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FIA—RIE 532 T e
_ {gl(s,m,)\,a) =0,
B g, (s,m,A,a)=0,
Hrpr s Flom PR RIRES LT A RREN D ESE o RGNS
X B AL 53 3 )AL R AR LR o3 28 ), S I NI 8 =X
g, (8(x" +B),m,A,a),

S=p,8=x1. (1)

G(x,y,A,a) Dg(s,m,)\,a)z (2)
g2(5<x2 +B)9ms)‘sa> °
ML (1) #1580 (2) A R4S
G, =g, ds = 20xg,,, G,, =20g,, + 4952815“
dx
(3)

G, =g, % =20xg,,, G, =20g, +4x°g,, .
W EIRERAABF AL B U AT AT 2
B=B, UB,,
gin€an = &2 =0,
81,81 ~ &8, =0,
&1.82m ~ 8281m =0, (4)
g, (s,m,A,a) =0,
g, (s,m,A,a) =0,
s = fB;
gin€an = &2 =0,
B, =4g,(8B,m,A,a) =0, (5)
g,(0B,m,A,a) =0,
Hor, By TEAR LR IX ) 55 AT AR SR AR 20 25 AR AR TR, B, J& R AR SRS R R ARy 4R
iy SRl RS N o
[F) B, AT LA B0 I 4R
H=H UH,,
g, (s,m,A,a) =0,

g2<3,m’A’a) = 05

2
— 4(58 _B)(g]ss +glmm(&) _2glsm(&)j +2gls5
Hl - glm glm _&_glm (6>
g g g _g2s _g2m,
4<5S - B) (glx's + meIn(glx\) - 2g25m (gh)) + 2g158 ‘
1m 1m

os > B;
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gin&a ~ &2n8&1 =0,
H, =1g,(8B,m,A,a) =0,
2,(6B,m,A,a) =0.
3 3[R AR AT LA B0 PR S A
D=D,UD,,
g, (s;,m; ,A,a) =0,
g,(s;,m; ,A,a) =0,
det(dG), , ,.=0,
6s, =B,1=1,2, (s,,m;) # (s,,m,);
g (88,my, A a) =0,
g(8B,m A a) =0,
g,(s,my,A,a) =0,

D, =

g2(sam2 ,)\,(X) :O’
det(dg)s,mz,/\,a = 0’

s > f3,

Hrrde Z03CEk[10].

1.2 BRI :FAIREZTERENATE, — T ARBAR, 5 —MREAR
F RSB BGH R -

g, (s,m,A,a) =0,

g('s’m’/\’a):{ ﬁl g'S$B2'
g2(35m7A7a) = 0’

SIALT AR 4 .
h(s,x)U(s =B,) (s =B,) +x° =0.
R T K X LT 5328, ) R S A 2 SR, 5 ) A G T AR 4k
G(x,y,A,a)Ug(s,m,A,a) = {gl(X(xz B)ym,Aa),
& (X(x*,B) ,m, A a),
Ho X(&*, B) =s & h(s,x) =0 [fiE.
AR (L) F(12) TR R e R .

G, =g, 37; = (— 290/%) 81s 5

G,, :gzsji: (—296/%];)8'23’

d*s ds) 2
Glm—zé’u@"'gm(d*;) =

a-2025 -8 -2+ a1 (T) ) w4 (),

d%s

G _ a s dS 2 _
2 = 82 A2 + 8o =

dx
202 -8 =B+ a1 (1)) s 4wt (),
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AL 1 AR, AT A B0 T AR,

TN
B =B, UB,,
gin82r ~ &2n&1a =0,
g1,821 — 82810 =0,
B, = (E1an ~ Ex8in = 0,
g, (s,m,A,a) =0,
g, (s,m,A,a) =0,
B <s < By
gin82r ~ &2u812 =0,
B, = g(B,m,A,a) =0,
&(B;,m,A,a) =0,
i=1,2;
[, A DAAS 381 5 RG24 R i J 4R
H=H UH,,

gl(s7m’)‘7a) = 05
g2<s’m9A7a) = 0’

{en(=2[(25 - B - 4G =B (s =B ]) -
425 =B, =B (s =B (s - B,) x

= (gm +g1sm(§“)2 - 2g1m(g“jj }/ {gzs( —2[(25 =B, - By)" -

Im Eim

4(s =B (s =B 1) —4(2s =B, =By) (s =B,) (s = B,) X

2
s s 8is Eim
(gZ\'s + ngrn(&) - 2g2‘\-m(gl‘ ) j } = eh = #’
g m g g25 ngn

1 1m

B <s < By

g(B;,m,A,a) =0,

g (Bi,m,A,a) =0,

g8 ~ 8an&1 =0,
i=1,2.

