE L > 0F6 >0
fdifs
dist(x I S) < k([ F(x) | + lglx)" 1)
AT, X B B & R ER— TR,
TR FRATHHE I (P) B2 22 BT A5 F . AT T ik
(A,) X}F (P,), Managasarian-Fromovitz ZJRFELE (™, 07, 0) Kby, RV,
VF(x",0), j=q+ 1, m B2LWM iy, I HAFE &= s e R 45

V. h(x",0".,0)
(S,l)'r ah,.(x*,e*,O) >0, V]e[(x*,ﬁ*),
T
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s' VF(x",0)=0, Vj=qg+1,-.m,
Hop 1(x7,07)={j=1,2,---,q1 h(x",07,0)=0} . MRIECHL[ 18], RAVHIBE ML (A, ) ik
S PR UETR 22 FE 0 S AT . I — 245 6 SOk [ 18 1 kIS 2. 3. 1 AdfEIE 2. 4. 1 o3& SCiik[ 19 ]
e 3. 1, ITA LT 4518 .
SIE3.1 AR (A) O IR ATES (27,07 ) Ab FFAE— DB N, , F— DB >
0 ffif3x T (x,0) e N,,

q m
020" -7 (X 1000 |+ X IEE0 1)
J=

T EFRATES R A B BT ) SR A R FEUE I A, FRATE SRR A T ik
(H)) 8,8,y B IEMEEOFHIELE S =B My = B;
(Hy) XFRT/PHO < & <1,
I h(x,0,8) - h(x,0,0) || <K&*,
Vi=1,2,-,q,ee[-¢,0) U(0,s],
| F(x,e) - Fi(x,0) || <K&, Vi=qg+1,m,eec[-&,0)U(0,e].
BT BB, ATE X — i FEE5 R
EIE 3.1 BE(A) C(H)RI(H,) #WAL, X F R RETISE o, (2" ,0°) WAF1E
— AN C© Ny UKFEST/ MO0 < & <1 ffif5
f(x,0,e) >f(x",07,0)=6",
XA (x,0,e) e Nx[-¢,0) U (0,e].
B, (x°,0°,0) 21, (x,0,8) W/ IME .
IR XTI B4
ocz=zmr(K+2).
AT R AT 0. BT (2,0) e Nye e [—e,0) U (0,e']:
(1)A(x,0,8) = &%,
() A(x,0,e) < &”.
TEHG) SRS, £ (x,0,8) =+ o . Ik, £ (x,0,8) > f,(x,07,0).
AT 2B B iE B G).
YT, A(x,0,8) < &”, B
i (max(h(x,0,&) —8“’141_/.,0))2 + i (Fi(x,¢e) —f;ywj)2 <&”,

q+1
HEAS
S
| F(x,e) | <ée’lwl+ |F(x,e) —&"w | <& lwl+e&°,
Vi=q+ 1, ,m;
8
[ hi(x,0,8) || <& 1w+ [[h(x,0,8) —&"w, || <&l wl+e,
V] (S ]+ (x,09‘9>’
HpJ  (v,0,e)={j=1,2,-,q] h(x,0,8) = aywj} R A AT B 3.1 A (H,) |
(H,) ,3&A1A

0 <047 (X Ih(x.0.00" | + X IF&0) ] )=
j=1

j=q+1
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o+ X k(0.0 + > | F(x,0) | ) <

jeJt(x,0,0) Jj=q+l1

orr( X b0+ X K+ X [ Fxe) | + Y Ke* ) <
jelJ*(x,0,0) jelJ*(x,0,0) j=q+l1 J=q+l1
q m
0 +T<2 e’ w,l +q&’ + Kge® + Zsyl w; | +(m—q)85+K(m—q)8ﬁ)$
j=1 Jj=q+1
0 +mr(K+2)e’ <

0 +os’.

