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Kl,/v Kl,l Kl,z Kl,s\"—l
K = Kl,s\"—l Kl,N K1,1 KI,N—Z ’ <1>
L K],z K|,3 K|,4 Kl,] .
PEAHE A — AR5 F 2 M T B MR PR R v LAt fafb. 3 N By U FERE IR 45
U= I:U19U2a"'aUN:|’ (23)
Hrp
U = (1/ JN)[1,e" e oo oiN-Dme )T (2b)
¢ =2w/N, i=+/-1. (2¢)
H U s U W& LR, WA
U'KU = diag(k, ,ky - ,ky) , (3a)
Hrp
k= ZKl‘jei("_”"p, (3b)
U'v=I. (3¢)
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B . A DRI B R I W v, e LR AR A B R ARG DR B BRI 1 AR TR R A %)
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q(x) == q(-x) == q(21 - x), Yx e [0,1]. (4)
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Fig. 1 A simply supported beam of span / and subject to load ¢(x) (the beam is

divided into cubic spline sections with equal section length)

= 4@

P I U I I S N
1|3 kl n‘+1
< ! |

B2 RIS v ] ) P00 S i AL 8 (MRS B8 A il AR (RS T I8 ) B B xR )
Fig.2  Two hypothetical spans are appended to the original simply-supported span in the middle

(deflection profiles of the hypothetical spans are anti—symmetrical to the original span)
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Fig.3 A linear periodic system of beam( each period is divided into 27 cubic spline sections)
AR ROGFREBE N ARIE | H S b e T 5 R R v ) i AR A [RIRE RO RRABIE AT LA
TEJIT A S A AR % 0% 0 g AN DT 5 D s T R B i R g — S 2 R B, Bl 3 .
T FIREA 2n A SRAEST By RS 2 2. R Euler 19323
W, I BB AR T =K ByFEARPREL ¢, (2) ™, WIBEHEREICE AT A K

(5)
Hrp L=2l.

— Bk UL, B SRR FESR BREL b, (x) , AURT 7 A AHAR OFE SR BRECA 5%, ULIEL 4. [RIFE b,
JE R GG SRR AOEE © 47T LA A

K, sw_3 + K, ow_, + K, jw_, +K, w;, +K,,, ,w,, +
Ki,i+2wi+2 + K sw,, = F (6)
Hrp
K., ;= 6E1/36h" = Ki s, K, ,=0=K,,,
K., =-54E1/36h° =K, ,,,, K,, = 96E1/36h, (7)

K, =0, Myl i-jl=4.
JrER(6) o, F BB A S B A5 LA 5 B R (5 ) e RE 4% B P U
ﬁHJ.
XEF B S TR p, TR (6) EOHI AR F, o
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Fig.4 Cubic spline functions with equal section length( each spline function ¢;

couples with seven consecutive splines ¢;_5 to ¢;,3)

Fi:pj()‘d)i(x)dxa (8)
/\‘EP F =0= Fn+l = F2n+l .
B SRS e |

22hp _ “F =—F

F2_ 24 - n+2

- Fys (9)

HARWF =hp.

N U AR 5 R (2)  FRATHE AT LA ) AR g, LA ORTR AT FRASIES eV TR R il A2
T,
S 17 1(1 1)rs0 10
rZ Vi 4. (10)
Hr N =2n.
BEAEC(3) ((6) F(T) W BERE T L #4khy

N
— i(j-Dre _
k., = ZKUG =
=1

Kl‘lei(]—])np +K1Yzei(2—])r<p +Kly3ei(3—1)rcp +Kly4ei(4—l)rtp +

Kl,Nei(N—l)np + K,,N_]ei(N_”w + K],N_zem_}w _

K, +K ,e"™ + K, ;e"* + K, e +

Kl,we_iw + K]'M]e—Ziw + Kl,,‘\uze_ﬁw =

(96 — 54" + 0™ + 6" — 54e™" + 0e > + 6e77"%) /36h° =

(96 — 108cos re + 12cos 3re) /36R°. (11)
oy 28 1] AV A LA B AR 68

N
1 —i(j-1)r
fr == 2 " ¢F' =
/N & :
N

h { z"‘ oG- _ 2 e iU _
j=2

N j=n+2
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2 (e—i(Zfl)np + e—i(nfl)np) + l(e—i(zwl)np + e—i(/\‘?])rq:) } —

24 24

;]%{ ]iz e—i(j—l)rw _ i; e—i(n+j—l)r<p + %(e—irw _ eiw)(cos ma — 1) } —

;}%{ ge_i(j_')r‘p + ge_io_lw + %( - 2isinrg)(-2) } > )
IR r R A,

0, R r AL,

2hp [ N0 G-ty hp 1 ,. . N w

m{,-zle Y ¢ kg tisinre), IR KA, ()