H, =

XU 5 o
D=D UD,UD,,
g,(s;,m;,A,a) =0,
g, (s;,m; ,A,a) =0,
det(dG), , ,.=0,

B, <s<B,,i=1,2, (Snml) 7 (32’m2>;

(14)

(15)

(16)

(17)

(18)
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gl(ﬁl’mly/\,a):()a
A =0

DZZ gQ(IBI’mly ,a> ’ (19)
gI(BZ’mZ’A’a)=O9
2,(B,,my,A,a) =0;
gl(ﬁi”ni?/\’a):o’
g2<,8“mi’/\’a):0s
A,a)=0,

D3 — gl(’S,ma Ol) (20)

g2(s,m,)\,a) :05
det(dc)s,m,}\,a :07
B, <s<B,,i=1,2.

1.3 BRI :AIREZEREHNSR, EP—PAFRAR, 51 AEAE

g — N HA BRI 2T

G(x,y,A,a) =
gll(sym,Aaa), g21(39m9/\7a)9
g](s,m,)\,a)
=1gn(s,m,A,a), g,(s,m,A,a),
gz(sam’/\,a)

13(s,m,)\,a) ’ gZS(S’ma)‘9a) ’

SSBH
B, <s <pB,, (21)

s=p,.

FRATRTRIBI 1.1 350 1. 2 A3 R A5 SR S AT X T s < B, 8 s = B, W1
B, AT AR F B 2 SRS S50 s 6 F B, < s < By ML, 7T AR FH—ANRESAR f W BUA L,

T3 — A ARG DU 45,

1.4 BRNV . AIREZEREHNSE, RIRETEMREDLR

FEIXCTTH WF5E AR AR B0 A B 2 SR 1 0 .
§s=x +pB, =0,

g(s,m,A,a) =0, { ‘ p
&m=y +B,, ¥y =0

FIAGR 2 He .

" ’A”a :O’
Clx,y.h @) Dg(s,m,A,a>={g‘“ m,4,0)
g, (s,m,A,a)=0.

T RE(23) Al R R R,

ds dm
G, =g, dx = 26,xg),, G, =g, Ty = 26,581 »

ds dm
GZx = g2$ & = Zslxgls ’ GZx = me d7y = 252yg2m’

G
G,, =28,g, +4x’°g,., G
R 7 (24 ) W45 3| LT 4R,
TN
B=B, UB, UB, UB,,

=20,g, + 4x2gm , Gm =20,g,, + 4y2glmm ,

Lxx

2 yy = 262g2m + 4y2g2mm .

(22)

(23)

(24)
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B,

gin82x ~ &2n&ix =0,
g1.820 — 8812 =0,
81.82m ~ 8281 =0,
g, (s,m,A,a) =0,
g, (s,m,A,a) =0,

o0,s =B, 6,m = B,;

_ gl(allgl ’62:82 ’)\’a) = 09

8:(8,8,,6,8,,A,a) =0;

81820 ~ 82812 =0,

g (s,08,,A,a) =0,

g:(5,86,,A,a) =0,
S,s > B

gin&2x ~ &2u&i1n =0,

g(8B,,m,A,a) =0,

g:(8B,,m,A,a) =0,
o,m > f,.

(25)

(26)

(27)

(28)

B, FEAR LR X (] 580 LR & 24, B, B, B, Jeth TARSKMEREM, RZ
RS R 25 3 4R
[FJEE, ] LAIAS 2 e 4
H=H, UH, UH, UH,,

H,

gl(S,maA9a) = 0’
gQ(S’m’A’a) = 05

{251gls + 4(513 _Bl)glxs +

k) _ 2
(28,2, +4(8,m = B,) g1m) (Lﬁzj (gh) _
513 _B] 8im

805 - B0 (2] | [ {2080 + 405 - B, +

Im

(28,g,, + 4(8,m —Bz)gzmm)(wj (gflj -

o5 - B,/ \g,
¢ gls glm
8(8,5 -8,) (&)} =Sl _Slm
( : Bl gz. ng me

Im

oy > By, §,m > B,;

