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A Double Projection Algorithm for Solving Non-Monotone
Variational Inequalities

WANG Xiaoting', LONG Xianjun', PENG Zaiyun’
(1. School of Mathematics and Statistics, Chongqing Technology and Business University,
Chonggqing 400067, P.R.China;
2. School of Mathematics and Statistics, Chongqing Jiaotong University, Chongqing 400074, P.R.China )

Abstract: The projection algorithm is one of the main methods to solve variational inequality problems. At present, the
research on projection algorithms usually requires the assumptions that the mapping is monotone and Lipschitz continuous,
but in practical problems, these assumptions are often unsatisfied. A new double projection algorithm for solving non-
monotone variational inequality problems was proposed with the line search method. Under the assumption that the
mapping is uniformly continuous, the sequence generated by the algorithm was proved to strongly converge to the solution of

the variational inequality. The numerical experiments illustrate the effectiveness and superiority of the proposed algorithm.
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T AR H AR AN R SR e C, T2
(F(x*),x—x")=0, VxeC. (@D

EIIRE (1) BfEER A Sol(C, F).

AR AN ARG AR AT A TR 22553, FEACHE L 1z, THIRIE | HLas >0 RN I 28 HL R0 S5 4 AR A
T2 R R N 5 B R SR AR o AN A SR L — P Bk, B R B AR B Goldstein"! $H, 7E F 2
5 FLJE H Lipschitzi% 2219 2544 T, Goldstein iERH 73056 iU SLPE. i T F A5 S e, Sk i i 32 31 TR
1. 1976 4=, Korpelevich!? # H T #Meh FE B, 7 BRI Al Lipschitzi% 22 OB R IER T 3 8k, 1999 47,
Solodov Fil Svaiter"™ 7E47 FRZEZS [ rP 8 T — BB 0 IR B A, fEIR R R SR FUER] T8k
WS 7 Hilbert 55 [8] H7, Vuong A1 Shehu' $#2 1} T Halpern % — YR 525802%, 760 PR A — BOE LB T
UEBH T 50 MR Sl il , Reich A1) 32 44 1 — 207 19 7™ 4 43 B8 2 i 2k A RN A8 20 AN 45 XA 4 04 - 1T, %
SCHR [14] B BEIEA TR0, S T RRIET IS, AR D SR A — S0 2L A B T UERH T L p ISl

ARSCZSCHR [13-15] YA &, $E T —FP o ) R 852 50k A A SRs A BGRT , IEI 1 kSR8
B AR 53 AN G 2R R i

1 i & AR

W H RS Hilbert 25 [0], € € HIEAEZS MM 4R, 10 x, — xR (0 JBRIEL T x, x, — xR {0 BB T x. SRR Y
uveH a0, H
et +vI1* < ||ull> +2¢v, u +v),
lle+ VAP = [lull® + VI + 2¢u, v,
llowe+ (1=l = aflull” + (1 =) M — (1 =) lu—viF*.
HE45x € H, WAFAECHME— I 2 Pe ()i /2
[lx = PcColl=<Ilx = yll, VyedC,
Pl H B|C R, By MPch H 3¢ ERYAEY RS,
EX 1 #F:H— HE Bt
(1) Fr F 2P0, inE(F(x),y—x)=0= (F(y),y—x)=0, Yx,y € H.
(i) FK F J&LipschitzZ £ 1, W F(x) - FO)I<Lllx—yl, ¥Yx,y € H, X B L HLipschitz# % H.L > 0.
SIE 1Y #%C c HiRAES T4, MHEE M xe H, 7
(1) ¢x=y,Pc(x) = Pc(y))=||Pcx—Pcyll*, Yy € H.
(i) I1Pc(x) = YIP<lx = yI* = llx = Pc()II*, Yy € C.
5138 2% #%C c HiRAES M T4E. i x € Hize C, Mz = Pe(x) © (x—z,2-y)=0, Vy e C.
5138 3% #rC c HRZRAEZ I FAE, h(x)Je H LIYSEE KA, & XERK = {xe C: h(x)<0}. W K k=
Hh(x)7EC I Lipschitzi# 221y, |
dist(x, K)=6"" max{h(x),0}, VxeC,
Hrhdist(x, K)Z&nx 3 K WEEE, 0 M Lipschitz# %, Heo > 0.
5138 4 W{a, JRAETSEUT Y, R DL OGR!
Ane1 <1 =1,)a, + 10, 84.
Fotn ), (snl A (1) ) € 0,1, Y™ 1y = 003 (i) lim sup, o, $,<0, Wlim, o, =0.
SIFE 5% x* € VOI(C, F), 2 HAL Y x" = Po(x* — AF (xY)).
AR
(C1) BRSJF : H — HEECH A FH4E IR — St 2L,
(C2) B ANEAfRIESol(C, F)AEZ.
(C3) Xt x* € Sol(C, F)#BA
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(F(x),x—x")=0, YxeC. 2

