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Natural Vibration Frequencies of Laminated Composite Beams
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Abstract: The scaled boundary finite element method (SBFEM) was extended to calculate the natural frequen-
cies of laminated composite beams. With this method, the beam was simplified as a 1D model. Only the dis-
placement components along the x and z directions were selected as the fundamental unknowns. Based on the
fundamental equations of elasticity and the scaled boundary coordinates, under the principle of virtual work and
with the dual vector technique, the 1st-order ordinary differential scaled boundary finite element dynamic equa-
tion for composite beams was obtained, with its general solution in the form of the analytical matrix exponen-
tial function. The Padé expansion was utilized to solve the matrix exponential function and the dynamic stiffness
matrix for each beam layer was acquired. According to the principle of matching degrees of freedom, the global
stiffness and mass matrices of the laminated beam were gained. The eigenvalue equation was solved to give the

natural vibration frequencies of the laminated composite beam. The results show that, the proposed method is
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validate the accuracy, high efficiency and fast convergence of the SBFEM.

numerical natural frequencies and the experiment results of 3-, 4- and 10-layered step-shaped cantilever beams,

widely applicable without limitation on the layer number and boundary conditions. Comparisons between the
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Table 1  The constraint conditions at ends of the beam

constraint condition x=0 x =1
SS u,(0,z) =0 u,(l,z) =0
CS u,(0,z) =u,(0,z) =0 u,(l,z) =0
cC u.(0,2) =u,(0,z) =0 u(l,z) = u(l,z) =0
CF u,(0,z) =u,(0,z) =0 free
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F2 I/t = 100 AF(0°/90°/0°/90° ) I )2 52 4R Sh A% %
Table 2 The natural frequencies of the 4-layered (0°/90°/0°/90°) beam with I/t = 100
element order 1st frequency 2nd frequency 3rd frequency 4th frequency 5th frequency 6th frequency
2nd order 12.309 2 44.215 7 505.889 6 956.705 8 2118.2358 2708.157 8
3rd order 11.2525 48.945 4 115.329 1 184.133 7 958.889 6 1 005.616 1
4th order 11.212 9 44.560 2 101.600 6 211.074 6 328.678 5 431.467 9
5th order 11.212°9 44,571 8 99.420 0 173.882 4 280.551 6 498.252 5
6th order 11.212°9 44.561 7 99.217 6 174.345 3 269.073 7 380.223 2
7th order 11.212°9 44.561 7 99.206 1 173.834 0 267.054 3 377.217 1
2pl7) 11.193 0 44.477 0 98.988 0 173.390 0 266.010 0 374.910 0
error 8 /% 0.177 8 0.190 5 0.220 4 0.256 1 0.392 6 0.615 4
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0.5E,,v,, =v, =vy, = 025 RIMIFIE B o, = (0l’/t) Jp/E, 157 TCEW, B A BRITHY TS5 5 00
e 3, R PR H T SCHER] 6 ] A B BY B AR B A5 2 A 45 5. i 3 3 0T, Ee il AU BR TR S SRk A )
HRAF,IFH 3 ML BT (0°/90°/0°) S5 321 H PIRATAR ) 23 BEA 5 LU A SE m g 1 K.

3.4 (0°/90°/0°/90°/0°/90°/0°/90°/0°/90°) + B

R T 20 R L i B A R T SR X A2 4 R A Ak 3l FH M AR 1 LA SCHER [ 29 ] TR 9 (0°/90°/0°/90°/
0°/90°/0°/90°/0°/90°) + JZZE W TR G2 B2 FL26AF 530020 SS | €S CC il CF , AR Y 27 1 100 L4
1 A ZER R ARE] , HYERE b 5 R ¢ MRS e AR L 1t = 5 70 10 T HRSIATR 9 22 L L.
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RIZMM BB E,/E, = 40,E, =E,,G, =G, = 0.6E,,Gy, = 0.5E, v, = v,y =v,, = 0.25. WA FA R
BRI R 4 TR 0, = (0/0) Jp/B, 5N TR, 1 2 A1
-5 3CHR 20 ) HORREAS 380, AT H 91320 55 WROE SR A2 0 4 3% 1 e SR S0 A0 4 10 3 P P o o 1 1
BT Yol N F2H AT LU H AR I K JSE HT | Pt S R M T A B, SR By — 3 T 52— i 342
SRR R I 7 56 4 AT LT 4 1/ ity T2 MR IR, 2 8 R S B T D 2

