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1.1 ¢ Frediund El%& 7 128 1L

B ETE Fredlund — 2 [ 45 i BEA T 1] 5 72 b i 14 B SR 1995 35 2800 8 e 18 46 5
PR A B IS S /NS
1.2 TRERSEEX(0,s) SEERELREEE X(2,5) BHEEXR

T Fredlund (19— ZE 161 FN A [ 25 W A2 61 7 72 BT A6 S RO 42 i) 7 72 | Darey & 1 )¢
Fick 1, 2 Laplace 7840 )% Cayley-Hamilton £ 07 WA i O TH DR S ) & X(0,s) SRR
FEARRZS [0 5 X (z,5) MMIAIFGEE R,

X(z,5)=T(z,5)X(0,s) +S(z,s), (1)
Hrp
r, T, T, T, Sl
T T T T S
T — 21 22 23 24 S - 2
T31 T32 T33 T34 S?
T41 T42 T43 T44 S4

M2 = HIF, X(z,s) Al 2Rk

u(H,;s)| (T, T, T, T, u,(0,s) S,
;LW(H,S) _ Ty Ty, Ty Ty aw<0’s) S, (2)
J.(H,s) r, T, T, T, J.(0,s) S,
;’“(H,S) Ty Ty Ty Ty . ;}W(Oas) S, -
T, ~ Ty JeS, ~ S, [F3CHR[11].
1.3 BFRMIGEFEG
ARSI PR B2 i
BFEE T T HPKHE R AHKAHESR
u,(0,t) =u,(0,t)=0,
6ua(a[z'1,t) _ auw(a]z'l,t) _0, (3)
u,(z,0)=u’, u,(z,0)=u,
Forbr )l Fw), o= O 220 s 2805 RS A0 1 A LR ORI ik AL B /K P .
NFFEM 2 TR R EAHEKAHER
u,(0,t) =0,
aua(alzi,t) _ auw(ai{,t) _ auwg(z),t) 0o (4)

u,(z,0)=u’, u(z,0)=u’.
1.4 Laplace T THIME X (z,s)
NFFM T BRHEAKHESR, KT AHEKAHER
B RAF(2) , AT F]
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u,(H,s) T, T, T, T, 0 S,
u,(Hys) | _[Ta T Tn T S0 | s | )
0 T,, Ty, Ty Ty J.(0,s) S,
0 T, T, Ty T.),_,0.(0,5) sJ
it
]a(O,S) _ - T,S, + T,,S,

T33 T44 - T34 T43 ’
T4353 - T3354
T33 T44 - T34 T43 )
K (6) B (3)MRAZ(2) , AT kA5 Laplace 254 I AT 2 20 (4 48 FL B K R 77 AL
SN =21
u,(z,)=T5J,(0,s) + T,,v,(0,s) +8, =

{(n + )(u +Cu)+7(C

(6)
v,(0,8) =

SENCIUELIN

£ ch(&H)
i veans e )+ eea s f RIS
G ) R
ﬁ‘\,(z s) = T23,7 (0,s) + T4;1 (0,s) +8, =
& (ﬂ o) et ey [ RETED
0 + 5 ch[n(H -2) ]
{ - ng Al R
w(z,s) = f:g‘v(z,s)dz = IH{ m]k(u - usoj + mz(u - usg -u, + u:j } dz =
(= my +my) f:itadz - m; J’:ZLWdz + (my, - m;zug ! m;u?\H =

1 1 .SC} 0 0
_ = A s w C
(& _772)[63{( my, + mz)(n * C‘]) m, c (u, + Cu,) +

é{(_m7k+m§)SCC;—mi(n2+c‘f\:)}(6“u§+uf’\)Jm+
(fzinz)[(;‘{( mlk+m2>(§ +E)—m2 C‘}(u +Cud) +
Gl e e mmife s )| ccat D |t (9)

ZF 2 TEHERAHEK R AHEK AN HER
beiﬁ/zt,ﬁ/\ﬂﬁ\%ﬂiﬁ«# LIPS
u(z,8)=Tou,(0,s) + TyJ (0,s) +8S, =
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- gsh[(¢t) (0 + ) [ ehln (i =) ) = msh [(at) (" + %) [ ehlet = o))

(0" + o) esncemenuty + (" + ) meh(n) eh()

0 0
u u

SR (10)
u,(z,8) =Tpou,(0,s) + TpyJ.(0,s) +8S, =
Esh(EM)ch[n(H =2)] = msh(ni)eh[£(H =2)]  Coo o )
(0 + ) eshemen(nt) + (n* + %) nsh(uiehemn