(C4) f: C - CR—NIEAEMLST H R4 R 5o € [0,1).
(C5) FEFl{a,) € (0, 1), ELifk felim, L a, = 0, Z;an = co.
2 A5 WECrEIERH
AN SCHE S R Ak
WE1 o e 1), ye0,1) e (%,g),iﬁ_ﬁmmﬁm cc.
LB 1A
Zn = Pe(x, — AF(x,)). 3)
R r(x,) = x, — 2, = 0, WA 1E, x, RS AN B, 28R 2.
HIE2 A
Vn=Xn— an(xn),
Hodrr, i= ym, my 2l 2 2 e/ N E U .
(F(x, —)/mr(xn)),r(xn)>>%Ilr(xn)llz- 4
$E3 {1
Xne1 = @ f () + (1 - an)PCn (xn),

/\q:‘
C,:={xeC:h,(x)<0},

(%) := (F (), X = X) + Z—ler(xn)llz- (5

An=n+1, FFRIREE 1.
S (1) BAMEE | PERIE ), ) (o HBE TC.
(i) BB (CO~CHIT, FBIHL S I #ir(x,) = 0, Whx, R AR, B L. SRS F7EC L —80E
SEPELL K3 1, AT 1S
QeI = [ = zall® = 1% = Pe (i = AF QouDIP S ACF (x), X0 = 20)

BRI (), r(xa)) Z A7) IP. SRR A € (21 ! ) NID]

20 o
<F<x,,>,r(x,,»zcrnr(xn)uzz%nr(xn)uz.
T35 T, 1My s (F (= " r(x,)), 7(x0)) = (F(X), r(xn»?%nr(xn)uz. JIRLASAR A (4) A 3.
(iii) ansk F ROy ay, = ) misr, S22 WA BT, EARR) 77T 2 WSk [16] FRAGH] 3.1, fr bk i MBS (C3) L P 2R3

SIEE 6 fBRi%(Cl) ~ (CHWL AL, H bR h, (0 2 (5) & L. (1) W r(x,) #0, W h,(x,)>0; (11) a1
x* € Sol(C, F), Mh,(x*)<0.

SRR 1, (O S () = I CenP. B i) # 0, AT (x,) > 0. 55—y T,
o) = (F " = 50) 4 Gl = =CF Q)5 =) = (F Oy =X+ 22l
g 430 (2) Al (4) nI S
ha&)= = (F s =ya) + 5l =
=T FO (e + 22l < =7 el + el = 2 (% - cr)||r<xn)||2<o.

M52 6 AHIE.
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SIFB 7  BRB(CL) ~ (CHRL, WL 1 7AW 551 {x, A AL
MERR  i&p € Sol(C, F), G IBE 1(11) FIFH|Pc, (x) = pIPF<Ilxu — pI* = 1Pc, (x) = x4 8L Pe, (x) = pII<IIx4 = Pl
éIj:l:é’{xnﬂ }E‘J%X%ﬂ
[1Xn+1 = pll = Nl f () + (1 = @) Pe, (%) = plIS @l f(x2) = pll + (1 = a)lIPc, (x,) = plI=<
@l f () = F(PI+ @l f(p) = pll + (1 = a@p)llx, = plI<

@ppllxn = pll+ anll f(p) = pll + (1 = a@)llx, = pll = [1 = (1 = p)]l1x, = pll + @, (1 — p) =———

max{”)% ol I|f(p)pp||}< <max{”x - IIf(p)ppII}

ﬁ%@%{xn}ﬁﬁ‘. O
SIFE 8 {BI(C) ~ (CHIMAL, {x, ) L 1 P2 BF . A0SRm0 T4llx, = Zall? = 0, WTim, e |1, = 24l = 0.
MERR  FRATH LI PR IE.