09 ﬂﬂ% r ﬂ‘j,ﬁ%%&-

Mo A KT 1 I LR RT LR
i eoi-re _ o T 1sinre

a _l—cosrgo'
FUFHRT A7 M EERE R (1), AR B J5 A ) i (12) iR ) XAk bR ¢, (r=1,3,5,--,N = 1) ;
(96 — 108cos re + 12cos 3rp)q,/36h° =

_2hp isinre ’L’%{isinr@), ()

JN 1 —cosro /N
Al
_ h'p isinrg(5 + cosrg)
EIJN (1 = cosrg) (8 = 9cos ro + cos 3rg) ‘

MTTAR 75 5y A 2 B8 A2 4

N-1

q, = (14)

w = Z Leiﬁ-l)w - h'p isinre(5 + cosrp) _
LGS N EIJN (1 = cosre) (8 = 9cosre + cos 3rep)
- h'p i eV sinro (5 + cosrp) (15)
EIN ,_ /5% . (1 —cosrg)(8 —9cosre + cos3rp)
TR R BB IR AT, B e SR St e B vh A R BR
W,y = (1/6) (W, + 4w, +w,,,) =
h'p E sin(rm/2)sinre (5 + cosre) (e™ + 4 +ei"°):
EIN,_ /5% .. 6(1 —cosrp) (8 —9cosrg + cos3rp)
h'p = sin(rm/2)sinre(5 + cosrg) (2 + cos rg) (16)
EIN,./5% .. 3(1 —cosrg)(8 —9cosrg + cos3re)
fRix
iy 2 s o) 2 o
JES)
fr)=f(N-r). (18)
IXRE G A R SEBR B
_h'p <« sin(rm/2)sinre(5 + cosrp) (2 + cosre) (19)

=2 T 3EIn, 5% (1 —cosre) (8 = 9cosre + cos 3rp)
PR (19) B A 53% Taylor FCBURT 153
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Werr Zapp e P sl T 384ETD
a2 (20) BY5E 2 THANGE , —IRAESRAR LA n~* B RIS B2 10 e AT i

EARF BRI, —MEE A2 g (x) , VERTEATAAT A9 RE ST s, #B0T LI i A
IO B R 5 B ORI B B I, R 30 IR AR 2 1 o] 0 2R 6. o 26 ) 30 ol 0 75 AR R B Y
Uy ST R (12) A5 45 3], E T FE (13) B (21) 45 i 25 08 | RENE 15 2IKS 1 19 38 15 7.

TR 2 T B, e B G A AT AT A 0 A i 8T Bt .
I B B R, 6 TR sl DR, Sl S AR O ) B M s R

M, = me¢. ¢b.dx.
SRR B AR B — > 2 BT MR R ) 3O

m_ZMe(11)¢:

j=

(2416 + 1 191e™ + 120e™* + 1e”% +
1 191e™ + 1207 + le ") mh/5 040 =
(2416 + 2 382cos ro + 240cos 2r¢ + 2cos 3rg ) mh/5 040,
MFE(11) F(23) AT AR B B E o .
(8 = 9cos rg + cos3rp)q.El/3h =
©’(1 208 + 1 191cos r¢ + 120cos 2rg + cos 3r@ ) q,mh/2 520,
Rl

» _EI 840(8 — 9cos r¢ + cos 3re)
" mh*1208 + 1 191cos re + 120cos 2r¢ + cos 3rg

FH Taylor Z2ECRTT , FRATTRT LAAS 21 B 45 4505 10 3 A, S AR I 19 15 25 T
©' = %}f[(rlfo * 100 800 * 0“910)) :
[ = I AL e
Wl o E (rq:)A . El(m;r)“( rat )
m ml 720n
[ Y RRIE(E LA o™t BT RIS 1) SR A0 T A
S5 ) AP R 8 AR U R TR A

G, —)\Pdeqb dt] X,
72 4 N R R 2 AL P = 75 216 A AR i LRI AR B T R
g, = zglje(j Dre _

(240 — 456" — 727 — 36 — 4567 -
72e72% — 37" ) A P/360h =
(240 — 90cos re — 144cos 2r¢ — 6cos 3rg ) A P/360h .
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(25)

(26)

(27)

(28)
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H 7R (11) F1(28) 45 2 i 2 fif RELA -
(8 = 9cos rg + cos3rp)q, EI/3h” =
A (40 - 15cos r¢ — 24cos2ro — cos 3rp)q, P/60h,
Rl
_EI 20(8 — 9cosre + cos3rp)

" PR240 - 15cos r¢ — 24cos2ro — cos3re (29)
H Taylor ZWEURTF 155
_10EI(Pe? 9" s
_Ph2(10 +7200+0(“’))’ (30)
faii bk
EI(Fw*\ EI(F=w*\ (=
=) ) ) 31
PUE )T P UR ) an0s G

BUr =1, W iz A 280 A DL~ AOHTE R ST AT S 32 /0 Euler Ji fh 2 fir.

