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) [22] .
? ’ [Q]
uj u;
1
uij = 2[ui,j+ u,if - (1)
E= J{%‘u% Uuz,] dr, (2)
r ,A B Lam
Fe 20240 w2y Lavuwue+ Bul Leodlg 3
= 5 wit + Muj+ ZFAugu + Buju + 5 Cuiy) dr, (3)
A,B, C . (3) , . ui(x1)
= u(x) , E :
E= J.|:Gu9%+ %Bui] Qdr, (4)
, 0= (M 20)/P B= [3( M 2W) + 2(A+ 3B+ C)]/P P . (4
Pu du] Q’u
Sr= Lo 8T8 (5)
Fermi-Pasta-Ulam [2+23] . (5)
) [24]
Lam . ,A= B= C=0 B= 3q ,
. B= 3a , . ,
(5
Pu du] Pu
atz = (I|:1+ 3896] 8x2' (6)
, (6) . Lie
(6) 1 ; (6) 2
s s B (6) B
1 Lie
, , [9,1516].
(6) ,
X= &(w,t,u) a%+ &(x, 1, u) a%+ Clx,t,u) a%
: (6) Xt 11

(&)u=0.(&)u=0 (P)uu= 0 (&)= 0 (&)= 0,
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- (al)x,x*' 2(¢1)x,u: O; - (gl)x,x"‘ 2(¢1)x,u+ 3(¢1)x,x: O;
(¢1)t,t— a(d)l)x,x: 0, - 3(%1)%"’ 2(5_2)t+ (d)l)u: 0,
- 2(&) i+ 20&%) i+ 3(P)=0 - (&) +2(P)u= 0.
&= ka+ kax, &= kot | hy— % t,
¢1= k5+ k1t+ k6x+ (k4+ 3k6)u.
, (6)
0 _ 0 _ 0 _ 0 0 0
Xi= 15, Xo= 5p Xa= g Xa= w4 i+ upy
_ 0 _ 3t 0 0
Xs= 5. Xe== "5 37+ (Bu+ x) 5~
Lie g 1.
1 Lie g
X, X, X, Xy Xs X
X, 0 X5 0 0 0 - X ,/2
Xs - X, 0 0 - X, 0 3X,/2
X3 0 0 - X3 0 - X5
X4 0 Xz X3 0 Xs 0
Xs 0 0 0 _Xs 0 _3X5
X6 99X /2 - 3X,/2 Xs 0 3Xs 0
2
. (6) .
[7]- ) ) (6)
(6) . ) (6)
21 X= X4= x0/0x+ 1/0t+ ud/Ou
X = x0/0x+ t0/0t + ud/Ou s XI = 0, I1= t/x
Io= u/«x. X
1 _u
T (I
(6), s (6)
u= xV(g,
V()
dZV 2 2 drjt
T 1- & + 3(1%[— V+ z"dé]}_ 0.
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1- o&+ 3@2[— V+ idg]
V(§ = 1/(9&°) - 1/3+ C,& , (6) .

x0/0x + t0/0t+ ud/Ou ,
3

u(x,t) = 99;7— %+ Cit.
22 X= X1+ X2= 0/0t+ t0/0u

X = 0/0t+ t0/0u , Ii=x Ir= u- t¥2. X
t2
&, t) = x V(&) = u= 5,
, (6)
2
w= V(& + L,
V(g
vl v
a[l di} 2 1= 0.
dv/d&= F(§) ,

(R
(6) )

2 32
t ((l+ 6x + 6C)
’t = - X C 7
2 32
! x (a+ 6x+ 6Cy)
L) = = - + C3. 8
23 X= X¢=- (3t/2)0/0t + (3u+ x)0/0u
X =- (31/2)0/0t+ (3u+ x)0/0u . L= x D= w’+ xtY/3
X
2
g(x, i) = x V(E): ut® + %,
(6)
Lo W& x
- t2 37
V(g
dv/d&= F( V) V(Y
o (3V+cy”
dg— a1/3 >
Ci 20 ,
£ a”* V(&) WF(1/2,1/3, 3/2 - 3V(&)? 7RG
_ o .= 0.

