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Optimal Harvesting in a Periodic 3-Species Predator-Prey
Model With Size Structure in Predators
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Abstract: The research on population dynamics and related control problems is not only of theoretical signifi-
cance, but also closely related to biodiversity protection, pest control, and the development and utilization of
renewable resources. The optimal harvesting problem was considered in a periodic 3-species predator-prey sys-
tem with 1 predator and 2 competing preys, where the predator has size structure and was described with 1st-
order partial differential equations. First, the existence of a unique non-negative solution of the controlled sys-
tem was proven by means of the fixed-point reasoning, and the continuous dependence of the solution on the
control variables was discussed. Then, the optimal harvesting conditions were given with the techniques of tan-

gential-normal cones and the adjoint system. Finally, with Ekeland’ s variational principle, the existence of the
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optimal harvesting strategy was derived. Here the objective functional represents the net economic benefit in the

harvesting of 3 species. The results obtained would be beneficial for exploration of renewable resources.

Key words: periodic environment; size structure; 3 species; predator-prey; optimal harvesting
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Cxst) e @PED) iy e p(an) —a(v0p(e0), (60 € 0,

ot ox
dg, (1)

d =r(q,(1),0)q,(t) = D,(P(1))q,(t) —h(q,(1))q,(t) —ay(t)q, (1), t e R,
dqz(t)
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0<a(x,t) <N, ae (x,0) €Q,
0<a,(t) <N, 6 aeteR,i=23]
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(H1) g € C'([0,1),R,) N FREH.2(0)=1,lim_,, g(x) =0 HXMLE » € [0,]) , £ g(x) < 0.3F—
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== LIELIEE (1) == exp{ [ (o (ris,00)dr |, W

dx=—exp{fig(gp(r;s,O))dr}ds. (7)
M, H B BE(HT) TS
I, =f;b(s)exp{f:g(go(r;s,O))dr}ds < J;b(s)ds. (8)

MNF LA w=¢(s;t,0) TREHEXTH, Yx =00, Hw=0(s;1,0)=0; 52 =10, Hw=9¢(s;t,l)=1.
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qloezgl<;+T)f;[| rl(ql(s),s) ‘rl(lI'l(S%S) |+l (pl(P(S)) - (pl(P,(S)) | +
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(4) %0

(0 =i (0 1= g™ 7 [ [1n(ai) 09 = n(ai(s) ) 1
‘cp1 (j;p(x,smx) -~ @, (fop/(x,s)dx) ‘ +
L h(ga()) = (g5()) 1+ ay(s) = aj(s) | |ds <
30 0 (B0 =g 1+ €[ 1 pCes) = p o) 1+
E, 1 gs(s) = qh(s) 1+ a(s) = af(s) | ]ds <
MW(1) +qloeﬂ’1<?+“f;| a,(s) — al(s) | ds.
Fbl, i (5) A
(D) = g2 1S MW +ae™ 0 1 ay(s) = at(s) 1ds.
N ENET
j:| p(x,t) = p'(x,) ldx <

f;| b(s) = b'(s) I ds +M1U;| o (¢ (wst.n) ) - o (@(wstox) ) | duwds +
ﬂﬁf(@(“‘t’x)"‘)ﬂ' a,(@(wst,x) ,w) = (@ (wst,x) ,w) | dwdsdx <

MJ; [' q,(s) = q 1 (s) 141 ¢,(s) = q5(s) | +fo| p(x,s) = p'(x.5) | dw |ds +
MJJ;' a,(@(w;t,x) ,w) —ai(e(w;t,x) w) | dwdy +

j;f;f(go(s;t,x),s)fil a,(@(w;t,x) ,w) —ai(@(w;t,x),w) | dwdsdx <
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MW + M [ 1 (st ) = al(e st w) | duds,
Hop I (st o) = exp{ = [ [+ @) (@ ozt ) ) + oozt ) Jdu | Mg =M, + 117G, g -
FAL, LR AIHT AT 45 S A B,
2 EALTESF