Ejfdi F =K Hermite Z2 80 AR SICRAA g, M5 H2(20) L (26) FI(31) AT LIF H, =ik
FELS R BUR BRI | [ AT R A il 228 oy A MR BI0R | 7 G2 BT RO R B, I 0,5 A4 2 2 B0 R
AR B — (B TEONEE ST B ) . 53 80, A B 25 200k AR LA, PR 2% T
A1 55 B A HVBORH [R) (BB AP A AR TR A5 850, HUR:, A BR 2243 IE AU SR Bk, £
A n.

3 fFEEA BRI U AR

e YRR | ST S R AR ) A AR SR BE B T ) 43 B m A58 4 MR ) B 45

FEABR K JE DT 43 n ANRESTT (BB MK o= 1/n) |, VWS, FERT 1 AR TR B9 78,

B &l 6 iz, 1) WA Jy [ ZE A A AECAEL AR, 3 SISO R 9 25 i A8 T, T B 4 S AEAR Y 7 T HE
T FE AR R GE 0T X AT 2n RESSTY 0T Y I 2m DMOTREA FRZR, WLIET 7.

X
section n
&
- o
g 77777777777777777777777777777777777 o | T I
Q (=} (=}
2 = =
e 7| Pttt =] E—— =
= . 2 2
= l«——nodal line k = =
< e e e e I <—spline knot j
section 1 v
T O strip 1 strip m
| [e——>1

\ H \
5 fRISERIN L m AT BRACH n AMREZRT (BMIREA IRACA 2 28941 T 2)
Fig.5 A simply-supported plate is divided into m spline finite strips and n

number of spline sections( each finite strip has two nodal lines 1 and 2)
AR B AR I, JRERE ¢ M 2R I BE S P T o
k., = |[B'DB dydx, (32)
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x 1 Y
o1 m m+1 2m
' 2m strips ‘
6 JEIRbRIT 2 AN IERS )5 ) B 7 4 AHHARAI I 5ERET7 10 43 1 2m AR
A B AEAR R T A BRS W DT 053 B 2n DRSS
Fig. 6 Hypothetical panels are appended to Fig.7 Four contiguous panels are divided into
the original plate along the two 2m strips across the width and
orthogonal directions 2n spline sections along the span
Horp
d’N
- D ¢ ()
dy
d*d,(x
B = - Ny T (33)
dx
5 dN(y) do,(x)
dy dx
X, A& RIVERRERE D InE .
E 3 1 v 0 Dll Dlz 0
D = . 2 vl 0 =|Dy Dy 0 | (34)
12(1 - %) Ly
00 0 0 D,

TETTRR (33) AT N(y) FRBH =0T AR %L, WK &, TR

' Lo Eh(x)
ki,]- = D]llzzf ¢l(x)¢1(x)dx +D, IZOJ (I)L(x) Jizdx +
0 0 dx
t o) L, (x) d(x)
Dzllozfo Td)](x)dx + D1, ) e d;z de +
Lde,(x) do,(x)
4D,1, S de, (35)
/\l*l
I_ddaNT(>£N()d (36>
af T o dya Y dyﬂ y)ay,

[, L = 20,d A RS ST,
ff F Mathematica FRAFA5 2 (54F A B 4% W82 R0 R 1 Sk X0 =, RV T A9 — 4 232 ] R A 28
L1, PR IS A 5t 1) £ A IR 2% D B8 e o T X 1
ki, 36,5 +k 0, +k 6 _ +k 0 +

ii-1
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k8 +ki 8y + Kk 38, =1, (37)
Hrp
k., =2 416D, I,,h/5 040 - 240(D,I,, + D, 1,,)/360h +
96D,,1,,/36h" + 960D,,1,,/360h,
k.., =1191D, I,h/5 040 + 45(D,1,, + D, 1I,,)/360h -
54D,,1,,/36h° - 180D,,1,,/360h =k, ,_,, (38)
k..., = 120D,,I,,h/5 040 - 72(D,I,, + D, I,,)/360h +
0D,,1,,/36h° — 288D,,1,,/360h =k, ,_,,
ki, =D, I, h/5040 + 3(D,1,, + D,1,,)/360h +
6D,,1,,/36h’ — 12D,,1,,/360h =k, ,_,,
Al
k=0, | i-j1=4.