0
- s 5 s u,
w(z,s) = (% - %) (my, —m; = m;C,) ke

<h(ni) sh(£H) .
(7;2 + Ci:‘) ésh(EH)ch(nH) + (772 + Cif) nsh(nH)ch(&H)

1.5 %F Laplace #i i 4b 12

BUAR I T3 AR AR 2, Crump 522 RS BE 4 8 1) —Fh ik, AR SCRFH Crump 5 1%
Gt #2775 Laplace 39678 #7559 B (8] 355 4 1) BB AL BRK He Ty BB FLBR S0 ) B+ 2 TR 2
FEBTAR, RS WL SR A L SRAFEALBR R EZR AT S W% B .

2 A B E  [E SE R

N T S UE P S A AR AR AN b — A [F 45 2 AT 0 TR A SOR P SRR, %o i R A
1 HEAT T 2T A 5 SR 10 ] AT Ak R0 HeL X SRR 2 AT T 2R BT A S A R 2500 O ik
2ELXT EE A PR 227901 (Fredlund Fl Hasan SCRR[ 4 ] 82 4 A9 HARSME WL SCEk[ 11 ].

AN 3 —JE RN 8 m WA R 2, FE L ESH N n, = 50%,S, =
80% ,m;, =—2.5 x 107" kPa™" \my/m;, =0.4,m} /m;, =0.2,m)/m}, =4, F1HBEHEn—1472)
FEBRAT 2R ¢ = 100 kPa, FIUAR B ALBRSE S0 uf =20. 0 kPa, BBALBUKE S 0 uf = 40 kPa (fij#k
YERIT 1Y L rh o i AL R SR B L BSU/K B 0 # SCRR [ 5 1 9 5 s H 5 i) . H 3 S 80 ik
ESH T[4 ], B 1~ B 5 2R MEKE S R E KA E TR S R], ]
Hs (a) WARSCEITARER, (b) ARSI R, 18 6 ~ 18 12y L2 RIE R SEK, IR A
BIKATE L FAAEIR D (a) WASCEMIT SR, (b) 22k gi R, Kb )
WET=kt/(y m,H).
2.1 TEHKHS, EEAHKAHSARZHE TELEFES T

FEAIEN 1 ~ 815 1 (a) F(b) AT AS SO 45 R L T-5 b A 45 2R — B0 IEIA SO
AT T IR Y.

1) WL e IR Y kK, SHEFLBR SR A W RS20k /k, 8O, T HOT U675 8
R TERENTH BT B, M2 BEREAT L30T 3, RIS BRE AL B s 77 049 T 3 R Xk et s 1] 1 5 oK
()5 T3 A0 B KB TR X BB AR AR kK, RS OU T B LB SR I RO & B A LT
)DL R (TH AR ) WIEFPRERE 1oReidl, 2 48 22 [H) 2R 00 T B 145

2) ME2 AT LA TR S50, &k, /k, 800 R FLBR K ) BT BT 1h 3 B0R | 254
TR LB R T 8 WA S ) GB AL O IS RS ) T k,/k, BB AN fe] ALK TR

(12)
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) s —= ky/ky=10 - ka/ky=100
01214 ! - = ka/ky=100 | 0.12
S \ \ \ <
:n 1 ‘.‘ ‘l‘ \ §
0.084 y s 0.08
“ \ [ \ \
0.04+ \ 0.04
N \ \
0 N '\\. \ 0 s
1IE-5 1E-4 1E-3 0.01 0.1 1 10 1E-5 1E-4 1E-3 001 01 1 10
T T
(a) PARBFRLER (b) Mbrfiem 3t
1 ARk /b, EETEHBILESESR u,/q BERHE 7 02
0.40 — = —m 0.40 SUREN e
. . . \ k,,;kw=0.1 < et = = ka/ku=1
A e ka/ky=1 -\ NN — k=10
030~ % \'T ka/ky=10 0300~ NN = ka/k=100
S vl - ka/ke=100 R |
Toa \ T 02
3020 \ 3020

\
0.10 0.10
\

0 - 0
IE-S 1E-4 1E-3_0.01 0.1 1 10 IE-S 1E-4 1E-3_0.01 0.1 1 10
(a) FARbT RS, (b) b fRLs R
B2 ARk, EHETEHEFIEKES v, /q BERE THEL
1.0 ket ka/kw=10 -- z/H=1
‘. weee z/H=1 — z/H=0.5
0.8h\ > — z/H=05 | -- z/H=0.25
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B3 k/k, = 10 AR /H 5+ HBILESES v, /u) FERTE T HZEW

JIHT R AR A T — B, X B TR AL B U AR 4 R R T .