Gauss 2F 1, 2F(a, b, c;x)

)
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2oFi(a, byc;x) =

N ia(a+ V(a+ 2) - {a+ n— 1)b(b+ 1)(b+ 2) .. (b+ n-1)
e nle(e+ 1)(c+ 2) «{c+ n-1) '

Gauss [ 25-26]
Ci=0 , :
+ C)°
u(x,t) = %L— %
24 X= X1+ Xo+ X3= 0/0x+ O/0t+ 10/0u
X = 0/0x + 0/0t+ 10/0u Ii=t-x 2= u+ x(x- 2t)/2.

Eat)=t-x V(&= u+ %(x— 2),
(6)
u = V(%)— (x— 2t),
V(g
2
a+ 3+ 3ad€[ 1+ Ccll—g]— (- 1+ a+ 36§ dg_ 0.
; (6)

u(x, t) = S5(x- 20+ (L

2 T3 7 3a
(20— 1+ 6a(t- x)— a*(1+ 9C) ) *+ ¢

272

v(x,t) = Re(u(x,t)), w(x,t)= Im(u(x,t))

v [& 35_1/52_0 5_wfi}
002 Yoxit 30u 92 3 0x ox
Pu_ [Ou, 00, 0wy
P O‘[axz”ax o2t 3o ax]

2.5 X = X1+ X2+ X3+X5= a/8x+ 8/8t+(t+1)a/8u
X = 0/0x+ 0/0t+ (t+ 1)0/0u
Yu,t)= t-x V(&) = u+ S(x-2-2).
. (6
u= V(§)- S(x-21-2),
V()
- [4+ 38+ 3 - 14 ‘i} ~ 1+ a(4+ 3] 0.
dg s d§2_
: (6)
_ 1 B 2 4 B 2, 22
u(x,t) = 2160 3- 96a’+ 768a°+ T2a — 288a°t— 1084t
T2 + 720%% + 4a’Ci+ 864a’Ci+ 243a*CT *

8i8a- 1+ 6a(i— x)—- a’(16+ 9C1)]¥*- 216a2C2}.
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v(x,t) = Re(u(x,t)), w(x,t)= Im(u(x,t))

) v L0 Qv
010~ “[ax2+ 3 o ox?
Fw Qw L 0v'w 0w 0%

01~ a[ax2+ 3ax ax2+ 3ax ax2] '

26 X= 3X4- Xe= 3x0/dx+ (9/2)0/dt - x0/0u

3x0/0x+ (9t/2)0/0t— x0/0u ,

Qw 82_w]

3ax ax2 s

N

%(x,t):x‘m V(g = u+ 3.

, (6) w= V(& - x/3 . V()
v dv|? dv &v
Tk 1350&> rrals 810@3&(18 - 0.
dV/d&= F(¥) ; V()
4/5 /5
2[%] + 9[‘%9 w’- C= 0.
, C=0 |, (6) X
3
u(x,t):—% 99?Tz+ C.

27 X= Xo+ Xu= x0/0x+ (t+ 1)0/0t+ ud/0u
X= x0/0x+ (t+ 1)0/0t+ ud/0u ,
X

e (RIS

X

(6) . u= xV(&) ,
2
(ilgz/ 1- o€+ 3@2[— V+ i‘j—%]}: 0.
, (6) X-
Cox’= 3a(l+ 1)(x- 3(1+ 1) Cy)
u(x,t) = 9a(l+ t)2

28 X= X3+ Xu= (x+ 1)0/0x+ t0/0t+ ud/0u
X= (x+ 1)&/0x + t/0t+ ud/Ou

§x,t)= T WE =

1+ «

%{1— &+ 3(1%2[— V+ E_,i—g}z 0.

(1+ x)°+ 3a’(- 1- x + 3tCy)
u(x,t) = o0’

(x+ 1)0/0x+ t0/0t+ ud/0u (6)

u
1+ x°

V()

, X

= (1+ t)/x

V(%)

b= u/x.

(9)
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29 X= Xo+ X3+ Xa= (x+ 1)0/0x+ (t+ 1)0/0t+ ud/0u

(x+ 1)0/0x + (t+ 1)0/0t + ud/0u
1
e B v

+ x

(6) Wy
2
T 1- B 3| - Vs adg]}

X

(1+ %)+ 3a(1+ ¢)*(- 1- x+ 3(1+ t)C1)

u(x,t) =
(6)

9a(1+ t)*

(6)

(10)

X= X3+ X¢= 0/0x— (3t/2)0/0t + (3u+ x)0/0u

(6).