55 2 ANEESURNER 4 ASER ST A TR (H,) M (H,). Fi,
f(x",07,0)=0" <0 +0e’ <f (x,0,8),
XFA(x,0,e) e Nx[-&,0) U (0,e].
(x°,07,0) J2&f,(x,0,8) WIJRIERH/ME A O

4 HBAH LI

Ry TR 9 R I T S T AT A AP FRATTHEA T A N BUE S5 IR Matlab 7. 8.0 #%
4, 7E Intel Core 2CPU 2. 39 GHz,1.99 GB memory HL#% Figf7r. A | V. ../, (%,0,
&) || <10 FEREHENL. A1 ~ Sho, FRTISE «,,0,, e, FRELERS, UK S(x,)
FOR RS AE x, F R PREE.

Bl 4

fi(x) =10(x, — 1), fo(x) == 10(x, —=x7), fi(x) =1 —x,,
fi(x) =1 +x,, F,(x)=100x; + x; — 101, F,(x) = 80x; — x5 — 79.
KT o, B,y,8 WA (10) FI(22) , XM BES IR E N
a=6,B8=8,y=10,6 =8.
AR A AR « " = (1,1) Ff(x") = 0. MR RN
xg=(2,-1),8,==5,8, =2.
F1 01 BOBIELE R

Table I ~ Numerical results of example 1

k a, % 0, &, S (x1,0),8,)
1 2 (1.000 0, 1.000 0) 0.000 0 0.226 6 1.755 9E-005
2 4 (1.000 0, 1.000 0) 0.000 0 0.299 1 2.877 9E-004
3 6 (1.000 0, 1.000 0) 0.000 0 0.2655 1.500 5E-004
4 8 (1.000 0, 1.000 0) 0.000 0 0.304 1 6.092 7E-004
5 10 (1.000 0, 1.000 0) 0.000 4 0.0515 5.790 5E-004

B2 4
_1 10x;, 2) _L( 10x, 2)
fl(x)_ z(xl +m+2x2 ’fz(x)— 2 - X +m+2x2 s
_L( 10x,
f(x) 2 (" _xl +0.1
X AR E N « =6,8 =8,y = 10,8 = 8. Sl REIES 5 ™ = (0,0), f(x™)
0. %}]ﬁzﬁ/ﬁ% Xg = (2’1) ’00 == 1780 =2,

_ 2] CF(x) =2 42t mmy, Fy(x) =—x + 2
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®2 2 MEESR

Table 2 Numerical results of example 2

k T, X, 0, &}, fg—k(xkyok’gk)
1 2 (-0.000 0, 0.000 3) 0.000 0 0.193 8 5.292 2E-006
2 4 (-0.000 0, 0.000 0) 0.000 1 0.2210 9.822 9E-005
3 6 (-0.0002, -0.0149) 0.008 2 0.412'5 0.015 8

4 8 (0.000 0, 0.002 2) 0.000 2 0.2259 2.729 8E-004
5 10 (0.000 0, 0.002 0) 0.000 2 0.2377 3.781 3E-004
B3 4

filx)=x] +x3, fo(x)=(2 —x,) + (2 —xz)z,f3(x) =2exp(x, —x,),
F(x)=x +x, =2, F,(x) =—x] — x5 +2.25.
HIESHRE N a=6,8=8,y =10,8 = 8. It MR ML(EE «* = (1.353 55, 0. 646 45) Fl
f(x") = 2. 25. ¥R 2« = (0,0),0, = 1,8, = 2.
£33 MoK

Table 3 Numerical results of example 3

k T, kN 0, &}, f(rk(xkvelrvgk)
1 2 (1.007 1, 1.077 1) 2.1347 0.788 6 2.5227
2 4 (1.3536,0.646 4) 2.250 0 0.180 3 2.2500
3 6 (1.3536,0.646 4) 2.250 0 0.206 4 2.2500
4 8 (1.3536, 0.646 4) 2.250 0 0.160 3 2.250 0
5 10 (1.3535,0.646 5) 2.250 0 0.240 1 2.250 1