3) MAIEL3 AT R BE B 0 IO if e LB <O g O i 8 BB B o SR B fh T 2 T i
HEARHEA, IR, T 4 L B AT LA Rt 5 10 2 T A HE AR R AR i FL B
AN T RE B4 2 TR T AT HE Y B A5 a8 B A i 28 o 20T ] B T, I IX — A BE SR IR
JEBTR , HEFLBR U2 i A OB, AN M AL B R I RO T IR 15 e sl 2 1.

4) M 4 T LUK B, A8 FLBR K T IR AR e 0T 46 T R, R TR AL 55 fs T4, 3 AN O 2R Bl it
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ka k=10 e 2/H=1
Lo, e z/H=1 LORss — z/H=05
NERNAN — z/H=0.5 D <. --z/H=0.25
0.8 < \ - - z/H=025 0.8 S
206 - T Z 06
S AN S
S \, ‘\ N
0.4 = \4 0.4
X \
0.2 . \ 0.2
0 N . 0
IE-S 1E-4 1E-3 001 01 1 10 1E-5 1E-4 1E-3 001 01 1 10
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(a) PfRATARSS (b) fEHTRES
4 k/k, = 10 AR 2/H &b X RBFLIRKES v, /u’ BEETIE T HIZELL
e SR | =
= H=10m NS T ka/ky=0.1
002 — k/k=0.1 L N N S ha/kel
0.06/ "+ N - ko] 0.06 ~
" TN\ o k/ke10
0.10¢x : 5 —- ko /ky=100 0.10f
0.14] \ 0.14
\ * kY
LT EREN R ER N A Y 0.8
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0.22 0.22
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0.30 0.30
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(a) PfEATARSS (b) fEHTRES

5 ARk /k, EHETEETMEw" = w/ (m) qH) BERE 7K

WS AL Yk sk, > 1K AR — BT 2 1 8 IX B, AR SCRRZ < S/ 307k /K, R, X
— OB R X BRIR 3 FRATT AT DA B AR AL IR SR IO 0 B2 WG R X — P 2%
DX B T R B 220 3302 1 1A 4 W00 55 0 300 000 4 S o i 40 2 e R AL B g 1 9 A
il J5 3 3 b R L B R ) BT B L 1 0 KR BE R B AR A AR kK, TEDLE <
PR HESHE K, < F- 6 1017 B0, B 5 FEHESCHE K i BE B 1S K, < P S 17 4.

5) K5 A k,/k, NEBCT 2 0TREBE )P 28 AR, b iR NIE R w ™ =
w/ (m qH) Fem. NEIR AT IR H Sk, < b, BRIk, 7k, =0. 1) B, DTREBER R AR L 26 5 S
B AL TR AN L B A TORR I Ze s 24 b, > kW, Bk, /K, AERYHE DTREREIS R 2210 th 2k i S
TR Aok BB S B, 332 Fh T - T A0 [ 45 AR o 2 B FL B U T T S RS 1, TS
99 00 [ 25 TR 2R LUK I TH RS DR Y. 2 b/, BOREE W10 LB AU 1 I B
e P B AL SR I TH B U5 | ALK I B0 P 22 B, k/k, BOR P2 BolK ) +
(TR M 2Rt 0 SRR Ha s V- 2 B 5 FLBUK R ST B HAN A2 ke ke, B2 A I R
LT3
2.2 TMEHSAHK, KEAHKAHSIAREE TELEHES T

Fea s 6 ~ 1] 11 #9 (a) I (b) AR AS SR MRAT R4 R LT 54 BR 22 3k 45 2R — 0 IEW
A ST A AT A D7 TR Y, R B .

1) 6 &8 & 10 R HAFAHEK T AHEK A HES 8 LB SR IR v, /q,
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T T
(a) ANTRSS (b) ABRZEEDTITIELR
6 Bk, FHETELHBILESEN u,/q BEEE T T
0.40 <
<< - 0.40
\ \\ : :
; T
\
0.30 c \ 0.30
~\ \\
>
3020 < 0.20
z=8m 1 =
s ka/ky=0.1 ---- ka/ky=0.1
0.10 - kb=l 0.10 - - ka/ky=1
— ka/ky=10 | ka/ky=10 -
N I R T s ka/ky=100 ol | e ka/ky=100
1E-6 1E-5 1E-4 1E-3 0.01 0.1 1 10 1E-6 1E-5 1E-4 1E-3 0.01 0.1 1 10
T T
(a) EANTRSS (b) ARZEDTITIELR
7 AR k/k, FETERBABRSESN v, /q BEE THEE
10 ka/ky=10 - - z/H=1
! z/H=1 — z/H=0.5
\ Y — z/H=0.5 - z/H=0.25
0.8 \ - - z/H=0.25
\ \l‘
< \ '
\i 0.6 \ v
04 3 \y
0.2 \\\i
R\

