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Vibration and Buckling Characteristics of 2D Functionally Graded
Microbeams With Variable Cross Sections

LEI Jian', XIE Yuyang', YAO Mingge’, HE Yuming'
(1. School of Aerospace Engineering, Huazhong University of Science and Technology, Wuhan 430074, P.R.China;
2. Tianjin Aerospace Reliability Technology Co. Ltd. , Wuhan 430056, P.R.China )

Abstract: Based on the modified couple stress theory and the Timoshenko beam theory, the free vibration and buckling
mechanics model for 2D functionally graded microbeams with variable cross sections was established by means of the
variational principle. The model contains the intrinsic material length scale parameters of the metal and ceramic
components, which can predict the size effects of microbeams. The Ritz method was used to obtain the numerical solution
of the vibration frequencies and critical buckling loads of the microbeams under arbitrary boundary conditions. Numerical
examples reveal that, when the thickness of the microbeam decreases, the dimensionless 1st-order frequency and the
dimensionless critical buckling load will increase, and the scale effect will grow larger. The effect of the taper ratio on the
dimensionless 1st-order frequency of the microbeam is closely related to the boundary conditions. At the same time, the
effects of the taper ratios of the thickness and the width are also significantly different. The dimensionless Ist-order

frequencies of microbeams increase with the material length scale parameter ratios of ceramic and metal, and the degrees of
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increase are different under different boundary conditions. The thick-direction and axial material gradient indexes also have

significant influences on the free vibration and buckling behavior of the microbeam.

Key words: modified couple stress theory; functionally graded material; variable-cross-section beam; size effect; vibration

and buckling
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Fig. 1 Schematic diagram of a 2D variable-cross-section functionally graded microbeam
TCE G5B S BT b i 2 A2 Ak, A
X
IKx)zhL(l—ch—), 2
L
X
le)sz(l—cbz), (3

2, Filby 359 S 2 i T 4 JSE BE RN FERE , ey, (0=, < 1, 0=y, < 1) 43 I AR X 0T 5 8 A 58 )
£
1.2 #RENINE B 1T HEIIEHITT 12

KA 1 PR E AR R, ST Timoshenko FERYE, — 2k I REAS L HAI R BT E AT — RSN

uy(x,z,1) = u(x,t) + z¢(x, 1),
{uy(x,z, =0, 4)

u,(x,z,t) = w(x,1),
A, u A w A3 AR U — SRk AR a6 A%, ¢ RIS SR y BhAEE A,
IR S A NE (3255 8 =)
_Ou  0¢ 1 ow
Sxx—a_x+Za_x, Exz—§(¢+a—x). (&P
HRYE Hooke 22 13, T A- A% %) 4l 1] 1F . 3 RIS 1] 55 1 1A
ou  d¢

0
o-xsz(x,z)(a +za), o-xzzks,u(x,z)(q}+ 8_:) (6)



1136 VA= I Q= | B A B 2022 4F A 43 %

K, kN BTUMEIE R AL
Yang 557 K JEAEIE BN BRI S AT — D SRV AT G BN BURHIE RS 4L, W] AT O R

FE T 3224 D0 B8 RUBE R8O AR 5 28 P X R T 3 5K ey M R 77 8 A D AR 2 2031 58 SRR
1

Xij = i(eipqapgqj +€pgOpEqi), D

m,‘jZZﬂIZX,’j, (8)
S, 1R N BERRIE RS 4L, ol B DI

AR BLRRAE RUBE S ORGSO BE MBI A IE MR 2, © A W58 3 38 2o i 8 25 il SC g0 15 R A R

(epoxy) IR BESHCH 17.6 pm!LXF 4@ A0 AL, Tl IR 2 L3038 (ND) | 4 (Cu) AR (T I RS54y
R 1.553 pum, 1.422 pm 1 0.775 pm"™L L _EAFGEH AT LR H, AR R ) SLRRAE RS S EUR A 25
(1, JCHIEAFIFPZE AR PRIk, T H 4 e 2 28 B i — R D e ik BE OB 22, AR LA a3 #r, IF5 2% 3
ik [21, 33], FRAT B R LN BURAAE R S RREAT S IR A A AR TE (1), TR A 85O B N SRR IE R S 4000]
PIFRIRH

