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BEFEE
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AIBER Maclaurin 2050, 1%
a,(q)=af’(q) +ai""(q) +, 122, (7)
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al’G + TV ¢q" +dyY ¢ + ol ") 7' =0, (17)
XA AR (SRR (12) )
lp +pu +2=spu+pu+1=ru, (18)
T
2 l+r—1
K=y 2 (19)
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()RR T (S WICHK[14,17]) REOTBA RS e=é = (&',--,8") e =0 Flk =k,
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kia"P(e) + k,d"(e) + (r+ 1) (e)=0, (49)
Hrp
(142) 2 (1 ) i (542) (s) i
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WITHE(46) F1(28) A FLELfi#
e =e" Kk, =Kk, Kk >0, (51)

ny ai(j])(e*)e*ie*j #“ 0 W7 H
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(52)
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_(r+ DTV ()
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AT DAHERT . 7R (52) FI(S3) BT, ZIERN T = 0,0 = 0 7, Tk, > 0, D40 2 54
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#  (r=1-1)/2 3(s) / ~j () ~
K, p d; (e)pe’ + (e)=0, (55)
T, EHIEFEp 5,
p=(1/k )Y, (56)
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da'? _
{“5’”(@)[#2(1 s1) +p] -2 (E)Mzek}g'] *
2 aql
) (r+1)
&9 (e + L () = 0, (57)

dq
FH AR - SRR EO 2
(1)

da; _
2 9q'

dy) (e)pe’ + "’H(r,m (e)=0 (58)
dq

HEH e = = (&' ,---,8") & # 0, WACEOTHE(46) AR (51).

WSTR[ 14 ] BT EE 1% R 80, i g s A Feoe e B A S, i — 2D 27
PRSP T FFEBCI S E T (I8 B) AT e P HL.

T2 Wr>l+1 Ns=(+r-1)2 &% M det [af’(&)] #0807, Hhe=2h
TIE(58) M—AHSLWHET P, 7R 454, PRIk E ¢ = 0,4 = 0 B AT ER.

IERR GEHL 2 UERA AT UGG REE B 1 IE I, R (S8) B E e = & 1778, REUT 2
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(46) W (51) f77E, T2
. 2C (r=1-1)/(21+4)
Ky = (W )

JAL A T HEL(9) BIEE 1 IAFAE, ok A ZE(9) W =4 T 1 26 o0 T R mT LA 2, BV A
(44) XM E A (a =2,3,) (BN THICHIN) |, TR T E 1, k&M det[ag.”(é) ]
#= 0, 4 T ORI B 5 TR AP AL (2) /d2® (LTS5, SE P 2 JESE

E2 EHLPEM ) () g’ SEIEER, TR K, 7283 2 TH BT, bye'e’ IR — 04 Horp
TR b, AT BRE U UCIE E B R E B A A

4 HREMN C AT ENE
XEFr> s+ 1AL >2s —r + 1, 8WFER (20) X R A ECHIPE

(r+1)

(59)

kd'(e)e’ +° (e)=0, (60)
Hrp

K, :% (61)
X IE B FERCR B PR, A

d;"(q)q'q’ = 0. (62)

W R (62) & EE 1.
K SCHR[ 14 ] S Y5288 W 12 RGE, B 9 A TR E e B A =X i — 204 SR
SEFRERCFE R (DL C) T AR TR 2.
EME3 Wr>s+1 AL>2s—r+ 1, XREITY =11 (q) 165 q =0 BAHR/IME,
NAREA det[d( (&) ] # 0 o, Hih e =& a1 d< "(e)e + (oIl" /a¢") (e) BI—1H
SRR NLE, TEX BT P APIRES ¢ = 0,4 = 0 2 ARFUER.
EM KA (q) g’ RAERE . P, ZEF P

Sd(@dg-C=0,  C€>0 (63)
EAER M T3 BT BRI = T (q) 3R BR/ME (AR B L 12 i
AR BE
k(G @y -c) g =0, (64)
q
Hr 5% « i Lagrange i? P ER KGR PIE H T,
10 (q) ol """ (¢)
() i 2 %% ik q9) _
() (g + 5 T gl )« B <0, (65)
AR R R IE
k(142 ) @a'a + (e DT (g) =0, (66)
=N

T, BHEIS I PR LA M FA > 0. IR (65) M BN T .
ady (q) .1 oV (q)
Tq q + 48(]"

1

K[dfj“>(q)qj+ (7—8) =0, (67)