0
1E-6 1E-5 1E-4 1E-3 0.01 0.1 1 10
T

25 T T HE U, HEZK AN HE K 6T AL B R AT FBOAN 7 LR R .

(a) FfRHrinss

0 |
1E-6 1E-5 1E-4 1E-3 0.01 0.1 1 10
T

(b) A BRZEIITTIES

B8 k/k, = 10 AE/HRETHBIBRKES u,/u,, BEETE THZEWL

w,/u, Bl IR AE R A AR R AT 8, 55 TOU AT HE K HE SRR A HE KA HE Sl A5
SRR ECE S MR IR k/k, T u/q,u,/u, BORSE AR Wi

2) &7 R T HRAHEK R AN S &, LB K R T ALY w,/q B, X FE T HEK
HE R AHERAHE AR B0, AL BLK s 7 B9 T FEOE R L Bt =0 7 R o 2 A A [ .
AT TR ANHEZK , 5 FLBR U LA U ALK AN PR L, u, /g 12 R —(H.

3) B9 K 11 R TEHEAHEK  BE A HE KA AR, AL AT T u,/u,,
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K/ —eee z/H=1
1.0 10 — z/H=0.5
A\ weee z/H=1 -~ z/H=025
\ | — z/H=0.5
0.9 L - - z/H=0.25
I 0.8 AW
3 O\
W\
0.7 o
N
0.6 0.6
1E-6 1E-5 1E-4 1E-3 0.01 0.1 1 10 1E-6 1E-5 1E-4 1E-3_0.01 0.1 1 0
T T
(a) RG4S (b) FRRZA TG R
B9 k/k, = 10 AR 2/H b+ HBFLESKES u,/u,, FEE T HEE
o ka/ky=1 | [ ] - z/H=1
: SO\ ---w z/H=1 : — z/H=0.5
v — z/H=0.5 | - - z/H=025
0.8 . \\ \ - - 2/H=0.25]
- \
< 0.6 \ \,
~ \ \
N AN
NN
0.4 AN
W
0.2 X
0 * 0
1E-6 1E-5 1E-4 1E-3 0.01 0.1 1 10 1E-6 1E-5 1E—4 1E—3T 001 01 1 10
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(a) b iRas R (b) HRRZA TG R
10 RE kK, = | BAR 2/H & T HBFLEKEN u,/u,, FEE T HEWL
ka/ky=1 eeee z/H=1
1.0 X o aH=1 ] 1.0 — z/H=0.5
\‘\ — z/H=0.5 - - z/H=0.25
_ 0.9 \ 8 - - z/H=0.251 . 09 Y 1
:g \‘ \\ :; \
<08 A <08
J\
0.7 \\ 0.7
\Y , Y
0.6 0.6 .
1E-6 1E-5 1E-4 1E-3 0.01 0.1 1 10 1E-6 1E-5 1E-4 1E-3_0.01 0.1 1 0
T T

(a) PfbTinat R (b) A2 ke R
B11 B k/k, = | BARE /HSTHBAESEN v, /u,, BEEIE THZEX
Mk,/k, =10 B, FEREFLIR SR , 8 FLBK 7 — B 22 B A T N B R B B B,
Ja ATV Sk, k, = 1B FEE LR TRTE BTG |, ALK A A N RS B B, B e
TV b,/ ke, B VRS Z 1T - 22 B o P R — 2, TH S RS i Rl e s 12 14 13.