AR R HAE LA LZ o8 53 BT T 1 D) 42125 M 1 AR HE 5 SR D S A 2 i 1 b ZE 2 A ST Y (@),
a,) € u,itT,(a,,a,,a,) Moy, (a,,a,,0,) THHESG WTES (a,,a,,0,) AT ZERS (1)
ILH R 5L
D& = [p(w,t) + e (x,0) ]ECx,t) = [f,(q,(1)) +/(g:(1)) IB(x)E(0,1) +
D (P(1))q,(1)n, (1) + DLP(1))q,(1)n, (1) + @ (x,0)a,(x,1),
ar,(q,(1) ,1)
E

q,

dn,

— =- |:r1<‘I1(t),t> +(]1(t)( _h/l(%(t))] =@, (P) = hi(g(2)) _aanl +

dt
(D) =11 (0)E(0,0 [ BeIpCx,0 i,

arz(‘]z(t) 9l>
99,

dn,

N, = |:r2(q2(t) ) + ‘]2('5)(

dt _h/z(ql(t))] - D,(P) - hy(q,(1)) _a3:|772 +

(D) = F4a(0)E,(0,0 [ BeIpCx,0 i,
(11)

)
iy

{f(x,t)=§(x,t+T),ni(t)=77i(t+T), 1=1,2,

£(1.1) =0, P(1) :j;p<x,t>dx.

SFZRGE(11) e HE 1 A2 f9TERA AT A5 40 R 4518,
EFE3 WMEED (a,,a,,a;) € u, RE(11) BEHE—HRHE (£,7m,,m,) JE—PH, FHEEFEK,
15

2
1€ =61z + 2 I =millizw, <
3
KT ey = ai g + 2 e = al =, |, (12)
=2

Hrt (&,m,,m,) F(E ,m',m5) %ﬁﬂﬂﬂ%?‘b(ll)ﬁ‘ﬁﬁ? (a,,a,,ay) fl(a),ay,af) e wu B
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al*(x,t)z‘jl[[wl(x’t) +§(§x,t>]l)*(9€,t>}’ (13)
az*(t)=\72[[w2(t) +Zl(t>]q:(t)}’ o
ai(t)=<7s[[w3(t) +22(mq;(t)}’ o

5

0 S <0,
(7.)(8) = S, 0s=sS=<N,6i=1,2,3, (16)
Nis S>Ni’



555 3 X2 5 . R IREE il £ B RUBE S5 A8 1 = Rl B - T R e e R 517

H (€(x,0) ,m,(1) ,n,(2)) HREREG
D& =[m(x,0) +a (x,0)]E(x,1) = [fi(q (1)) +1(q, (2)) IB(x)E(0,1) +
D(P" (1)) g, (1)n, (1) + DL(P (1)) g, ()m,(1) + e (x,1)a] (x,1),
ar,(q, (1) 1)

q,

dn,
%:_ [’l(qf‘(t),t) +qf(t)( ‘hﬁ(q;(t>)] S PP i) m e ]771 *

w,(1) ey (1) —fq<q:‘<t>>fl<o,z>J;/3<x>p*<x,t>dx,

dn, - P 2* s * X «
LR [rxq;(z),w +q2'*<t>[‘”"aq(””—h;<q:<t>>] S D,(PT) (g - e }nz -

de

(D (1) = 305 (DIEO,D] BGIp” (6,0,
(17)

y
+

{f(x,t)=§(x,t+T),ni(t)=7]i(t+T), i=1,2,
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o - "
1 . 1 . .1 .
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dz,  d(g(x)z)
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dz, ,
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== [p(r,t) + oy (x,1) ]2, (x,8) = v, (x,0)p"(x,1),

3r1(q1*(t> ,t)

; —h:<q;<t>>gj—<pl<P*>—
has (0) = a; Jo = [@1P7 () [ 2 dx + 0,00 Jai (0,

arz(‘];“) ’t)
ad

q>

dz, ) *
= [r2<q£‘<t),t) +qz"<z)g[ —h;(ql*(l))gj - D (P") -

dr (19)

haai (0) = ai [z = [@2P7 () [ (e + 0,00 Jai (1),
£(0)2,(0,0) = [/i(a7 (D) +£ila3 (D) ][ Blo)z (2,00 +

£ ()50 + £33 ()20 1] BGIp (0,

1
P = p (rnde, 5 () =2 (e + 1) 5 () =2+ 1), =23

RGL(19) BIHT = ADTTREIBIFELL € (x,0) ,m,(¢) R, () J&, o357 Q, £ [0,0) x [0,T],[0,T] Al
[0,7] B4y, SRIG R (1) 1S
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JZJ;(wla]*zl)(x,t)dxdt + ;j:(wiai*zi)(t)dt =