P., .\ p,
I(x.2) = (I - m)(2 hf)) (f) 1, 9)

T, LA 70 531 P 88 R0 S A L PR BRI U 25K
B IUAI(T) H, RIS PRI AR 5K i A AR i

op Fw
X/W (6x axz) (10)
B TORARK (), ATAHE A )ik R AEE sk
_1n ¢ Ow
My = El (x,z)u(x,z)(a - W) (1

TORAERTRIDXTE] (7, 1] b BN AFREH)— B AR 43 2k =h
15 15
) . Udr = ft [Lz (0 xx0&x + 20,08, + 2mxy8)(xy)d9] dt =

o ON. 80. 18P. oM P
fn [L(_ES u=S-ow _Eﬁs ——6¢+Q8¢———6¢)dx dr+
x=L
j (N6u+Q5w+-@5w—1P66—W+M5¢+ P6¢) d,
h 2 7 x=0 (12)
o, N, M, P I Q AN 1w RO AR I A, HR a5
N:f o dA, M:f 20 A, P:f mydA, Q = fA% , (13)
Horp, A e R AR A, RN A ARAR x 1Y pRER,
A(x):hLbL(l—chz)(l—cb%). (14)

BERAERF I X ] [11, 1] b BRI BIBER) — A 7 Rk a0

n Ouy Odu, auy 0du,  Au, Adu, 3
%), Kd"f fp(“)(a a o o o )T

t u 1) 621,{ 62(15 62
LI [( o 6t2)8u+( e T g |00 g | Xt (15)

i
(mo, my, my) = L,O(X,Z)(l, z, 22)dA. (16)



5510 1 B, A AT 2 REAR BE R A PR S A R 1137

R A N, FERFEIX A [, 0] BB DAY —Bir A2 534

t ow Odw
J) Wdz—j fN 1 odadr =

%) 5] 6
-, fo Nxﬁﬁwdxdt+ft N odwl dr.
WOERYRSHAE #1170 a0+ 5 2 0] i Hamilton 283 R BERAS:
BL [(U—~W)-K]dr = 0. (18)

P (12) ) FADRARK(18) Hh, W3R Rz s RN
ON  Pu 8

aan

du: — . +mo(9 +m— i =0, (19
00 16°P Pw Pw
S _=__ — — =0, 20
ox  20x2 o TMgp 20
oM 10P 8u 0%
dp: ——+Q0—=— =0. 21
1) o +0 26x+m +m26t2 QD
TR W v (x = OFlx = L) B R 4N
u=0 or N=0, (22)
10P ow
=0 —— _-N,— =0, 23
w or Q+26x o (23>
ow
— =0 or P=0, 24)
ox
¢=0 or M+%P=0, (25)

FLr S S [ 4 L BT S = 0, w = 0, z_w — OFllg = 05 ShTR e 2301 LN, FE i fu = OFhw = 03 3835
1 FH LT, XS R AT B
B (13 RAZL(19)~(21) H, AR R IE R AB 3 T N

0 ou) 0 o¢ 0*u 0%
du : __Axx_ i Bxx_ a0 _=O’ 26
“ ax( ax) ax( 0x)+m06t2 e (26)
0 0 ow\ 1 & op\ 1 0? O*w 0w 0w
D= (Ca®)— = [Croim |- 275 (Coi |+ 775 (Covr |+ Vo =0, 27
ow: =55 (Cxd) ax(czax) 4ax2( Wax)+4ax2( y8x2) g g =0 @7
0 ou) 0 ¢ ow
6¢ gx(Bxxa) a(Dxxa)'l'Cﬂ(b"'sza
10 0p w 0u 0%
—-—|C, Co—> =0, 28
4ax( ’ax) 4ax( >ax2)+mla e (28)
K
(Axx, Brx, Dyy) = jA(l’ 25 ZZ)E(X,Z)dA, 29
_( r
Coy = | P 2ucx.2)dA,
Co =k f 11(x,2)dA. (30)
[l B HL, SR B (= Ol = L) RSB 2R R 2 14 A
3 ou o0
u=0 or Axxa‘l'Bxxa—O, (31)
ow 10 opy 10 *w ow
_ WL L0 (0 9P\ 19 [ TN N OW 2
w=0or CXZ¢+CXZc')x+4c')x( xy@x) 46)6( xy@xz) N)‘ax 0 (32)