345 ®
1) KM Crump J77%, SC8H Laplace 13678 #6175 21 22 Fhoi Bt 554 B[] 35 P 149 368 L B 7K
J1 ., BILBRA ST B UTRE B2 AT i
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---- z/H=1
— z/H=0.5

0.628p

-e-- z/H=1
— z/H=0.5
-- z/H=0.25

1.0E-0

1.0E-2 1.0E-1

B 12 k/k, = 10 RBILES

v

NS -- 2/H=025
\

*
.
Vamm”

1.0E-2 1.0E-1 1.0E-0

B 13 k/k, = 1 RBILES
HEERENEEIEE

HEEREH RENEE
2) AR HEHEKNE OO AT T2 A M i -5 R A7 A 45 R B RS L, B0 R 1 AR SO il A

T LR IERRE.
3) FEHEAHAR WO T, 2647 1A% -5 H ] Fredlund 2 H A BR2ZE 70 J5 6T

45 X b, S5 R B SCR A Crump J575 9530 Laplace 107484 R BE A .
4) X BT HE KRS B HE SR HE K PR A AT BRSNS R AT T2

A BTk B SR AT B AR D B B R A, D DR SR T O (. SRATA S g A
D5 ¥E T AT B A BRI N , Z2 M0 RS T WA Ak, S I 1 A BT A AROME LR A 1) Sy BR

k.
F T ARG - [ 45 BT FE I AN ISR, A L 82 e AT A T Sy AR 46 [ 45 01 5 4R AT A
S —ITUH, I BAT B0 2 R B SO AR I (B

B A Crump Y Laplace # 2 #75% (Crump, 1976''; Durbin, 1973'")
<)

RV (1) Rt BIBREL, 2t > OB f(2) = 0, 3F Hl /- B e B ¢ — oolfif | f(2) | < Me™, o HIREL £(1)
Y Laplace 5645tk
(A1)

FGs) = [ e to,
H F(s) BEARE N Re(s) > . B RH Bromwich B0 LI .
) =g [ TR, o, (A2)
s = atio, o TR o KEYIOR
Crump! ™ BT 15 Durbin™ #0 Fourier 2GR AL 18371
A =S [ AR + Z{Re (F(a +F71) ) con “75 -
(A3)

ki . k’“'i/
Im (F(a+T) )sm - } ].

BRATEILT 2N + 1455, = 3" a(m = 1,2, 2N + 1) BEAKIERLKE Y, o, BEAL 5
X & =0, 8" =8, KHE e = + {a") o™ } LRI (V800 880 0 80, R
— T MR LR B, © IR S B S S, ,S, -, Sy, BEHEHEIE BRI,

TEFRMTIBITE D, e B T )

1) 7 =1, xmax (0.01,t) JHF = 0.8;

2) a=a, -In(0. 1 xE,)/(27) , Hrft co, WA o BRI 55 RE R BRIk — 15, E, JEARAE Laplace 175 e
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Fr3RAF R LR 2s NI E, A ZIIE 0 < E, < 1.0 BYIX[H N
3) N = 10 ~ 20,
FeAi 1 H BRI E] B 1070 < ¢ < 10 ST AL 2 DASRAS Kl 245 2.

Mz B KEFLIRENRIZE

W LR XY BN 2K
MANERITERTRSE, FEATE X

BERE SR AN IV S0 3¢ 8

S thIA LT SRR

T . %A Laplace
R Hidsk P9 T A A
VIR S BB T4

EF: B Durbin ik
Laplace ¥ 2- #efk

SRR I IR 3 A 2% % BE B BB AL BRR )

I TR A A I, 25 R B
FLBRIEJyH, 43 HHAH AR T R

SE
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Semi-Analytical Solution to One-Dimensional
Consolidation in Unsaturated Soils

QIN Ai-fang', SUN De-an', TAN Yong-wei’”
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Abstract: A series of semi-analytical solutions to one-dimensional consolidation in unsaturated
soil were obtained. First, the air governing equation by Fredlund for unsaturated soil consolida-
tion was simplified. Then, by applying the Laplace transform and Cayley-Hamilton theorem to
the air and water governing equations of simplified, Darcy’s law and Fick’s law, the transfer
function between the state vectors at top and at any depth was constructed. Finally, by intro-
ducing the boundary conditions, the excess pore-water pressure and excess pore-air pressure
and the soil settlement were obtained under several kinds of boundary conditions under the
large-area uniform instantaneous loading. By adopting the Crump method, the inversion of La-
place transform was performed, and the semi-analytical solutions to the excess pore-water and
excess pore-air pressures and the soil settlement were obtained in the time domain. In the case
of one surface which is permeable to air and water, comparisons between the semi-analytical
solutions and the analytical solutions indicate that the semi-analytical solutions are correct by a
typical example. In the case of one surface which is permeable to air but impermeable to wa-
ter, comparisons between the semi-analytical solutions and the results of the finite difference
method indicate that the semi-analytical solution is correct too, else the consolidation charac-

teristics are analysed . The research is useful to the studies on unsaturated soil consolidation.

Key words: one-dimensional consolidation; unsaturated soil; excess pore-water pressure; ex-

cess pore-air pressure; semi-analytical solution



