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The Random ADMM and Its Application to Convex
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Abstract: A new random alternating direction method of multipliers (ADMM) was designed to solve convex e-
conomic dispatch problems in power systems. The convergence of the random ADMM was analyzed. Under
some mild assumptions, the random ADMM, according to the cycle update rule and the random selection up-
date rule, was proved to converge to an optimal solution of the convex economic dispatch problem. The numer-

ical experimental results show that, the proposed method is effective to solve convex economic dispatch prob-
lems.
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n n
min F(x) = ZF,:(xz) = za,:xf +tbx; +c,
* i=1 i=1

Sy =D, (1)
s.t. i=1

% € [ Xy s %o ) » i=1,2,-,n,
Hpx =[x),%,,-,x,]" € R" x, 55 i WHINIIR a,,b, ¢, WIAREL, F(x):R" — R, ZBDREN
AR PREL, o, ST a1 BB N BRI, o, AR AR G AR BRG], D R AT R AR R

BEOX IR (1) A A pk 5 32 32 A A rh 5 A A O B A RS b U i 5 8 R A R Ak
WL R REAR AR SCHR 1 ] BRI T T AR b B A ) 2 2 R B OU A SR SR A PRI 5 [ AT 5 SRR
(2] BB AN R, SCHR( 3 ] M AEBE 2% 20 A RE G RL 0 B A 7 e P A B 4 b 3l P 3 980 B2 (1) R A T
TAE I — R GRS SCRR [ 4-5 RS I8 RO FORE TSR 25 5 S B B0 0 8 B ) AU
BOFROR IR A RE RS B ER A, O ELT T30 ] 2 RE DX 208 ok 70 e DR 3 72 [t | | 5 SR 1 ] AN [, S
HR[ 6 ] SR R 2 58 S S ) e o A B30 Bty T — ok B 2 AL B )y R A8 52 7 S JR AR [T BB S 45 &) Ml
HEATIAT S M SCHR[ 7 VB XA SR A T A 22 70 B B B L4 & 18 3 1 — Nl T iy R A
EHESR R FR R AN A TTATRE S S T AT, LA R S W B

IR TP IS T TR A R AR B AR S R A ) REEDLAL IR L, HLD) 745 34 e L (H
e A 58 M T O BT AR 2 U2 A Be iR T EL AT Jre v 2 R0 R B P B e v 22 S AP UE
BiAIA], o3A A EA B R S A T s BB Re A R R IR R0 520 Ab A b P o AR i
JITLAE T LAAR - b A B A, DR B, B R0FEA5 AR TR B8 4 A B 1 ke ik ke 426 T 98 2 1)
FOUSE g m IR SCHR 8 14t T —FioBr i 56 T A i i — Btk R 28 T 8 B2 (DO A6 33002, T #hd DD, DRAIE sy o
AT AT WS B S I — Bt L B 300 A Nk s A R S o T A e i B AR T o
fiZe TR ATy TR A AS B, SCHR[ 9 1t 17—l = 0 ik A1 X0k Ji ey XA B30 35,
PP AL B i 45 5 B0 B R D7 S8 b, MR BRAIR 1 28 B A RS i) 5 SCHR[ 10 ] 52 1 1 —Ff 3 A =X
B R R SRR IR A R RGTRE R, DRAIE A R 28 T VR R It ) A R