{18 [E]A AR3
z
-
p#,\
B 10 (0°/90°/0°) =2E &%
Fig. 10 The 3-layered (0°/90°/0°) composite beam
£3 ZJ2B(0°/90°/0°) PrEHR
Table 3 Eigensolutions of the (0°/90°/0°) beam
It ss CF cC

SBFEM 17.480 6.270 37.808

50 ref. [6] 17.462 6.267 37.679

error 8 /% 0.107 0.053 0.343

SBFEM 17.103 6.205 34.511

30 ref. [6] 17.055 6.198 34.268

error 8 /% 0.281 0.119 0.709

SBFEM 16.432 6.084 29.982

20 ref. [6] 16.338 6.070 29.695

error 8 /% 0.5780 0.234 0.967

x4 TERNIRIE
Table 4 The eigenvalues of the 10-layered beam

I/t SS cs cC CF
SBFEM 10.862 14.058 17.245 4.184
10 ref. [29] 10.893 14.221 17.580 4.197
error 8 /% -0.288 -1.147 -1.905 -0.316
SBFEM 8.118 9.199 10.541 3.497
5 ref. [29] 8.156 9.356 10.784 3.527
error & /% -0.467 -1.675 -2.250 -0.856

35 MEREIBER

IR AR AS SCR R TR | DAL 11 w8 B 28 B 2 Ry 48] L 9] s 3R B DT ik SR ik 45 38 1) i
Bl G SL SEMMEHEA TR LG Ry 1A 6 B 0 RS R 43, K L3R DU ASER 43, RGBT 11w i A 2 T 40
HHTERSY 1.2.3 F1 4 2SS B BRI S SO E = 150 GPa, v = 0.3,p =7 634.4 kg/m’ , LAY
PP b =3 cm R AT 4 Wy ARIR ISR 3R 5 R, R R R T S E Y A A BT
% (composite element method, CEM ) SO AR R R S AT, 5 A HOTHE EE A L H i A BR T
fifp SEAIN AT 26 SIEINAEL, DA T AR SCH v 1 T PR PR ) 1 S
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Fig. 11  The step-shaped cantilever beam (unit; mm)
R5 HrHBERE RRIEER
Table 5 Vibration frequencies of the step-shaped cantilever beam
SBFEM experiment ') CEM!2!
Ist frequency 36.224 9 39.06 36.595
2nd frequency 146.580 7 138.67 148.13
3rd frequency 428.683 8 417.48 433.75
4th frequency 788.257 6 776.37 798.28
+ >\
4 4 e

ARSCEETF LI A BROCTTIE AR T — Rl BETTH R 5 3 B i IR sh iR i B B0k 6 e, FUT |
1911300 5 A s A0 0 S B K 5 2 i i 0 D7 R 8 A D0 B TR ) B 8 o0 D e 5 3 T ey PSR s 0 A
R AR R AL i, — B D7 Rtk — AP W B D — B o AR A O e, JFC AR A ik A )R B 45 8ok B AR, SR
Padé R RS fRAE AR B e 8, 19 BUE RR IR A S T WIBE DT 7% 5 foeJm MRS AR QB2 58 B il 2k i 1 vl BE DT

P S
AR, 5

B IR, 135S & R BRI B M SRR R, SRARRAAE D7 A, i B 55200 A didRsh
e T7 RSN, AR SCRE X S 45 B0 J2 KRNI F 2 AR 2 AT B, X2 8% 17 A2 I T 1) (9 22 AR A 50 A

RIBUEAT IO BT LI UMEER T8l =2 W2 )25 5 R RLERE 52 WA 3 A /Y 15, A S
SRS B E RS E AR S AR B T U [ I TS AR I R LE RSN 2B H X A B
PRBA oA A T B DB 5 RS 5 DL OR TE.
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