TEJTRE(3T) o FESRTT R i AL D REA BRAR A AS E Rt 0] 4 1 6, = {w, .0, ,w,,0, } | TR
Bk, (WITFR(35) ) 4x4 BORERE, ATAR BT ZE 1 R0 2 BEAERR 7 .
kij:{"“ kb} . (39)
ol Kk
2m A PREA BR A SRR R G S MBS , T LURTIE 1 07 U I, SRR T K, 3R

Vi

Tk, vk, K, 0 -k
kK, k +k k0
Kivj = 0 kd ka + kn kb 0 ’ <4O>
Lk, 0 k, k, +k,|

ij
K AR i -j1 =4 WK, =0.
MK, ARXERE & FABEARTT 5 j AR AT 4 A i ) i, B
T
é’/ - {wl’ 01y wy, 0y, vy, 0, 0o, w0y, GZm}_ y (41)

AT R GEAE P58 L A I AR AE A BT 1) AN SEJEE T 1 W U A8 e, AR B L — 0L U
AR

M

(wkj = 2\‘ llei(jl)mpei(kl)s-r[qu (42)
0, ;e e VM N ¢,

,H\qj,gozw/n.,T:Tr/m,N:Zn/T‘ﬂM=2m. |
H LG AT D 56 T LA kR

N M
_ i(j-Dre i(k-1)st _
kn‘ - Z ZKlje € -
j=1 k=1

M
Z (Klqlei(]—])rtp +K1’26i(2—])r¢7 +K1’3ei(3—])r¢ +K1’4ei(4—])rz,0 +
k=1

i(N=-1)rp i(N=2)rp i(N=-3)re i(k=1)st _
Kl,Ne + Kl,N—le + KI,N—Ze )e -
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M

Y (K, + K, ,e"% + K &% + K, &% + K eV 4
k=1

i(=2)re i(=3)re i(k=1)st _
Kl,N—le] ’ "'Kl,wfzel “)e' T =

M
z (K, , + 2K, ,cos r¢ + 2K, ;cos 2r¢ + 2K, ,cos 3rp Yel e =

k=1

[(k, +k.),, +2(k, + k) cosrp +2(k, +k, ), c0s2rp +

2(k, + k), cos3re Jelt=hr 4

[(k,))l’1 +2(k,), ,cosrg + 2(k,), scos2ro + 2(k,), ,cos 3rg ]l 4
[(k(,),  +2(k,), ,cosr@ + 2(k,), scos 2ro +2(k,), ,cos 3ro el =

(k, +k,) +k,e +k, e, (43)
/\¢]
(k, +k,)=(k, +k),, +2(k, +k) cosro +
2(k, +k, ), cos2rp +2(k, +k, ), cos3re, (44)
k, = (kb)l,l + 2(’%)1,2005 T + 2(kb)1,30052r€0 + 2(kb>1,40053r€0a
d = (kd)l,l + 2(k,1)1 2C0sTQ + 2(kd)1 3(’052rg0 + 2(k,1)1 4 cos 3re .
s ST Al i S e 1T AR AZ BN S 3 A s 21 p VER DR AT BR S foy 28 ) 2R
d oL B
fo=pf | #IN () dedy. (45)
SR 22 8 4 WU A5 31 o far 28 ]
Fk,l =0 :Fk,n+l =Fk,1v+1; (46>
Fk,2 :Fk,n == F1 2 = Fk,m =
d’ N
hp{()’g} ) ék—la
24T
%hp{o,—%} , MBh=m+1,
(47)
T
h {do} , M E =23 e m,
22 T N
—ﬁhp{d,O} , MUhom+2,m 43, 2m,
HAxm)
" g
hp{oyg} ) 'i'k_ls
20T
hp{o, —%} L Mh=m+l,
F, = ) (48)
w{d.o} ME=23.. ... m,
T
-hp{d,o} , Mk om o+ 2.m 3. 2m.