A7 18] 3 F- (alternating direction method of multipliers, ADMM ) 8.3k J&: 3 A3 208 vk v —Fh 8 20 7 1%,
ADMM [ A 50 S22 4 i 0 [ R0 53 ik SRy 224 S /N - Tl L, A 3 YR 3 AR v A SR i B — 1> e s ) £
Tk XM ETRAN T AR IRl h AR IR B R, H ADMM Bk b B R IS RE A E B2
o7 F BRI ARG [ R epy A 4 A i 2 Y GEIHR G 55 A HE PG A B A AR Sk
[15]ERET ADMM B4 1 — R0l 1 73 A N BF I BE B SR AR 1 B — 8™ 1A pR 50N 25 s PR A
R H, 5 AR RIRD A, 1) ADMM 33 A e 22 5% 81 88 RN AN B LA T B 1) 75 923, 1A B A W SR
UEAEAR A 277 M AT 228 ADMM B33k EA T 1 3 2 betE ok A BT R J88E, Li AT Hu 72 SCHR [ 16 ] FPoim A BRI
(] 55 ACFE ADMM 530025 DR gk ke 28 55 ) B [ 05 AR, SRR 17 ] FEZE i ADMM 38035 rpoin AP 34— S 53 s
fiftie 1 IRIREL 32 LA B SCERIY IS &, AR SO 28 1 ADMM S AT 1 ek, 4 7 B 0b fige e ™ 28 5% 81 32 1) R 1Y)
BiHl ADMM (random ADMM,R-ADMM ) 5512,

ASCHYZER AT PR — R TR BE [R8, 7226 1 3542 7 BEHL ADMM 53k 26 2 55t ADMM 5335
F1R) TR o ST ANL U] (] S0 S ML DU AT B AL BB KON ) | 2353 4t 1 AR B OSSR TR B 5 55 3 1 D BB S s B
B SCRGE DA RO T M 22 U R B [0 E B Y R

1 BEHL ADMM &3k
SFRTTIRE (1) 5 L —EA

n
— — n — L
M_ {x - (xlaxz"nyxn> € R ‘ zxi _D7 xi € [xmin7xmﬂx:|’ L= 1727“""“} .
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A
0, xeM,
h(x) ={
+ o, xeM
YESR M8 7R &R RIS (1) S840 T
{min F(x) +h(y),
s.t. x=y.
FE LR 2) B9 Lagrange PREL K

(2)

L(x.y,2) = F(x) +h(y) +2'(x =y) + T lx =y |,

Hrpp A5 H R R ARG pRET S A7 REL f(xy) W2
(VA(x) =V (x-y) =pllx-y]?,
D eRE f (e, y) AR, b S 5800 FRE, TTH Lagrange PREL L (x,y,2) J20T x,y HR M pREL.
TEZ M ADMM SEACHIMABEDLIE ik x,y FERPIANEIR AR B 7R R — UG A BEAIL e BRUL & A7 58T
XHMEAS Bz (Y ERT RS x B9 SERAHOCIER , BI Y x BB 2 A 508, W, C {x,y} R kR B
AL ADMM B DBRINT
AR Ak x,y BITH—REAL W, = {x(1) ,y(1) };
PR 2 EARREORT 1 R AL SE x sy BEATIRAC R R + 1 =208, W,,, € {x,y};
YRS iy e W, Hy(k+1)=argmin L (x(k),y,z(k)), ®Wy(k+1)=y(k);
L4 FHx e Wi ﬁx(ls + 1) = arg min, Lp(x,y(k +1),z(k)), HAMEAR & 7 @éﬁ:@ZE%ﬁ,)ﬂ\Uﬁ
z2(k+1)=z(k) +p(x(k+1) —y(k+1)), B0 Blx ¢ W, B, x(k+1)=x(k),z(k+1)=z(k).
Hop D BR 3 s i y WSRARAI T BOE R 7 AT 2P 3R 4 b x BUSK A A Newton-Raphson 125 F1
HoR—BOA T
E CFEHL ADMM 5325 14 Jo] S 45 ST A D0 A0 Bt AL e 43 S MU 4 T
JEE R T LN AP — A E R T(T = 1 B TRARM) AR x,y 7R T b 20 v it
o — B Ul W, = {x,y ).
BEALIEREEHHN . bk — oo MIAKG I — 788 SEIART 3% x 76 kb + 1 BT BE R MER N p, ,y 7 k
+ 1 REAP BRI N p,, HPIERERG L p,.py = po > 0, Hbp . /PR,
H &, 2R x 1R85 b+ 1 YGRS SRR bR, &, on y TE56 & + 1 UGEAHT B9 feale B KL
b5, B
k, =max{qlq <k+1,x € W},
k, =max{qlqg <k+1,y e Wq} .
oo, Fom x 18 [k, k + T DX P AL R — AR BT 19 de i BB R BE bR, o, R y 76 [,k + T X
(] P AT B A AT 4 B i BB B s, BRI
o, =max{qlqg e [kk+T], x e Rq} ,
0, =max{qlqg e [kk+T],y € Rq} .
1 SCHRT 15-17 1 AE AR B 43T AR I AR A 5375 2K fifp pRe AT 538 18 AL P [ B, AR S 5 22 A [, B AL ADMIML 537 J2:
TEZ MR T M ARSI P T AL ISR D Xy 2 BB [ E AR M TERAHL ADMM S35 b HoA 55 ARV 19
JRURAR i x FORTET  XWHERAS b 7 A T