SRS U Y Liapunov-Kozlov 3% 1135

L e =00, (67) 5 (29) —2, Wiy T Ir R4 b sk B ELLME W T/ MY IER £, iX 28
JIREEF IR (28) A g =g, c =R FHEIETIrRE(63) FI(65) HIfif g =q" ,k =™ . HIIL
FHEENE it q = Q%EQQE’J HK'—R' > 0. H1E e h— B HRI W EME—1 e € [0,8)
8, ERETHE g =g Bl ' = k" PRI AL, U FUE & = & WTHI R IR J7 L0 E. Jr i
(31) &R A

cLet(3 -2 ) | @ae + DI () =0, (68)
TR N WA YA
1+z[%—3)>0, (69)
TR.A
& =%+%. (70)
M7 (67) 138120 (60) , N IH A S5 U200 2 (F R, B g —e) .
;— -e=0 (71)
0%
1
& =& =?, (72)
T, e e [0,8), EN—DEERME . HFE(60) FI(63) [ fiF
e=¢6=(é",",6"), Ky =Ry (73)
FLSLI), AN, Ry > 0 J8SL. BRI, 80 (9) AFAE AR IR B8 — 043 2. AN T 25 S5 — k0.
e VAR (38) . B (2R (60))
P T (8)E + o1 (e)=0, (74)
g’
?%,iﬁﬁﬂi%’ﬁp:
p = (1/Kk,)"V0=D (75)
J& 153
0@ + L7 5 2o, (76)
g’
AR 4538 . SRR EO
) an(wl)
di¥(e)e’ + (e)=0 (77)

fifte=e= (&, &) e+ 0, MK 74) AR (73) , Hh

. 2C (r=s=1)/(s+2)

K3 = (W) . (78)
Mt A, i T(9) IR, F REG M A =X (S A G

XdS (&) di, iz) 4020, z=In(=1),a=23,, 0, (79)

Horb, AL Rl A, BARRR, ALY det[ dY () ] # 0, SRR (38) , 2 det[ d (&) ] # 0 i %
dA, (2) /dz BT T LT it TS T BB PR RO APAE BB E S TP RS ¢ = 0,9 =
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0 HO ARG P
5 i +

K1 2R LA LR B AME = T TG 2E A F B 23500 A7 B my Hlm,  EFF 1,2,3 4
AR BER Dy | T B AT SME T LALKR ¢ = ¢ ,¢° = 0 BSE. %8 A Bl B KP4l p #
2.

F=-—k(2 -cosp —cosf)'p
VERFETRZE B |, Horb k> 0, r e — N IE3RH, p O A8 Al p B SR . P TR OL , 5 r > 31,
TR P E @ = 0,0 = 0 BATE M. BF5E

m =1kg,m=2kg,l=1m, k=2 N.

-p
B SRS R B
Fig.1 The double engine mechanism
R HLMREhEES
T =20 (m, +m,)sin’@@’ + m,singsinf@h + m,sin’66° ] | (80)
Iy
Q, =Q, =2lksing (2 — cos ¢ —cos )", (81)

Q, =Q, =2lksinf(2 — cos¢p —cosh)",
T 00,/00 =00,/ 0@ , AT A5 J) F J2 (B4R, F 20y R EEAURPL THE ) A 4
(), HARES

I =- 21k (2 —cos@ —cosH)™", (82)
r+1
MK = RBUE TN Maclaurin é&%&,jﬂﬂﬂuﬁ%@ﬂﬁﬁﬁ( ﬂﬁ*¥(7) )
a, = 12¢% + -, ap =ay =490 + -+, ay = 867, (83)

FULHGE [ = 2(ZWHH(T)).
FEERY Maclaurin HEFE N

M=-—2 (¢ + )" 4+, (84)
r+1

TR r=2n+ 1(ZIWHTEG6)).
FARE Y AREOT 2 (26) A A F B
{2c(r=1)[3(e)? + ()*] = (r=3)[(e)? + ()] }e' =0
2c(r=1)[(e)? +2(e*)?] = (r=3)°[(e)? + ()?] }e* =0,
FEVAIE ¢ =60 =0, HABIEA i/ IME, FaU
afjl)(e)eiej =12(e")* +8(e')*(e*)* +8(e)?
JEIEE B, AT UL R (85) i [A] T A 454
12(e")* +8(e')*(e*)* +8(e>)* -2=0 (86)

(85)
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A — A B bR E I T(85) A ()2 =2(e')? lUTRE(86) A ¢ = +1/7/30 . ftfifs
Fle' =+1/77.5 ,k > 0,1 T det[a,(e' =+1/7/30 6" == 1//7.5)] # 0 MyuED 1, A
Pi'E @ =0 =0 RaE.
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Liapunov-Kozlov Method for Singular Cases

V. Covic', D.Djuric', M. Veskovic’, A. Obradovic'
(1. University of Belgrade, Faculty of Mechanical Engineering,
Kraljice Marije 16,11000 Belgrade, Serbia;

2. University of Kragujevac, Faculty of Mechanical Engineering,
Dosttejeva 19, 36000 Kraljevo, Serbia)

Abstract . Liapunov’s first method, extended by V. Kozlov to nonlinear mechanical systems,
was applied to the study of the instability of the position of equilibrium of a mechanical system
moving in the field of conservative and dissipative forces. The cases with the tensor of inertia or
the matrix of coefficients of the Rayleigh dissipative function singular in the equilibrium position
were analyzed. This fact renders impossible the application of Liapunov’s approach in the anal-
ysis of stability because in the equilibrium position the conditions of existence and uniqueness
of solutions of differential equations of motion were not fulfilled. It was shown that Kozlov’ s
generalization of Liapunov’s first method was also applied in mentioned cases on condition that
besides known one algebraic expression more was fulfilled. Three theorems on the instability of

the equilibrium position were formulated. The results were illustrated by an example.

Key words: instability; singular case; asymptotic motion; potential ; dissipative force