_ gl(5]Bl ,5232,)\,&) = 0’

g2<81ﬁ1 ,0,6;,A ,a) =03

(29)

(30)
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&1.82m ~ 8281m =0,
H3= gl('s’SBZs)"a):O’ <31>
g2(3’81825)\’a) ZO,
o5 > B
glngm _ngglm =0,

H4= gl<8ﬁlam’)‘,a>:0’ <32>

g2(6ﬁl 9m’/\’a) = 0,
o,m > f3,.

XU R L S
D=D,UD, UD, UD,,
g (s;,m;,A,a) =0,
D, - g, (s;,,m;,A,a) =0, (33)
det(dG), , ,.=0,
i=1,2,86s=p,,86m=p,, (s,,m) # (s,,m,);
81(8,B,,6,8,,A,a) =0,
£:(6,8,,0,8,,A,a) =0,
D, - g /(s,m,A,a)=0, (34)
&(s,m,Aa) =0,
det(dG), , . =0,
6,;s > B,, 6,m > B,;
g1(s1,0,8,,A,2) =0,
g:(51,8,8,,4,a) =0,
D, - g,(s,,m,A,a) =0, (35)
g.(s,,m,A,a) =0,
det(dG)sz,m')"a =0,
o5, > B, 0,m >B,,i=1,2;
g1(8,B,,m,A,a) =0,
£(8,8,,m,A,a) =0,
p, = &1(omas @) =0, (36)
& (sy,my, A 0) =0,
det(dG), .. 10 =0
8,5, > By, 6,m, >B,,1i=1,2,
1.5 RAV:AIRESEERGENHE, MM RETEHR LA R
TEX T L R AIR S AR A2 XSGR 2R 0L,
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A =0 SIS
G(x,y,)\,a)Dg(s,m,)\,a):{gl(s’m’ 5a) ’ Bl S BZa
gz(s,m,)\,a)z(), B3$m$ 4 <37>
h‘l(syx> D(g _:31)(3 _:82) + o =0,
\hz<5,x) D(m _B3>(m _34) +y2 =0.
WA (37) WL BILLUF R
1s oh
G, =g, i = (— 296/ T;j 815>
d oh
Gy =g, i = (— 296/ 8731) 825
_, s ds)’ _
Glxx _gls de + glss(a) - (38)
3 2
gls(_ 2[ (25 - B, _52)2 +4x2]/(aafhl) )+4x2/(%) 8o
S S
_, & ds\? _
Gy, = &, A2 +g2w(£) =
3 2
e -20e-p =g 4] [ (I) ) s ae /(W)
S S
(o )
Gly _glm dy - (_ zy/ % glm’
dm oh
GZ)‘ = 8om @ = (— 2}// 872) 8om>s
d’ dm) 2
Gm’ = 8im dT +glmln(£) =
y dy (39)
2 2 oh, 3 >/ (dh, 2
8im _2[(2m_:83 _34> +4y:| % +4y @ 81mm s
_ d’m dm\? _
GZ_}‘)' = 8 dyz +g2xs (Ty) -
3 2
g~ 20 m -8 =80T+ 471 (2] ) ag [ (Se)
om dm
AR HA AR R

B=B, UB, UB, UB,,
gin82r ~ &2n81a =0,

g1.820 ~ 8812 =0,

818 — 8281, =0, (40)
g, (s,m,A,a) =0,

g, (s,m,A,a) =0,

B ssspB,,B; smsPB;
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IEE V)

g (BB, A,a) =0
&(B:.B;,A,a) =0
i=12,j=34;
gin82r ~ &2n81a =0,
2,(B;,m,A,a)=0
2, (B;,m,A,a) =0
B, <m<B,i=1,2;
g1,821 — 82810 =0,
g(s,8,A,a) =0
g (s,B,,A,a) =0
B, <s <B,,j=3,4;