2 st

ARG — BB AT, 45 FEHL ADMM 85 (U SIS0 4T , 1 Se 25 Hh G 5 B,
SITE 1 REAREE F(x) B0 eRE, S R Lipschitz 22 40F, BVFEAE— N IEEL C (#i15
| VF(x) =VF(y) | <Cllx-yl, AUTFAELLT
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Cllx(k+1) —x(k) [|>= lz(k+1) —z(k) |2 (3)
A YMx e W, B B xEE+ 1P ATER, Ax(k+1) —x(k)=0,z(k+1) —z(k)=0, N
S1H 1 Ror.
Mxe W, B, A
x(k+ 1) =arg min F(x) +h(y(k+1)) +2' (k) (x —y(k +1)) +%le -y(k+1) |

[34
VF(x(k+1)) +z(k) +p(x(k+1) —y(k+1))=0.
A XHEAR A A VE(x (b + 1)) =—z(k + 1), WA
lz(k+1) —z(k) | > = [lz(k+ 1) —z(k) [|* = [ VF(x(k + 1)) = VF(x(k,)) | * <
Clx(k+1) —x(k) [I”=C*x(k+1) —x(k) | °
S5IE2 a1 T R F(x) A TR, HARK L, (x,y,2) KT x,y B88N BB 008 w0, 2
pm, > 2C° Fp > 2¢, WFEH) {L (x(k+ 1) ,y(k+1),z(k+ 1)) } 8L
IERR AR IEAT SRR SIS e S (L, (e (k+ 1) ,y(k+1) ,z(k+ 1)) } SR, W
WE L (x(k+1),y(k+1),2(k+1)) = L(x(k),y(k),z(k)) < 0.533i&
I=L(x(k+1),y(k+1),z(k+ 1)) - L(x(k+1),y(k+1),z(k)),
L=L(x(k+1),y(k+1),z2(k) =L (x(k),y(k+1),z(k)),
I =L,(x(k),y(k+1),z(k)) - L,(x(k),y(k),z(k)),
WA L(x(k+1),y(k+1),z(k+ 1)) = L(x(k),y(k),z(k)) =1, +1, + L.
XFI1, Bx e W, BF,A

I =(z(k+1) —z(k))"(x(k+ 1) —y(k + 1))=;||Z(k +1) —z(k) ||
Bx ¢ W, B, z(k+1)=z(k), WA
L(x(k+1),y(k+1),z(k+1)) =L(x(k+1),y(k+1),z(k))=0.

L,
0’ x¢ Wk+1’

X € Wk+l’
K, =
Lp(x(k + 1), y(k+1),z(k+1)) —Lp(x(k +1),y(k+1),z(k)) =
KI;H 2k +1) —2(h) |2 (4)

XL, FOA L (x(k + 1) ,y(k+ 1) ,z(k + 1)) ZXTF x B3R eRE BrIGIE y 756 & + 1 UGz
DAY, R x e W,,,, A
L(x(k+1),y(k+1),2(k)) = L,(x(k),y(k +1),z(k)) <

