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AR MR ZE R O(7> + h') .

5 %H &

Bl FIEFRME

=7 [gxu]+27 2+ y)0 - FF((23++2yy)) SR B
0sx<1;0<:<1, (33)

wu(l,t)=e™, u(0,t) =1, 0<:<1,

u(x,0) =0, O0sx=<1.

I BN u(x,t) = e 77 . CEUE R SRR 4R 22 U
E_ = max {lu —u(x.1)|}.

®
1sj<M-1

F1HIHT Yy =0.5 B, FE(33) ARG AR5 f A% X INASH® JTFDS DA TIFDS Jii 5 5
THUEMR AT IRZE, AR, ASCHTHE A AR T INAS SR vt BT 5 S RS B i — 20,
IBREMFR 1 FPIESE IFDS HARZER O(r + h*) LK IIFDS ERZER N 0(7% + h*) .

R1 oy = 0.5 BWE4ExFiRzE

Table 1  The maximum error withy = 0.5

T = h? INAS!16] IFDS IFDS T =kt IFDS 1IFDS
1/16 1.102 7E-002  7.734 6E-003  8.700 OE-005 1/81 1.567 9E-003  5.737 5E-006
1/64 2.953 0E-003  2.095 SE-003  5.670 2E—006 1/256 5.415 0E-004  2.706 3E-006
1/256 7.621 2E-004  5.480 0E-004  3.635 3E-007 1/1 296 1.092 5E-004  5.945 OE-007
1/1 024 2.074 4E-004  1.397 3E-004  2.298 6E-008 1/4 096 3.4823E-005  1.913 8E-007
B2 G Rghn T )
@zoD,“V az—f] +az—l;+ (2;: +72Tr2 i +Tr2t2>005(ﬂx),
ot ox dx I'2+vy)
O0sx<1;0<i=<1, (34)
u(l,t)==1¢, u(0,t) =1, 0<:<1,
u(x,0)=0 0<ssx<1l.
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VIR B AN u(x,t) = cos(mx) s
K2R T Yy =0.6 0, [A18I(34) AETAAE 5 B IFDS F1 LIFDS 45 #Y ZUELfif: 1Y 266 %) 1%
Z.RKIGIT Y 1 = 1/4 FRBORF A y BRI (34 ) BORS A% -5 i TIFDS Fr A5 A0 B0 A 1Y) 48 %)
BRZE. WWEUE BT 25 SR B BT AR LS o W S EUESS R A
F2 IFDS 5 IIFDS M4axfiR2E (y = 0.6)
Table 2 The maximum error of the IFDS and IIFDS (y = 0.6)

IFDS 1IFDS

h=r1=1/4 2.232 2E-02 3.287 OE-04

R =7 = 1/64 1.659 1E-03 2.016 9E-05

h=1/16, 7 = 1/1 024 1.066 7E-04 1.254 8E-06

h=7=1/8 1.220 4E-02 2.016 9E-05

h =1/16, 7 = 1/256 4.268 6E-04 1.254 8E-06

ho=1/32, 7 = 1/1 024 1.096 6E-04 7.966 9E-08

% 3 1IFDS B 4tz 2
Table 3 The maximum error of the IIFDS
y h=1/10, 7 = 1/4 h=1/100, 7 = 1.4 h=1/1000, 7 = 1/4  h =1/10000, 7 = 1/4
0.1 8.357 7TE-06 8.382 0E-10 9.770 OE-14 5.400 1E-13
0.2 8.350 8E-06 8.374 9E-10 1.043 6E-13 1.632 6E-12
0.3 8.344 4E-06 8.368 3E-10 1.596 SE-13 3.543 1E-12
0.4 8.338 4E-06 8.362 2E-10 1.592 1E-13 1.331 7E-12
0.5 8.332 7E-06 8.356 4E-10 1.256 8E-13 3.348 OE-12
0.6 8.327 3E-06 8.350 8E-10 1.354 5E-13 1.355 6E-12
0.7 8.322 0E-06 8.345 5E-10 1.106 9E-13 1.181 8E-12
0.8 8.316 9E-06 8.340 3E-10 1.599 8E-13 1.220 2E-12
0.9 8.312 0E-06 8.335 2E-10 1.042 5E-13 9.469 1E-13
6 4 it

AL TN B0 T S B A Stokes 55— ] YA A% 2 IFDS P J& TIFDS .
Xt T B R AR A ZUHEA T T R 2E B 44T, X IFDS P AR Mk S YRS HEAT T P M 18 TIE. fi )5 3l
A KA Y0 T TR A XA A T S

Bt VR R O G U TR S A R R AL R R R
£ % ik ( References) :

[1] Podlubny I. Fractional Differential Equations[ M]. San Diego: Academic Press, 1999.

(2] Shriram Srinivasana, Rajagopal K R. Study of a variant of Stokes’ first and second problems
for fluids with pressure dependent viscosities[ J |. International Journal of Engineering Sci-
ence, 2009, 47(11/12) . 1357-1366.

[3] Beirio da Veigaa L, Gyrya V, Lipnikov K, Manzini G. Mimetic finite difference method for the
Stokes problem on polygonal meshes [ J|. Journal of Computational Physics, 2009, 228
(19) . 7215-7232.

(4] Ivan C Christov. Stokes’first problem for some non-Newtonian fluids: Results and mistakes
[J]. Mechanics Research Communications, 2010, 37(8) : 717-723.