H=H UH, UH, UH,,

gl('s’ma)\aa) =0
g2<s7m9A7a> = 0

2
Gl(&) + G, + ZGW( @j
Glx

2 - ’
G,.. (%) + Gy, + 262-@(‘ &) Gy Gy,

1x

oh,
G, (‘2%/5;)&m
G,, (_ 2x/ %)gh’
s

= 2m B3 B47

5 =25 B - P,
,31\?\,82,33\ < Bs;
g/(Bi,B A, ) =
& (BB, A,a) =0
i=1,2,7=34;
81,82m ~ 8281 =0,
g, (s,B;,A,a) =0
g, (s,B;,A,a) =0
B, <s<B,,j=3,4;
81,82 ~ 8281 =0,
g,(Bi,m,A,a)=0
2,(B,,m,A,a) =0
By <m < B,,1=1,2;

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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D=D,UD,UD,UD,,

g,(s;,m;,A,a) =0,
g,(s;,m; ,A,a) =0,
det(dG), , ,.=0,
1=1,2,8, =ss=8,,
B, =m<pB, (s,,m) # (s,,my);
g(B: B A ) =0,
£(B:.B;, A a) =0,
g,(s,m,A,a) =0,
g, (s,m,A,a) =0,
det(d6). . =0,
i=1,2, =34
g(s,B;,A,2)=0,
g:(s;,B;,A,a) =0,
g,(sy,my,A,a)=0,
g,(s,,my,A,a) =0,
det(dG), .10 =0,
B, <s<B,,B;, <my, <B,,j=3,4;
g (Bi,my,A,a) =0,
g&:(Bi,my,A,a) =0,
g.(sy,my,A,a)=0,
g,(s,,my,A,a) =0,
det(dG) =0

sp,my, A, ’

B <s, <Py, By <m<P,,i=1,2.
1.6 BRAVI.APMRETERZGENS R, HP— M2 RBAR,5—PAWAAR
TEIX 9 Th 2 AR A 5 RGE R 5020, Horh — A2 20, 5 — A XSG 2R

G(x,y,A,0) Ug(s,m,A,a) =

Ss = &° + By,
h(m,x)0(m =B)(m -B,) +y° =0,

RIS HAT 8RR
B=B, UB, UB, UB,,

gin&2x ~ &2u&1x =0,
g1.821 ~ 881, =0,
g8 ~ &281m =0,
g, (s,m,A,a) =0,
g, (s,m,A,a) =0,

0s =By, B =m=<=p,;

(48)

(49)

(50)

(51)

(52)

(53)
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gl<8305ﬁi,’/\5a)=0,
Bz = gQ(SBO 7ﬁi3)\3a> :01 (54)
i=1,2;
81,820 — &8, =0,
A =0
B3 — gl(’S,ﬂw ,a) ’ (55)
gQ(S’Bn/\,a):O’
S =p,,i=1,;
ging2n = &2 =0,
0 A =0
B4 — g|< B()’my ,(X) ’ (56)
g2<8B05m,)‘,a):09
By <m < By
e V)
H=H UH, UH, UH,,
g,(s,m,A,a) =0,
gQ(S’m’)\’a) :03
2
Glxt(&) + Gl)’) + 201 r)’(_ Gl')’j
. Glx ) ' Glx _Glx _&
2 - ’
GZx.t (@) + GZ,U’ + 202” (— Gl’) sz Gz)
H = Gy, G,, (57)
-2/ %)
&_ -y % 8im
Glx - 2xg156 ’
oh,
67m=2m -B - B,
os =By, By s m < B,;
gl(aﬁ()yﬁi’/\’a):(),
H2 = g2<5ﬁo sﬁi’/\7a) :O’ (58>
i=1,2;
glngIn _gZSglm :()7
A =0
H3 — gl<s’BL’ ’a) ’ (59)
g, (s,B;,A,a) =0,
8s > By, i=1,2;
&1.82m ~ 8281m =0,
0| A =0
H4 — gl( B()’m, 7a) ’ (60)
g2<5607m7)\’a)=09
By <m < By;
XU BR AR R

D=D, UD,UD,UD,,
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g (si,m;,A,0) =0,
D, - 2, (s,,m;,A,a) =0,
det(dG)si‘mi,A,a =0,