(VL (x(k+ 1) y(k + 1) ,2(k)) x(k + 1) = x(k)) —%Hx(k 1) —x(k) |2

MBxeg W, B, Bx(k+1) —x(k)y=0,
L(x(k+1),y(k+1),z(k)) - L(x(k),y(k+1),z(k)) <O.
ik
L(x(k+1),y(k+1),z(k)) - L(x(k),y(k+1),z(k)) <
K1[<Vpr(x(k +1),y(k+1),z(k)) ,x(k+1) —x(k)) —%Hx(k +1) —x(k) | 2}. (5)

XTI, WA L(x(k+ 1) ,y(k+ 1) ,z(k+ 1)) WREXT y BRI RE, FTLLIEIE x 7655 & + 1 0GR
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R, N8y € W, KT Yo, € a0, (x(k).y(k+ 1) 2(k), 84
L(x(k) y(k + 1) ,2(k)) = L(x(k) ,y(k) ,z(k)) <

Vo (W (k+ 1) = y(k)) —%Ily(k +1) —y(k) 2

My ¢ W, B A y(k+1) —y(k) =0, WL (x(k),y(k+1),2(k)) - L,(x(k),y(k),z(k)) < 0.4 %
{1’ y € W/;H’
K, =
05 y ¢ Wk+ls
[
L(x(k),y(k+1),z(k)) = L,(x(k),y(k),z(k)) <
Kz[v§<k+1>(y(k +1) —y(k)) —%Ily(k +1) —y(k) | 2}- (6)

M — B R 4 VL (x(k+ 1) ,y(k+1),2(k)) =0, 0 € o,L,(x(k) ,y(k+1),z(k)), FHZEER
(4)~(6)FA
L(x(k+1),y(k+1),z(k+1)) - L(x(k),y(k),z(k)) <
“(J2+Cj”x“*4>—xw>u2—%ﬁ”nﬂk+1>—ﬂknv) (7)
p 2
WAEfs, A L (x(k+ 1) ,y(k+1),2(k+ 1)) - L(x(k),y(k),z(k)) <O,
RJFUEM G AL, (x(k + 1) ,y(k+ 1) ,z(k+ 1)) } AFHN
L(x(k+1),y(k+1),z(k+1))=
h(y(k+1)) + F(x(k+1)) +{z(k+1),x(k+1) —y(k+1)) +

lxCe+ 1) ~p(k+ 1)) [° =
h(y(k+1)) + F(x(k+1)) +(VF(x(k+1)),y(k+1) —x(k+1)) +
Pl 1) —y(k+1) |7 =

h(y(k+1)) +F(y(k+1)) +F(x(k+1)) —F(y(k+1)) +
(VF(x(k+1)),y(k+1) —x(k+1)) +

Dl 1) =yhs 1) |7,

MNTEAET e W, W, Az(k+1)==VF(x(k+1)); Mx e W, W, AGx(k+1)=x(k)=x(k,)
=x(k, + 1) SHMBAG z(k + 1) AHELES 8L, L
2(k+1)(x(k+1) —y(k+1))=z(k, + 1)(x(k, +1) —y(k+1))=
VF(x(k, + 1)) (y(k+1) —x(k, +1))=VF(x(k+1))(y(k+1) —x(k+1)).
I,=F(x(k+1)) —F(y(k+1)) +(VF(x(k+1)),y(k+1) —x(k+1)) +
lxCe+ 1) —yk+ 1) 117,

P L (x(k + 1) y(k + 1) ,2(k + 1)) =h(y(k + 1)) + F(y(k+ 1)) + LXYFT I,
I, =2 {(VF(y(k+1)),x(k+1) —y(k+1)) +{(VF(x(k+1)),y(k+1) —x(k+1)) +

%le<k+1) —y(k+1) 2=
(VF(y(k+1)) =VF(x(k+1)),x(k+1) —y(k+1)) +

LlxCk+1) ~yk+1) |7 =
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= IVF(y(k+ 1)) = VF(x(k+ 1)) || [[x(k+1) —y(k+1) | +

T+ 1) —y(h+ 1) 7=

S CllxCh+ 1) =y D) 17+ Dk 1)~y ) %

FIH AT e F (x(k + 1)) BIPEBUR RIS — D ASES BT, FIH Cauchy-Schwarz NS5 05 355 =S 45
ST, T 1 M ZSIRAR B G — NS T
il p > 2C B A
L(x(k+1),y(k+1),z(k+1))=h(y(k+1)) +F(y(k+1)) +1, =
h(y(k+1)) + F(y(k+1)),
WAL, (x(k+ 1) ,y(k+1),z(k+ 1))} AT

EE 1 FEHL ADMM 5k A R A R AR 4 it

@ T FEIIEEREH AL, A lim,_, | x(E+ 1) —y(k+1) | =0.