J:J;(fp*yl)(x,t)dxdt + Z J':(’qi,qu,lvi) (t)de. (20)
)I%‘:Et(zo)'fﬁ/\it(]S)ﬂ%ﬂ’Xﬂ‘fﬁf%’fE@ (Ul »Us ,1}3) € 'Ju(a]* ,Olz* ,(X; ) , ;ﬁ‘

0= f:fo{ Lo, (x.) +€(x,0) Ip" (x,1) = crar (x,0) }o, (o) dude +

Zfﬁ[%ﬁ)+nHU>MLU)-Q%WW}uUML

?IEIL:, ([(wl +§>P* _Clal*]<x7t),[(w2 +77|)(I1* _Czaz*:l(t)a[<w3 +772)C]2* _030‘3*]('5)) € ‘/vw,(al* ,az* ,
oy ) JHE, E BRASHIE.

3 MR A7 AEE— 1k
WIS Ekeland 2853 JSSHIE D] RIS 3R 10 P AEME— k| A §5 45 thy A0 T B
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) -, (o) ,a,,a;) ¢ U,

SIZE 1 B T(a,,a,,a,) & FRIELSEN,

R RN n—+ o B A (af a),a5) — () ,0,,05) J8(p,,q1,.92) M (p,q,,q,) F0RRGE(L)
XN F (af ,ah,ab) Fl(a,,a,,a,) IfE.H Riesz EBUHLGFE { (o) ,ah,ah) } IITFFH) AHEHE { () ,al,
ay) } Y 0 — o B A

(ai(x,0))> = (a,(x,0))7, as. (x,0) € Q3 (al(t))>— (at))?, as.t € (0,T), i=2,3.
i Lebesgue ¥ il i Sl #E W] 15

hmﬂﬂmxmwywm=ﬂﬂmgmwymm,

n—+o

; .
lim [ (a!(0))?de = [ (a,(0))di,  i=2,3.
n—+wd 0

M, i E B 2 TR

[ omaig, i - [oamg o) <

[[0u(0q, (1) 1 @i(t) = a(e) 1di + [[w,(D () 1 a,(1) = q,(0) 1de <

M| w, l 1=(0,T) [ a, - a, [ o T
[ w, [ Lw(O,T)NszT[ [ al —a, l ey T I a, - a, l von T [ ah —a, | Ll(O,T)} .
TR
. T T
lim [ w,(1)a3(0)q,, (e = [ 0x(Da(Dg,(1)dr
E(IE:i
T rl T rl
lim [ [ o,(x,0)a}(e,00p,Ce,0)dvde = [ [0, 0) @, (e ,0)p (1) e,
070 070

n—+o

T T
lim [ w,()ai(1)q,, (D) dt = [ w,(t)a,(1)g,(1) dr.
n—ted 0
M, 1 Fatou 31 HAT S lim sup, ... J(a!,ab,at) < J(a,,a,,a,) .51 HIFE,
FES5 WHRT(Ve, + Ve, + 1/ey) 85/, MR RE(2) AME—RIL#E (o) ,a, ,a;) € wu.
WERA  HH51EE 1 A1 Ekeland ZB43JEBA, SHMERER & > 0,776 (af,af,af) e u ffifs
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J(at,a5,a5) = sup  J(a,,a,,a,) - &, (21)

ap,op,a3) €U

J(aj.a5.0) = sup | T(a a0 -

ap,a,a3) €U

3
e e = a g — Ve X el —a e, | - (22)
=2

Kk, YL shiz vk jg(al,az,%) = j(al,az,a3) —Je |laf —a, | e ~ J;Z ?:2 | af =« | LR, fEmi(ar,
) ARIRAR R (AR B 4 e, A
[w,(x,t) + & (x,t) 1p*(x,1) +£01<x,z>}

€ ¢

aj(x,t) = ‘}’[

Lon) * (Dl 0Dy

C. C.:

i i

al(1) =7, |

Hif g, e L3(0),0, e L7(R.),0, e LI(R), 1 0,(x,) 1< 1,1 0,() I <1,10,(e)1<1
ix%%ﬁﬁqu_’[/;(o> XL;(R+) XL;<R+)9

_[ |:(w| +§1)Pi| [(wz +771>‘]1i| |:(w3 + nz)q2j|\J
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3
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