2
1B/ 1 #liminf,owt, > 0, WO Ir(x,)I? = rnllrix,,)ll A

n

IIf(p) pII
-p

1 1
limsup ||r(x,)||*> << lim sup(,||r(x,)|1*) lim sup — = lim sup(z,||r(x,)|* )—f =0.
n—oo n—oo n—oo n n—oo min Tﬂ

Belimsup, o, 7o)l = 0, RIimy, e 176l = 1imysseo 1%, = 24l = 0.
18/ 2 Fliminf, o7, = 0. AWMy o0 7, = 0, limy o [|X, — 2, ]l = @ > 0.2

Up, = —TpZn t+ (1 - _Tnk)xnka
Y Y

Iy

Up, — Xy = ~ Ty (an - xnk)-

Y

BRI A Lo, V3, T DAz VB, Wz, — 0 VA 5 ELimy o0 7 = 0. L AT A5 1m0 (4, — X, ) = 0. HR 3 248 2 IV
(4) Fl{u, )W E X145

(F () X, — 2y ) <
AN T

QA (X )s Xy = 2y ) + 2AF (1) = F (X )s X, = 2 ) < O A, = 2|
A, 1= Xy — AF(x,), W

2
”-xnk an” .

2

22Xn, = O X, — ) + 2AF (U) = F (X)), X, = 2 ) < 04| x, = 2, | 6)
A K

2%, = O Xne = 2 ) = 1 = 2 1P+ 1, = S 1P = M1z = S I, @)
Bz (6) fl () A

12, = O I> =11z, = O 1> < (A = DlIx, = 2 |I* = 2ACF () = F (X)s X, =2 )- (8)

N F i —B0% S AT Al oo [|F (i) — F ()Nl = 0. BT LA Gk — oo i RS (8) A4 14 #43E T (01 - 1a? <0,
PNIIEE]

lim sup([1s, = 6, |I* = llzn, = 0, IP) < (A = D)a® < 0.

¥ TFe=—(cA-1)a?/2> 0, fFIEN eN, Y4n=NIA
16, = S l* = 1z, = S P < (A= Da* + € = (A - 1)a*/2 < 0.
W, = S I < Nz = S Il IX G {2, A A STF I .« PRI, 11, — 24l = 0. TIEEE. n
/HE_'{E 1 1&&((:1) ~ (CS)E‘ZJ J”'J&!%FE‘ 1 Fﬁiﬂ’]f?ﬁﬂ {x} EEL'&/\JZ:FP € Sol(C, F) EP Psol(CF)Of(p)
WERR  JEIEIPC, (x0) = XalP <1 = pIP = %11 = PIP + 200 f(X0) = Py X1 — p). FE L
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1%ns1 =PI = lla(f (k) = p) + (1 = @) (P, (x2) = pIF <
(1 = @) (Pe, () = PP +2a0{ f(Xn) = ps Xt = PYIIPc, () = pIP + 200 (f(X2) = s X1 = ).
B 1) 73
1041 = PIP <10 = pIP = 1Pc, () = Xall” + 20 (f (%) = P+ X1 = P)-
F AT 5
1P, (xn) = Xal P <1 = PIP = 101 = PIP + 20 ( f(Xa) = P X1 = D). (9
FHE -0 | |r<xn>||2] Sty = pIP ~ et = pIP + apll FC60) — pIP- H S IFE 7 50 (e, AT 5, BT AT 51 £ ),
(2} A B F (y VA 5. DM AFAE R BM > 0, AR XHE R =1, B |IF o)l <M. ik
1 (2) = ha )] = KF )2 X = Xa) = (F )y = Xl = KE ), x = WISIF @)l llx = YIS MlLx = yl.
1% W b, (x) FE:Lipschitzi# 221, H Lipschitz BCh M. 513 1, 3 F1 6 n[45
IPc, () = pIP<I1xu = PII* = 1Pc, (xa) = x4l = I, = pII* = dist® (3, C) <

1 2
||xn—p||2—[ﬁhn<xn>} <, -l - [ 2t n>||2]

G5B X ) RE AT
s1 = PIIF = llan(F () — p) + (1 — @) (P, (x,) — pIF <
@ullf () = pIP + (1 = a@)IIPc, (x,) = plI* <

)~ pIP + (1l = pIP =1 e 7P| <

@l f i) = I + 1, = plP — (1 —an>[ 2 ]