@ B x,y BBIE b + 1 PR EEA Hx(k+ 1) ,y(k+ 1) ,2(k+ 1) FRTE; My Fk+ 15
IEARPEFE M x WeFEms , X (k + 1),y (k + 1) ,Z2(k + 1) FR28 R T REHLPELE SRR, AR n] LA
B lim, . | £(k+1) —5(k+1) | =0 & lim, . |¥(k+1) —y(k+1)] =0.

@ # (x7,y",z") ABEHL ADMM 54 BUFH) {x (k) ,y(k) ,z(k) } BIBFR A (x7,y"27) €
ST, H st ok

S*={(x"y",2")|VF(x") +2° =0,y" € arz;g;‘rllinh(y) +{z"x" —-y),y"=x"}.
@ FEHL ADMM FIEA SRS {x (k) y (k) ,z(k) b WCSIENRT(1) B KKT #8E , R 2
}i‘i‘ dist{ (x(k),y(k),z(k));S" } =0,
Horp dist{qg;Q} XN : dist{q,;0Q} :ianqE(){ lgo =gl 5.
TERR XA, FH A 8 A SRR, =0 (7) W] LA
L(x(k+T)y(k+T),z(k+T)) - L(x(k),y(k),z(k))=
L (x(k+1),y(k+0),z(k+1)) = L(x(k+1=1),y(k+1-1),z(k+1-1))] <

Z[Kl(—M+CQJ lx(k+1) —x(k+1-1)]" -
2 p

=1

K[‘; IyCh+ D) =yChal=1) ] ”

W x, y 46 Lo, 0+ T] PR, w5182 58] {L,(x(k+ 1), y(k+ 1), z(k+ 1)) } KIS
CIEE:
lim [[x(k + 1) —x(k) | =0, lim [[y(k + 1) - y(k,) |l =0,
NG
lim [z(k + 1) —z(k) || =0,
K p A 5L R X AR B R D IR
lim [ x(k+1) =y(k+1) | =0.
XTI, FEREHLE R EH RN M x ¢ W, BF, z(k + 1) =z(k) , XK p AR WIEXHELEL L
A lim,, [[x(k+1) —y(k+1)] =0,
MyeW,, Hx e W, 0 X (7) Wi B2
E[L(x(k+1),y(k+1),z(k+1)) = L(x(k),y(k),z(k)) | (x(k),y(k),z(k))] <

E[Kl(_“l+62) lx(k+1) —x(k) || -
2 p
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Kz('u; ly(k+1) =y(k) | 2] | (x(k),y(k),z(k)) } <

plpo(_l; +Cj (x(k+1) _x(k))Z ~Po i(.f’(k +1) _y(k))z +
p 2

pi(1 —po)(—ﬂ+62j(f(k +1) —x(k))? <
2 p

2
BT 450 L (x(k + 1) ,y(k+ 1) ,z(k + 1)) BUECPE, RS SCHR[ 18 ] Al 4.2 45 th 1 Js i i SloE
BOA lim,,, [[%(kE+1) —x(k) || =0,lim_,_ [[y(k+1) —y(k) || =0, FiliAG lim_, | z(k+1) —z(k) |
=0, XNy p A5 MPFHE AR R lim,, [ X(E+1) —y(k+1) [ =0.
By ¢ W, Hx e w,, i 4%
E[L,(x(k+1),y(k+1),z(k+1)) = L(x(k),y(k),z(k)) | (x(k),y(k),z(k))] <
o