Ba 4

Fi =exp (e Gy =10 ) Ao = esp (o ey 4 1)),

2

F(x)= I 98100 + 05 +x,x,, Fo(x) =—x, +x5.
HESHAE N

a=6,3=8,y=10,8=8.
AR v = (0,0) Flf(x*) =2.718 28, #WHH S M x, = (0,0),6, = 1,&, = 2.
F4 4 HPRIELER

Table 4 Numerical results of example 4

k T, kD 0, &}, f(rk(xkvekvgk)
1 2 (-0.000 0, -0.0000) 2.718 3 0.177 3 2.718 3
2 4 (0.000 0, 0.0000) 2.718 3 0.2325 2.718 3
3 6 (0.000 0, 0.0000) 2.718 3 0.226 0 2.718 4

Bl5 4

fi(x) =« + x5 +2x3 +x; — 5x, — 5x, — 21x; + Tx,,
fr(x) =fi(x) +10F,(x), f5(x) =fi(x) + 10F,(x), fi(x) =f,(x) + 10F;(x),
F(x)=x +2 +x5 +4, +%, —x, +4;, —x, — 8,
F(x)=x) +2x; +x3 +2x, =2, —x, = 9,
Fy(x)=x +x +x; +2x, —x, —x, — 5.

HESHCE N
a=6,8=8,y=10,6 =8.
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AR E R " =(0,0,2, —1) Flf(a")=— 44 WIHR S R, =(-1,1.5, 1.8, = 1),
0, =— 50,&, = 2.
£5 IS MRl

Table 5 Numerical results of example 5

P 7 - 0, o To Crbr2)
1 2 (-0.006 8, 1.000 8, 2.004 6, —0.994 2) -43.999 8 0.379 1 -43.998 8
2 10 (0.0434,0.9945,1.9699, -1.036 0) -43.985 4 0.396 7 -43.978 8
3 18 (0.0309,0.996 1, 1.978 7, -1.025 8) -43.993 0 0.007 3 -43.978 6

BHAE RN 8 il 25 RSB I, BATTAS BORAR I S 2 Bt ol LAARAS 1R A fe DL
A XU AA SCBETH I 311 B BOR 3 BN, I HLAs 5 RCR RA4T

F ARG AR BT AR T, AR ST RO A AN ] AN RSP T R s e, Lt
S, FATEPATIZ LR, PGS 0 < 1 - 260 A(x,,0,,6,) < Lo AT LU kR A7 7 72
1 =260 A(x,,0,,8,) = ¢ R, IXE 2/ T XA (0,1) g E R AL

5 4% 7

TEASSCH B X7 240 SR AR R AR /NI IR A, B AT Tise it — ol O B DI 28 70 e K, FRATT Y
FI A SR A —FoBT AR A ARG 18 BB MR /NI TR R DI 18 B0k e BRA B AT, 2430
SRR, S TN A A/ ML 02 I AL R B AR /ML 2 — 20 FRATT IS 1R 10 A 0
B RIEATIE TS AT R R A« © 230 )RR % («,0) . BfH A SRR
ISl T B4 11 PR RSO SR AR Y 240 SR BIRAR R AR /N st 8 — b A 28R

Bt AU SRS B HE TR RGC T H (5365/09E) X 7= 3C 14 %% B,
2 2 3Lk ( References) ;

[1] Rustem B, Howe M A. Algorithms for Worst-Case Design With Applications to Risk Manage-
ment[ M]. Princeton: Princeton University Press, 2001.

(2] Zhu S S, Fukushima M. Worst-case conditional value-at-risk with application to robust port-
folio management[ J]. Operations Research, 2009, 57(5) ;: 1155-1168.

[3] Lemarechal C. Nondifferentiable optimization. Nemhauser G L, Rinnooy Kan A H G, Todd M
J. Handbooks in Operations Research and Management Science. Vol 1. Optimization| M].
Amsterdam, Netherlands: North-Holland, 1989.