&x,t) = % V(&) = éeﬁSx(l+ u+ 3x).

(6)

E_,[ 8+ 81(15_,2[21/ E-'di]] ‘jlé/

81(12[2V+ %d—g] [4V+ 5§d—€] = 0.

X = &/0&- 2Vo/0V . X

X
(11)
gL, dul o g1 4,
de? " de de? W=
(12 X = 3/d1

~ (10)

IBVPs ,’ (é)~ (10)

u(x,0) = wofx),

(11)

w = ng

vo(x)

Dirichlet

(11)

(11)
t= In§

(12)

IBVPs

(13)
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S40x,0) = afx),

(16).

(14) .

u(0,1) = g(t),
w(lL,t) = f(t).
O< x< L(t> 0) (6),
(99 , IBVPs (16) , IBVPs
u(x 1) = = L+ 3a(3f(t)+ L— x)(1+ 1)’
T 9a( 1+ 1) '
f(t)= L*/(9(1+ t)*) - L/3 , IBVP
3
u(x,t) = m— ER
IBVR- 1
gz—l;: a[1+ 3%“]2 O< x< L, t> 0,
w(x,0) = uolx), “(x 0) = vo(x), u(0,¢) =0,
L’ L
wlot) = Sois 02" 3
wo(x) = x°/(9a) — /3, vo(x)=— 2v/(9a) .
(13)~ (19),
1) 0< x< o(t> 0) (6),
(14) IBVPs  , (10)
u(x,t) =
(1+ x)°+ (1+ t)*(- 3a- 3w+ (1+ t)(2+ 6x+ 6x°+ 207+ 9wo(x)))
9a(l+ ¢)*
vo(x) == 2(1+ x)°/(9a) IBVP

(1+ x)° 1+«

u(#, 1) = 9a(l+ ¢)* 3

IBVR-2

2 2
%—gz a[1+3%—ﬂ?ﬁ, 0< x< oo > 0,

u(x,0) = wuo(x), aa_l;(x,o)=— Ma u(0,t) = f(t),

9a

wo(x) = (1+ x)%/(9a)— (1+ x)/3, f(t) = 1/(9a(1+ t)?) - 1/3.

2) - o< x< o> 0) (6),
(13) IBVPs . (9)
w(n, 1) = 3atx(1+t)— tx(3+ 3t+t)+ 9(1(1+t) uo(x)
’ 9a(l+ ¢)?
wo(x) = x/(9a)- x/3 IBVP

3
X

X x
u(#, 1) = 9a(1+ ¢)° 3"

(13).

(14)

(15)
(16)

(17)
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IBVR-3

Cu_ du] Cu

8t2_a[1+3x]ax2’ - < x< o > 0,

x3 X au

u(x,0) = go= 3. 3,(%0) = vo(x),

vo(x) =— 2x°/(90a).
IBVPs , (7)~ (10)
, , IBVE-2, IBVE-3,
, , , ) 2 ,
x= J3a(l+ ¢) . (9 u(x, t), X,
. , x Foo ,u(x,t)_)().
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Symmetry Solutions of a Non-Linear Elastic Wave
Equation With Third Order Anharmonic Corrections

M. T. Mustafa', Khalid Masood’
(1. Department of Mathematics and Statistics, King Fahd University of Petroleum
and Minerals , Dhahran 31261, Saudi Arabia;
2. Department of Mathem atics, Hafr AF-Batin Community College, King Fahd University
of Petroleum and Minerals, P.O . Box 5087, Dhahran 31261, Saudi Arabia)

Abstract: Lie symmetry method was applied to analyze a norlinear elastic wave equation for longitu-
dinal deformations with third order anharmonic corrections to the elastic energy. Symmetry algebra
was found and reductions to second order ODEs were obtained through invariance under different
symmetries. The reduced ODEs were further analyzed to obtain several exact solutions in explicit
form. Apostol(Apostol B F. On a non-linear wave equation in elasticity. Phys Lett A, 2003, 318(6): 545-
552) had observed tha anharmonic corrections generally lead to solutions with time- dependent singu-
larities in finite time. Along with solutions with time dependent singularities are obtained, also solw

tions which do not exhibit time-dependent singularities were obtained.

Key words: group invariant solution; Lie symmetries; nonlinear elasticity equations; partial differen
tial equations; ordinary differential equations