A

an>[ ||r<xn)||2] <ty = PIP = a1 = IR+l f) - pIP- (10)

4IM
N 2 .
Tl X1 = pIP< (1= (1= p)an)llx, — plP* + (1 —p)anmmp)—p,xm —p) L
||xn+l _P||2 = ”an(f(-xn) _P)+(1 _a'n)(PC,,(-xn) _P)||2 =
llan (f () = F(P)) + (1 = @,)(Pe, (x%,) = p) + an(f(p) = PP <
lla,(f () = F(P)) + (1 = @) (Pe, (X0) = PP + 20, f(P) = P, Xps1 — PY<
@l f () = FDIP + (1= @)IIPc, (x0) = PI + 2@, f(P) = Py Xns1 = PY<
@l = pIPF + (1= @)lx, = pI* + 2, f(P) = ps X1 — p) =
2
(1= (1 =p)a)lx, = plP* +(1 - —PanT— <f(p) D Xns1 = P)- (1D
T HESPIFME R #ATHE.
1/ 3 HAFAEIEEEBN, Mn= NG |1x,1 — plP<llx, — pIP, XK W lim,,« |1, — pIPAFFE. B 3K (10) 7T 15
2 _ A
el ] 0, i
lim 7,[|r(x,)II* = 0.

53 8

lim [[r(x,)l| = lim [|x, —z,[| = 0.
n—oo n—oo

SRR o VA B, T LA o6, JARAT— SR R RATAE T L, ), AT o0 i, = 2. S5 B PRI F I —BUESEE N 11
Jim llr(e)ll = Tim |12y, = Pe(tn, = AF Qo) = iz = Pe(z = AF@) =0,

T . [

1r(z) = 0. X5 5 52 € Sol(C, F). 55— 71
(X241 = P, x)ll = @l f(x,) = Pc, (x,)Il = 0 (n — o0).
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AT (9) TIARlm, -0 1P, (60) — x4l = 0. I

1%241 = Xul[=Xps1 = Pc, (x)ll + |Pc, (X4) = x| = O (n — o0).
455513 2 Kp = Psocr o f(p)A

limsup (f(p) - p,x, — p) = {f(p)— p,z2— p)<O.

n—oo

L
limsup {f(p) = p, Xp+1 — p) = limsup {f(p) = p, Xp+1 — X,) +limsup (f(p) — p, x, — p)<O.

n—oo n—oo n—oo

MR (11) A5 4 FH x, — p(n — o).
1EH 4 BRAFEAEn € NI (I1x, — plIYe, &SP BT 4. AT, = lIx, — plP ELA WLt - N — N x5
BHIn=ny (ng 2% K) #0H
t(n) :=max{k e N: kssn, [Ty}
Bllz(n)J&1,2, - -, n AR R 38 e 80 i) e RoABLk . SR AR 2 — AR I 51, B e lim,, o (1) = o0, PAKC
0§F,(H)<F,(,,)+1, Vn%ng.
i Cauchy-Schwarz 25 K2 (9) I 75
1P, Ceany) = Xl P <Xy = PI = X1 = PI + 20 f i) = Ps Ximye1 = PY=
204l f o)) = Pl IX1my+1 — pll = O (n — o0).

= (10) A75

Ti(n) :
(1 —apm) 4/;—;;4||”()Cz(n))||2 <

110y = PP = 1Xey+1 = PIP + @all f ximy) = PIP<
@l f ) —plIF =0 (n— oo).
KMITFAE 3 B3F R AT 75

}an}o 1%y = Zemyll = O, 31_{130 1%¢n)+1 = Xegmyll = O

LK
lizlls;lp (f(P) = P> Ximy+1 — PY<O. (12)
= (1) A7E
Xim+1 = PIP<(1 = (1 = P)iu)) 11y = PI + 2 f(P) = Ps Xyt — P
(1= (1 = p)am)lXmyr1 = PIF + 26 F(P) = P Xumye1 — P)-
it

(1= P)Xemye1 = PIP<20F(P) = P> Xigys1 — P)-

454330 (12) Alimsup, o, X1 = pIP <0, B
Tim [lxign1 = pIf* = 0. (13)