8 =B, B <m<p,,i=1,,2;
£1(8B,,B;,A,a) =0,
2,(8B,,B:,A,a) =0,

D, - g, (s,m,A,a) =0,
g:(s,m,A,0) =0,
det(dG), ., . =0,

8s > By, B <m<B,,i=1,2;
g1(s;,B;,A,a) =0,
g (s,B,,A,a) =0,

D, - g,(s,,m,A,a) =0,
2,(s,,m,A,a) =0,
det(dG)AszY,\,a =0,

8s > By, B <m<B,,i=1,2;
2,(88,,m,,A,a) =0,
2,(86,,m, ,A,a) =0,

D, - g, (s,my,A,a) =0,
g,(s,my,A,a) =0,
det(dG)wzy)\,a =0,

0s > By, B <m <B,.
1.7 BRI AIMREZEREHNHIE, N ZEHBATEAR

(61)

(62)

(63)

(64)

Xt PR AZ AR 7 BEAR AR B0, Al S R Y S5E. G143 A 7 Bey

W3 0T
G(x,y,A,a) = gl(s,m,)\,a):
g, (s,m,A,a)
g, (s,m,A,a),g,(s,m,A,a), s<B,m<vy,
gn(s,m,A,a),g,,(s,m,A,a), B, <s<B, v <m<vy,,
s(s,m A ) ,g,(s,m,A,a), B, <s<B,,m>v,,

(65)

XET s < B, m <y, WS TSP IA S RS 30 20T B (B4 X T B, <
S < By vy < m <y, WL TSRS 2 B A T L U B . AT B, <
5 < By m >y, WL TR — MARAS BB MU AR 53— XA LR B B
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2 YR RGN A D

2.1 EARRGEHTFRESN
FIE T e

18’1 =" =m’ = A +am, (66)
g =m’ — A +ps,
Her, s,m RS A RIS, o B —ITITSHL.
AR (66) TR N
p={S -p=0f, (67)
:Hl = {B(2a +3B +3(B(4a +p))"*) =0}, (68)
= {B(2a +3B -3(B(4a +p))"*) =0},

k1 Frs. AR X R A 220 SR 1 R,
F1IR(66) TERFIRE N R4 2

Table 1  The bifurcation diagrams in different persistent regions of system (66 )

A-s curve -m curve A-s-m curve
persistent regions
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B
+
5
%4
eg

(%)

(6)

(@)

®)

C)]

(10)

(1

(12)

N AYAYATLTAVATA
ANAREA NN IR RN

PN A QA

BT Har LR AR 2 R GRS S RO 70 12 A XK. R 1 T LA
PR 12 Bl 2, BIANTE DX TR) (2) A 2 B G R A s IXTR] (1) F1(6) A i LG K A ik s
WA RGN 8I1F RO T IS RO R AR .

2.2 ARFRGZHITREST, EP—TREBEHBBLR, BN HWBLAR

THARI BT
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g =5 —-m’ - A + am;
g, =m’ — A + Bs; (69)
s=1,1<m=<6;

N

s =20 + 1,

{ (70)

h=(m-1)(m-6) +y.

ADRIZ e R GE (Horh— RSB N N, 53— G2 W 4R S I (T71)
F(72) , G 2 Jrs.

Blz{%z—ﬁzzo}ale={a_B_1=0},

322:{6a_3_71:0},331:{—%zm—z:o}, (71)

B32={—’%2+6a—72=0},B4={%2—,8+1=O}.

H1={0[27'B—B+1:0},H2]={a—B—I:O},

(B+2)°
Hy,=16a-B-71=0},H ={(a-2)(aB -68 +16)=0}, (72)
(64
H4 = { ﬁ ﬁ } ’
(B+2)°
6 17 e
\ 12 o T a0y .5
<L @
2@ -7 an A ()
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Table 2 The bifurcation diagrams in different persistent regions of system (69 )
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Transition Sets of Bifurcations of Dynamical System

With Two State Variables With Constraints

LI Jun, CHEN Yu-shu
(School of Astronautics, Harbin Institute of Technology,
P. O. Box 137, Harbin 150001, P. R. China)

Abstract . Bifurcation of periodic solutions widely exists in nonlinear dynamical systems. Cate-
gories of bifurcations of systems with two state variables with different types of constraints
were discussed where some new types of transition sets were added. Additionally, the bifurca-
tion properties of two-dimensional systems without constraints were compared with the ones
with constraints. The results obtained can be used by engineers for the choice of the structural
parameters of the system.

Key words: bifurcation; constraint; singularity theory; nonlinear dynamics; two state varia-
bles