1138 VA= I Q= | B A B 2022 4F A 43 %

ow 0p 0w
M0 o2 _c, 2% -0, (33)
Ox o Y ox Y 9x2
P o 1. 1. &
6=0 or B Myp 20, c 9 Lo IV _y, (34

Ox ox 4 Pox 4 Y ox?
2 PRshAE R Ritz fifk

SH] Ritz 35, w LAARAHAE I F A0 T — 4T RER HE SR IR sl RIAS 2 P TP A ) (LA
X TR IR Sl A i 0 D7 R REA T IR, wI AR 55 SR Pl 7 A, SRR AH L o sl 5 R R A B 2%
PF AR (26)~(28), AR AT — AE D) RERR L R R S5 A 7 8 m] el LA SRR 15 211

jOL—l/fl{—%(Axx%)—%(Bxxg—ﬁ)+mo%+m1§f}dx=0, (35)
LL—WZ{—%(CH@—%(CHZ—V:) —%;—;(cxyg—ﬁ)+%§—;(cx),%)+m% iz}dx 0, (36
Ji s (o) g (P e e (o)

‘l“%(cxygz—v:)+m122?+mz ;‘f}dxzo, (37

I, w1, o My BRI, 359006 AL u, w T @ TS ) 10 50 25
Xt (35)~(37) HEAT 70 AR I3, WIS AT — 4E D RERR HE (N B B s e XA il A

L Oy AN 0 62u 0% ou o
J;) {_E(Axxax) ox ( ) Yim O l//lmlw}dx"' U (Axxa +Bxxax)

2 2 2
Fp e to(e ) 1020 ) 122 22

=0, (38)
0

Ox) 4 9x2 \ Vox] 4 8x2 TV ox?

Pow ow\ 10 (. a6
~Yamo— o }dx+l//2{(cxz¢)+( ax)+Za_x(C”E)_

2 0w
Yox ox
10 *w ow
- |Cy—= | =N, —
46x(cyc')x2) ﬁx}o

L alﬁg ou 8% 6¢ ow
fo{——(B ) o (D )%szﬁb UsCra

L

2 L
1‘9"”2(0 o¢ aw) -0, (39)

40x \Mox o),

1 03 o\ 10y; ’w
or?

o’u 0%
2ox \“ax) aor nyﬁ)“’“’"l Vg }d“

op 1o 1, Pw\
L ) R o
Ao, SN AR R s B T R, T BRRS RRR iE Bl i AR
VLR PR, wHlg JETT B T IE
u(x, 1) = @(x)e, wix,1) = wx)e”, ¢(x,1) = d(x)e'“. (41)
FE Ritz 2%, Wi, wl@JRIF LA FIE K

g

o= fl(x)Za]() szZ(x);Zb"(%)j_l’$=f3(X)§:‘c"(%)j_l’ (42)

J_it':':', aj, bj*ﬂcjj‘]T#ZE/%;ﬁ(; fl (x), f2 (x)*l]ﬁ (x)jﬂ/ﬁﬁk/@lﬁﬁ"%ﬁ:% IZI%(, %Xﬂﬂ—F
fi(x) = (x= L), fr(x) = x" (x=L)%2, f3(x) = x"(x— L), (43)