POk, FRATUE Mn=nolt (ng R K), HOST, <Tpuei. AMEEI, Bn=nol 17 t(n)<n. % & =FPE
Mt(n) = nMltn) =n— 10, WIRA T <Tppa. WH B ) <n— LR E B IEEE n=no, B ))& SCH, A
FiZ0 0 ) + 1< j<n— I, 18BN 01 ZHien = 2o =0, FICYR RIS, 0T, < TH ST BE
37 (13) AT, o0 Ty = 0, BISRTE 1 324025 17 51 x, SIS T p. o

3 BUE B

FEARTT RS T 3E 1 AE A ) B A LR B2 SR, -5 Sk [14] FRAaEE 3.3 gk [15] HaA
e 4 AT R A e A AR RS R B 7E MATLAB R2020a il Windows10 24 FiEfT09. iH &ML A SECH
Intel(R) Core(TM) i5-8250U CPU @ 1.60 GHz. tt4h, H “iter” FmBEEEREL, “CPU time” FnfE/Fia
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SRS TE], AL s. f%‘ﬂz SEHLANR
A7 BE f(x)——xO' 0.5, /l—;l,y 0.5, @, = ——

] n+2
SCHik [14] 8B 3.3: 0=05, y=0.5,a, = —-
SCHR [15] AL 40 f(x) = x,u 0.5, a_g,y:o.s,anzL.
u n+2

51 BT E R —>Rm{wq,@F(x) =Mx+q, XM geR"HM=NN"+S+D, LHN,S,D e R™™, S K L%}

FREERE, DX AR B R AE . BT A5 4R
C:={xeR":-5<x;<5,i=1,2,---,m}.

K153 FJt—~ 38 H Lipschitzif 2 (B 5T, A Lipschitz# 50 L = | M. 55 T g = 0, A A28 79 A 45 2
—fif#I2:{0}

TEASCHISLEG R, HFEN, SR T A JC R AR E X 8] (-2,2) FBENL™= A, F5 R D X f O R AE0, 1) FFEHL
Az AN, B TR SR T R KRR BN 107, AL 1, — XS Eeres FEHT £ TR E IR 22 5 FE LA 10
T ?ﬁﬂ]ﬁtb?fﬂﬂ@ﬁ’ﬁf%&m ANE BRI LR s LA SRR R 22 5 e, =R BB ROR, BRI 1 ~ 3 JiF

i AR A BAE T AR B, S0k 1 78 = AR BRI 7 B .
R e = 107 R FIFEIE T AERRY AL

Table 1 For gey = 10’4, comparison of different algorithms about dimensions

o= (L) ' m=10 . m=50 . m =100
iter N; CPU time #/s iter N; CPU time #/s iter N; CPU time #/s
alg. 1 70 0.0136 89 0.1686 110 1.0945
alg. 3.3 in ref. [14] 47802 4.0266 109 128.9551 109 755.4308
alg. 4 in ref. [15] 10° 12.0259 7538 14.3675 1484 17.3564

K2 o = 107IEARIRIFEE T IR S HAR

Table2 For gerr = 107#, comparison of different algorithms about the initial point

x1 =rand(100, 1) x1 =2 xrand(100, 1) x1 = 5xrand(100, 1)
=100 iter N, CPU time 1/s iter N, CPU time 1/s iter ; CPU time 1/s
alg. 1 93 0.6047 119 0.7330 195 1.0379
alg. 3.3 in ref. [14] 10° 758.4269 10° 757.2559 10° 748.3109
alg. 4 in ref. [15] 489 5.4683 699 7.6306 924 9.3821
R 3 m= 1000 RFRIFECT RIFREM LR
Table 3 For m = 100, comparison of different algorithms about allowable errors
= (L ) - Eorr = 1073 . Eorr = 1072 4 Eerr = 1078
iter NV; CPU time #/s iter V; CPU time #/s iter N; CPU time t/s
alg. 1 59 0.0142 145 0.0215 166 1.1689
alg. 3.3 inref. [14] 54460 407.0808 10° 7643791 10° 751.3783
alg. 4 in ref. [15] 622 7.1918 1133 13.1318 1418 16.5836

4 HhgHRE

AR SCRIFHERAS 7%, S T —F i (SR A A Bl A48 3 AN S5 X R B Fk, AEm 2 — BB &%
PR T 3 AW St AR SO AR 435 SR et 1 SCRIR [14-15] Hou) iy B 28 28 BB S 30 s 1 A SCRE A
AR S F XSRS AN S R SVE ST T RS, Aneni T AR 45 N T G A B DA R N 4 R A
AR — 5.
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