pt =)=+ S G -2
p

FIEE, lim, , | ®(k+1) —x(k) | =0, Hy(k+1)=y(k), WA lim, ., | Z(k+1) —z(k) || =0, HHExX
A AR AT lim, ., [|£(E+1) —y(k+1) ] =0.
Xt T, kT B D, 3 2 ] SR A RO PRI A B L 4 TR0 14 BH 2 AR AL .
A D A QM {x(k+1) ), {y(k+1)},{z(k+1)} #BN Cauchy fHA.CHES M EEHE X T
e {x(k + 1)} —&E 28 R0 EAWRA, H N lim, , | x(E+1) —y(k+1)] =0, Wy WSfFEET—
AEEPR HITA) {y(k+ 1) } WEHRE RN HA MRS F(x) RSB Lipschitz 21F, I LAE A
{VF(x)|x e M} Z2HEREN AVF(x(k+1)) ) RAFTH, XHAR z2(k+ 1) == VF(x(k + 1)), il

P+ S G ) x(0) = p S GG 1) =3 0)? <0

Mxe W, W AVF(x(k+1)) +z(k) +p(x(k+1) —y(k+1))=0; Y4y e W,,, i, itk
PEFIRREC R N 4T Vy e M A
h(y) —h(y(k+1)) = (-z(k) +p(y(k+1) —x(k)) y(k+1) -y),
Hrfrz(k) +p(x(k) —y(k+1)) € oh(y(k + 1)) HFEBIEIA T H A ar SO 258 , X F 7853 K1)
kH
VF(x(k+1)) +z(0,)=0,
h(y) = h(y(k+1)) =(-z(o,) +p(y(k+1) —x(0,)) y(k+1) -y).
PR R TIRA BRI, S 0,0, € [t,t + T H [[x(k+1) —x(0,) | =0, |y(k+1) —y(o,) | —
0, | z(k+ 1) —z(o,) || — 0.4 (8) LJEHA AT AT LML IR , A
VF(x*) +z" =0,
y =x,
h(y) —h(y") - (2" y-y ) =0h(y) +{(z" ,x" —y) =h(y") +{z"x" -y").

X @ , I RAEE I T B EFE S {x(k + 1) ,y(k + 1) ,z(k + 1) } A5, BAFAESCF 51
(x(ky) y (k) z(k;)) , W2 Lim , (x (k) y(k) (k) = (x,y,2), W lim,_,, (x(k),y(k),z(k)) = (x,y,
z), WIEaEGH (x,y,2) € S”.

BAEMBBETH) {x (k) ,y(k),z(k) } AUSEIRE(1) B KKT g4 S° AT sl 731t A I 8z
S*, B e > 0 ffifg

lim dist( (x(k,) ,y(k,),z(k));8") =1t.

e

Ml TS T Bk e > 0, FFFEIEBBIN(e) , 2= N(t) A

(8)
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#

I GOk p (k) 2(h)) = (£,3,2) | < 2
MR dist { o050} BIE X A
dist((x(k;) vy (k) ,2(k))5S") < dist((x (k) ,y(k) ,z(k));(x,y,2)) < é
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Table 1 Parameters and initial conditions of 3 generators
No. a; b; x; % in X
1 0.085 5.2 15 10 60
2 0.072 4.5 15 5 35
3 0.3 0.73 15 10 25

R2 100 TIRIAER AR
Table 2 Comparison of 100 test results

datum x cost F(x) inner loop outer loop times ¢ /s
best value (55.02,29.99,20.06) 14.550 0 331 97 0.51
worst value (54.85,30.93,19.04) 14.596 6 721 362 4.56

average value (55.03,30.00,20.04) 14.550 6 317 103 0.76
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a R TS5,
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Table 3 Comparison of traditional and random updating results

data comparison x cost F(x) inner loop outer loop time ¢ /s
classical ADMM (55,29.98,19.91) 14.548 7 286 85 0.44
random ADMM (55.02,29.99,20.06) 14.550 0 331 97 0.51
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