[4] Rockafellar R T. Linear-quadric programming and optimal control[ J]. SIAM Journal on Con-
trol and Optimization, 1987, 25(3) . 781-814.

[5] Rockafellar R T. Computational schemes for large-scale problems in extended linear-quadratic
programming[ J]. Mathematical Programming, 1990, 48(1/3) . 447-474.

[6] Gaudioso M, Monaco M F. A bundle type approach to the unconstrained minimization of con-
vex nonsmooth functions[J]. Mathematical Programming, 1982, 23(1) : 216-226.

(7] Polak E, Mayne D H, Higgins J E. Superlinearly convergent algorithm for min-max problems
[J]. Journal of Optimization Theory and Applications, 1991, 69(3) . 407-439.

[8] Zowe J. Nondifferentiable optimization; a motivation and a short introduction into the subgra-
dient and the bundle concept| C]//Schittkowski K. Computational Mathematical Program-
ming, NATO SAI Series. New York:Springer, 1985.

[9] DiPillo G, Grippo L, Lucidi S. A smooth method for the finite minimax problem|[J]. Mathe-



264

— TR ) SR ALY 24 SR R, RO /) i) L0 5 310 i

[15]

[16]

[17]

[18]

matical Programming, 1993, 60(1/3) . 187-214.

Gigola C, Gomez S. A regularization method for solving the finite convex min-max problems
[J]. SIAM Journal on Numerical Analysis, 1990, 27(6) ; 1621-1634.

Li X S, Pan S. Solving the finite min-max problem via an exponential penalty method[ J].
Comput Technol, 2003, 8(2) . 3-15.

Ye F, Liu H, Zhou S, Liu S. A smoothing trust-region Newton-CG method for minimax prob-
lem[J]. Applied Mathematics and Computation, 2008, 199(2) . 581-589.

Zang I. A smoothing technique for min-max optimization[ J]. Mathematical Programming,
1980, 19(1) : 61-77.

Zhou J L, Tits A L. An SQP algorithm for finely discretized continuous minimax problems and
other minimax problems with many objective functions[J]. SIAM J Optimization, 1996, 6
(2) . 461-487.

Zhu Z, Cai X, Jian J. An improved SQP algorithm for solving minimax problems[ J]. Applied
Mathematics Letters, 2009, 22(4) . 464-469.

Obasanjo E, Tzallas-Regas G, Rustem B. An interior-point algorithm for nonlinear minimax
problems[ J|. Journal of Optimization Theory and Applications, 2010, 144(2) . 291-318.
Huyer W, Neumaier A. A new exact penalty function[ J]. SIAM Journal on Optimization,
2003, 13(4) . 1141-1158.

Burke J V. An exact penalization viewpoint of constrained optimization[ J]. SIAM J Control
and Optimization, 1991, 29(4) . 968-998.

Pang J S. Error bound in mathematical programming[ J]. Mathematical Programming, 1997,
79(1/3) . 299-332.

A New Exact Penalty Function for Solving
Constrained Finite Min-Max Problems

MA Cheng', LI Xun', YIU Ka-Fai Cedric', ZHANG Lian-sheng’
(1. Department of Applied Mathematics, Hong Kong Polytechnic University,
Kowloon, Hong Kong, P. R. China;

2. Department of Mathematics, Shanghai University,

Shanghai 200444, P. R. Chian)

Abstract: A new exact yet smooth penalty function to tackle constrained min-max problems
was introduced. Using this new penalty function and adding just one extra variable, a con-
strained min-max problem was transformed into an unconstrained optimization one. It was
proved that, under certain reasonable assumptions and when the penalty parameter was suffi-
ciently large, the minimizer of this unconstrained optimization problem was equivalent to the
minimizer of the original constrained one. Moreover, the local exactness property was also
studied. The numerical results demonstrate that this penalty function method is an effective and

promising approach for solving constrained finite min-max problems.

Key words: min-max problem; constrained optimization; penalty function