WS (Bxxa_u + Dxx
ox




5510 Y RN, S AR 4 D) REAS RO AR S AN b 1139

Horb 48851, 2y 51, soflley, o JHT46 58 A [F) 28 B 300 258, AR iR 00 288 FR ) 25 1F, WIS 4% F8hR B0 {HL, 40
1 R (e C-C Fon Wisii 8 32, H-H 78 P 804G, F-F 375 M A 15 C-H 278 70 3 8] 3 i B2 4 5 H-
C FR 7o Beas A i [ 525 C-F 2 e v 1 S A7 % ) #; F-C o 7 ) R A [ 52, I [)).
ARt S 55 T A 7 AR AR OISR, T A Ry 1, o Filys 70 S T I 5 R ELf (), fo (O T3 ().
@D RAR(38)~(40) v, TH FIF A1, h 4260 7 R AN BR800 3, WIS BAH R A RFIE BT 72, X4
TEAE DT REFEA TSR Ak, T A5 3 GO Sl R e ) R BB S 1 AT A0 A, 5 LA RUR Te ik 248
wl? [pm - 1217

w:K E.’ = —bLhiEmNX. (44>
R AFLFGEIES pr, po, 1,80 By, 1 FHRAH
Table 1 Values of p;, p,, sy, sp,and¢;, t, with different boundary conditions

P P2 S 2 b 153
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F-F 0 0 0 0 0 0
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C-F 1 0 2 0 1 0
F-C 0 1 0 2 0 1
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Table 2 Convergence analysis of dimensionless frequencies of the 2D functionally graded equal-cross-section microbeam

(h,=1.5um, L=20hL, cp=cp=0, le=lp=15um)

n P,=P,=0 P.=0,P.=1 Po=1,P.=0 P.=P,=1
6 28.5940 23.6911 22,4498 19.5610
8 28.5838 23.6829 22.4363 19.5521
10 28.5799 23.6795 224307 19.5484
12 28.5785 23.6783 22.4286 19.5471
14 28.5781 23.6779 224279 19.5466
16 28.5780 23.6778 224277 19.5465

18 28.5779 23.6777 224276 19.5464
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R 3 FETASCRIALN VL AR B A 0 i AR SCHR [34] TPERINSLE (h=1m)

Table 3 Comparison of dimensionless frequencies of macro traditional equal-cross-section FG beams with ref.[34] (# = 1 m)

P,

BC L/h model 5 " 5 e m
present 1.89472 1.46296 1.33372 1.26441 1.22393
: ref. [34] 1.89479 1.463 00 1.33376 1.26445 1.22398
oF present 1.94957 1.50104 1.369 68 1.30374 1.26494
20 ref. [34] 1.94957 1.50104 1.369 68 1.30375 1.26495
present 10.0198 7.91520 7.20210 6.65777 6.33031
cc : ref. [34] 10.0344 7.92529 7.21134 6.667 64 6.34062
20 present 12.2226 9.43080 8.603 50 8.16921 7.91202
ref. [34] 12.2235 9.43135 8.60401 8.16985 791275

R4 SETARSCRIY R 7L BT SETH = B e 44 5 Sk [35] ThE SRR IL (C-Fft, P.=P, =0,
WHBIT® = wL? peAL/(EelL) . AL=hbr, IL=bLh’[12)
Table 4 Comparison of the Ist 3 order dimensionless frequencies of macro traditional tapered beams with ref.[35] (in this case: C-F

boundary condition, P, =P, =0, &=wL?\JpcAL/(EclL), AL =hibr, I =bLhi>/12)

;=0 ;=0
[ model — - — ¢ model ~ — —
@1 [y 3 @1 [y @3
0 present 3.5090 21.7373 59.7804 0 present 3.5090 21.7373 59.7804
ref. [35] 3.5160 22.0345 61.6972 ref. [35] 3.5160 22.0345 61.6972
present 4.0879 22.8068 60.8214 present 3.7307 18.9405 49.3059
04 ref. [35] 4.0970 23.1186 62.7763 04 ref. [35] 3.7371 19.1138 50.3537
08 present 5.3829 25.2969 63.6608 08 present 42863 15.6622 36.4756
ref. [35] 5.3976 25.6558 65.7470 ref. [35] 42925 15.7427 36.8855
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