TIFE(46) ~ (48) I F, R TEk k FIFESRT i j B fr ) £ 434, DLIR 5.
X 2 1] 2 107 U A2 4G, DU

LN N i ciheDir
‘f',A —_ e 1y r(pe 1 S F =
Gk .
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— 21 sinsT
Zﬂw hp 1 Csin g 1 - cossT N
[/N(l—cosr¢)+f3< QD)}W 28 ) Mr,s HArL,
6
0, HE
(49)
R (43) A1 44) PGSR KRS L K07 B2 (49 ) th 0 IS e ey &, T L1751
[(km + km) +krbei3¢ +krdein[ql] =
q,

- 2i sms7’
2hp( —isinre hf*lsmr 1 — cossT
|:W(1 —cosrg0)+f3( gD) 2d2 ] (50)

AT RIAI AR g, M q, . (B m R n S208 085, F-A b IJLEI’J JEAS R

w W W41 W4
= + +
0 x=1/2,y=H2 0,241 0,241 0,241
M-1 N-1

_Tl Z Z 11s1nr;sin(2+cosr¢)@j. (51)
2

n/2 n/2+1 n/2+2

s=13.5, r=1:3.5, N M
PRITIT ( B it 72 DL RN 5% )

m—1

-4 < 1 1 rmo
Wo_ypyonn = 5 fismfsmf(2+cosr ) (52)
x=l2,y=H/2 3 s=1,3,5,---r=1;s,---/jv N 2 )4,
Al
0x=l/2,y=H/2 =0. (53)
K q, 1 g, 1% Taylor ZEUEIT I R 3 T, il A-FAUHOALEEE K
192(1 -v)p © < ra sw( 1 )
== 7 /F = sin - +
E'Trélf3 s=l§5,~-r=l§5,~ {%ln 2 gln rs(r /Zz + 32/H2)
p(1 —v*) (/1) (s/H) [(i)z( r 27)(,;
SEm* e (/0 + s /7H)*HLL\H/) \ P
2
T s ) s B AT
(5) 25+ 55 ] | + i (54)

551 TS5 AR 2R L) Navier fift ™ AN RE 56 2 AMRZTRM 24 n #4300 TI055 KR, B L A*
Al d* i sk,

TEANETIESE 2 TR AR R g (v, y) MEATEDTREA AR A 551 LA i
AR TR AT G I P X B far 28K, [RIRE T B M 1 S 3 AR 6. a5 D A PR AT AR bR
BORFE S5 pRE By A9 B ey 2k 1) i, Bl 5 X HLAE 5 B2 (49) (AR 3, 0B T FE (49) ~ (54) 45t
I TRIARE AL IR, AT A 2K B A0 18 B At AR S DR B, T AAS 24T 2243 A Aoy A FH IS A A0 A
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) Hh A BRI 2y [ 251, AR 75 2 15 B A 2 I 1 L

m, , =pt[ [N (1IN &,(x) () dydx. (55)
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m,, =2 416l pt/5 040,
m, .. =11911, pt/5 040 = m,,

-1

(56)
m, ., = 1200, pt/5 040 =m, , , ,
iivs = Iy pt/5040 =m; ; 5,
AR B o
m, m,
mi,jz{ ¢ } . (57)
m, m.|
FJ5 R (43) 2540, ﬁﬁ%‘ﬂi%Tuxﬁaﬂcﬁ
Z Mlje T — (m v m,) +me™ +me (58)
Forf -
(m,+m )=(m, +m), , +2(m, +m ), cosrg +
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{f(r,Zm -s) = f(r,s), (A2)
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g(2n —r2m -s) =-g(r,s).
TRA
-1y N 11w osw
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Convergence and Exact Solutions of the Spline
Finite Strip Method Using a Unitary
Transformation Approach

Jackson KONG', Dick THUNG?
(1. Division of Building Science and Technology, City University of Hong Kong,
Hong Kong, P. R. China;
2. School of Creative Media, City University of Hong Kong,
Hong Kong, P. R. China)

Abstract: The spline finite strip method was one of the most popular numerical methods for
analyzing prismatic structures. Efficacy and convergence of the method had been demonstrated
in previous studies by comparing only numerical results with analytical results of some bench-
mark problems. To date, no mathematical exact solutions of the method or its explicit forms of
error terms had been derived to demonstrate analytically its convergence. As such, mathemati-
cal exact solutions of spline finite strips in plate analysis were derived using a unitary transfor-
mation approach (abbreviated as the U-transformation method herein). These exact solutions
were presented for the first time in open literature. Unlike the conventional spline finite strip
method which involves assembly of the global system of matrix equation and its numerical solu-
tion, the U-transformation method decoupled the global matrix equation into one involving only
two unknowns, thus rendering exact solutions of the spline finite strip to be derived explicitly.
By taking Taylor’ s series expansion of the exact solution, error terms and convergence rates
were also derived explicitly and compared directly with other numerical methods. In this re-
gard, it was found that the spline finite strip method converged at the same rate as a non-con-
forming finite element, yet involving smaller number of unknowns compared to the latter. The

convergence rate was also found superior to the conventional finite difference method.

Key words: spline finite strips; U-transformation; plates; symmetry