74

LI % ok M DGR &

(7]

(8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

FESF#E, XIH . AR 3800 L B AR (1 Rayleigh-Stokes [5] 8 i) — i B RU8UE T 1%
[J]. WA, 2009, 30(12) ; 1440-1452. (ZHUANG Ping-hui, LIU Qing-xia. Numeri-
cal method of Rayleigh-Stokes problem for heated generalizedsecond grade fluid with fraction-
al derivative[ J]. Applied Mathematics and Mechanics ( English Edition) , 2009, 30 (12)
1533-1546.

TAN Wen-chang, Masuoka Takashi. Stokes’ first problem for a second grade fluid in a porous
half-space with heated boundary[ J]. International Journal of Non-Linear Mechanics, 2005,
40(4): 515-522.

Hayat T, Shahazad F, Ayub M. Stokes’ first problem for the fourth order fluid in a porous
half space[ J]. Acta Mechanica Sinica, 2007, 23(1) . 17-21.

Devakara M, Iyengar T K V. Stokes’ first problem for a micropolar fluid through state-space
approach[ J]. Applied Mathematical Modelling, 2009, 33(2) : 924-936.

Salah Faisal, Zainal Abdul Aziz, Dennis Ling Chuan Ching. New exact solution for Rayleigh-
Stokes problem of Maxwell fluid in a porous medium and rotating frame[ J|. Results in Phys-
ics, 2011, 1(1) . 9-12.

Magdy A. Ezzat, Hamdy M. Youssef. Stokes’ first problem for an electro-conducting mi-
cropolar fluid with thermoelectric properties [ J]. Canadian Journal of Physics, 2010, 88
(1) 35-48.

SHEN Fang, TAN Wen-chang, ZHAO Yao-hua, Takashi Masuoka. The Rayleigh-Stokes prob-
lem for a heated generalized second grade fluid with fractional derivative model[ J]. Nonlin-
ear Analysis: Real World Applications, 2006, 7(5) ; 1072-1080.

CHEN Chang-ming, LIU F, Anh V. A Fourier method and an extrapolation technique for
Stokes’ first problem for a heated generalized second grade fluid with fractional derivative
[J]. J Comput Appl Math, 2009, 223(2) . 777-789.

Liu F, Yang Q, Turner I. Stability and convergence of two new implicit numerical methods
for the fractional cable equation [ C]//Proceedings of the ASME 2009 International Design
Engineering Technical Conferences & Computers and Information in Engineering Confer-
ence, San Diego, California, 2009.

Liu F, Yang Q, Turner I. Two new implicit numerical methods for the fractional cable equa-
tion[ J]. Journal of Computational and Nonlinear Dynamics, 2011, 6(1) . 011009.

Chen C, Liu F, Turner I, Anh V. Numerical methods with fourth-order spatial accuracy for
variable-order nonlinear Stokes’ first problem for a heated generalized second grade fluid[ J].
Computer & Mathematics With Application, 2011, 62(3) : 971-986.

WU Chun-hong. Numerical solution for Stokes’ first problem for a heated generalized second
grade fluid with fractional derivative[ J|. Appl Numer Math, 2009, 59(10) ; 2571-2583.

CUI Ming-rong. Compact finite difference method for the fractional diffusion equation[J]. J
Comput Phys, 2009, 228(20) . 7792-7804.

Zhuang P, Liu F, Anh V, Turner I. New solution and analytical techniques of the implicit nu-
merical method for the anomalous subdiffusion equation[J]. Siam J Numer Anal, 2008, 46
(2): 1079-1095.

Thomas J W. Numerical Partial Differential Equations: Finite Difference Methods| M ].
New York: Springer-Verlag, 1995.

Quarteroni A, Valli A. Numerical Approximation of Partial Differential Equations, Springer

Series in Compututational Mathematics 23[ M]. Berlin: Springer-Verlag, 1994.



TR 43R0 T SC B A Stokes &7 — [A18 14 i B £ 8 77 vk 75

[21] Roger A Horn, Charles R Johnson. Matrix Analysis| M]. Cambridge: Cambridge University
Press, 1985.

[22] W, 38%em, SOLF. 80 SOy B0 — R i m OV EBUE 2 [ J]. W R S | AR B2
#2, 2011, 33(4): 19-23. (YE Chao, LUO Xian-nan, WEN Li-ping. A new high order numeri-
cal method for the fractional diffusion equation[J]. Natural Science Journal of Xiangtan
University, 2011, 33(4) . 19-23. (in Chinese) )

High-Order Numerical Methods of the Fractional Order
Stokes’ First Problem for a Heated Generalized
Second Grade Fluid

YE Chao, LUO Xian-nan, WEN Li-ping
(School of Mathematics and Computational Science, Xiangtan University,
Xiangtan, Hunan 411105, P. R. China)

Abstract: High-order implicit finite difference methods for solving the Stokes’ first problem for
a heated generalized second grade fluid with fractional derivative were studied. The stability,
solvability and convergence of the numerical scheme were discussed via fourier analysis and
matrix analysis method. An improved implicit scheme was also obtained. Finally, two numeri-

cal examples were presented to demonstrate the effectiveness of the mentioned schemes.

Key words: fractional order Stokes’ first problem; implicit difference scheme; solvability sta-

bility; convergence



