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Abstract. For the trajectory tracking control problems of 2-DOF redundant drive parallel robots, a robust servo
control method based on the Udwadia-Kalaba equation was proposed. Under the influences of load, external in-
terference and manufacturing errors, it is impossible to obtain the accurate and complete motion model for the

robot, and the control performance of the robot is poor. To solve the impacts of this type of uncertainty, a ro-
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bust control method was proposed to enable the system to accurately track the ideal trajectory, and ensure the
uniform boundedness and the uniform ultimate boundedness of the overall system. In addition, the Udwadia-
Kalaba equation was used to solve the constraint force required by the system to meet the ideal constraint in the
control process. The Udwadia-Kalaba equation does not require auxiliary variables such as Lagrangian multipli-
ers or pseudo-generalized velocities, and can handle both complete and incomplete constraints, with analytical
solutions of constraint forces satisfying the trajectory obtained. The stability of this robust control method was
proved theoretically with the Lyapunov function. Simulation experiments show that, the proposed robust con-

trol method can achieve high-precision tracking control along a given trajectory under non-ideal conditions.

Key words: Udwadia-Kalaba method; robust control; uncertainty; parallel robot; constrained control

7 =

FRBRHLAF N 37 & (BFR A ) FIE-T- 6 (BOPR R A8 ) DL K 4536 E AN TR T8 3043 3 (3R
J5&) B HLA R S, BA B I PERE LS A RE 5 RS BE v B NI EE RS0 A, HERGAE Toll | B 7 R 2 45 4
B EASE] T R SRS ATE PR A B ORI Bl TR L AN ZE R Z R R A e R T4
B EE RN EZSHIE NS EAELRER R 2 R G, X AT 45X IR ERHLAF N S2 IURE B 2 1+ TR X S0 A
FR I 5 1 R B B TR B thl 7 e R B g PID 43R 5 i | 1 3 R 4 e s i O vk LA S 48
IO 245 s ) RASEAR 4 il o BR U SR TS TSR B LA AT ) R GE R TF & 2%, L TR X AILEe A4 R Gy T
R AT SRS 70 S A5 2 Ry T X AR B 2R (R DR R R TR B AT 0 SIS B T — b3 T R S5 Y
Bl ) R SR T S BT AR R A S A R RSN A0 TS M T AR A Y S i T B AR G S
T IR RO I B R BT AL AT B SR A i i SR s AR LRk PID 45 Bk Se
T 6 [ BETFIEMLAR A ks B I PR s i 7 S AR T — R D AL A A2 Bl 1 N s
P T LA A2 shfese P S AR AR D BT X AL ALSE AT BR F AL A, X S0 A R0 A 3 A S Bk
FESRJm R B T — RO T kT | R BR EAALES NI RAEWAT F shA Tk Bk 1RO ) 5 iz L
TN 5 R s TR P LA S T X R IR T 7S IR LA Y 32 S A, B8 T — ol 3 TR e 22
W2 (14 1 SRR R s IR IS IZ B BT T S B LA AR S R 48 Yu 257 B X 2 [ T
EXHLAR AR T —FP 3T Udwadia-Kalaba 77 72 A9 HI0T8 R EE 45 ) 7325, %07 0 BRAB B AR IE 05 A,
Ff AT D[R] Ao Ak 35 50 e 2 ORI AR S8 B 250, {HC R 7 VA X WA R A LR B R w21 IR AL 88 N — A~ 4%
AR E RGE, F 6 7 X IR IRAL S N R G SE AT 2 AN S, Bz 2L S8 sh
2ERE MR AR DL AR TP RE AN DRI B 04 4 1) Dy v e Lk 21 90 1) R

BEXT F R [A)RE AR SCER MR T —Fh 4R i Jy ik 2 VA R R IE R G — BOR R E N — BUR &G Ak,
[ 2R 5 RE G ff SR 2 B AR 24 DR 32 B M 1y 1 0 i 2 LA 24 S 20 T R S W 2 SR T i A TSR i 2
H TR A T DA FE g ST A R R 0 SRR k. I A B2 R S SRS SR T AR A A R ST 2 B R Y R
W B T — AR 2R R G AW T T R A — 28 Lagrange /7 FE G 21K RS 5)) T2 07 B0,
RBEMAFR IR Lagrange e 147 X 1 REL S & & 551 38 F Newton-Fuler 5 #E ST T 1ML A9 35 30 12405
TR E BT B Wiz SRR RSN 1 5 38 30 7 2% 5 B R A S th i /5 B 3l 7 A2 B 0 i AL 3K 8 VA R TG
AT RN LR F W FEAT A G T Udwadia-Kalaba' ' J7 82 15 51 13 & 28 50 BEAR 24 57 75 22 19 2931 7. Udwa-
dia-Kalaba J5 {2 ANT5 SLAE BTSN B AR 18, 5o b 325 B 0 50245 21 19 24 51 7 2 A A fide 19 28 38 =X 78 S B I 150
Hh L E TR BN R T ) 4R 2 AR SN 2, A BRI T Udwadia-Kalaba J7 ¥ R Il 24 s 42 il 25
MBI GE | JCVR S B A R4 R T Mg Rk ) B RS R DA SRR ARG B [, AR S
TEIFERLER N RGP T I ARG P - T —Fh S H a5 a2 w0 B RIE R G — BOR AR — B &
AR O Hd ot Be TR B A SR r X BB TS R O ik AR e M A R

1 FRERALAR N R GE S A i
A2 [ TUASREIFBALE A LI 1 FOR, ok 3 4 F RGAUR, A F R 2 FTR AT



266 VA I G I A = 2021 4F 5 42 %

F G0 10— ity A O [ E S 1,3 AN S T R ST 3 AN F MLAR R IR B 0 KR 55— i DU A
— Rt T AR L

1 P2 Al EITIARIR SR A 2 FRH
Fig. 1 A planar 2-DOF redundant-drive parallel robot Fig. 2 Subsystem i
— PRI R GE 1 3 124 BT LS i Rl
M(q,t)qg +C(q,q,t)q +G(q,t) =7, (1)

Hrby e RERRA R, ¢ e R" NRGIRELE, ¢ € R XN HEE R &, § € R" XN I 03B W) &,
T e R ERGEERIEA, M(q,0) REBTE/BHREE, C(q,q,0) REE.OI/BHRIIHER, G(q,1) AEKE
TR M (q,t) ,C(q,q,t) F1G(q,t) BATTE SR IEHMBREM(-),C(+) M G(-) FBREESM.

FEXSA SCHIF SN G ——2 H W EETCAR IR IFER AL AR, i T RGEK -, i LU ) AR i A AR,
WA () ATS 2 B B EETCARMKS IS N3l 1507 #, i — 204 2 A B BE TR SRS IR AL &8 A 1)
Bh 15 RS A R AR

M(q,t)g +C(q,q,t)q =7, (2)

/H\:EP ]ﬁﬁlﬁ’]zﬁ(j"}zgq = [q 19901 5%a15Ya1 5925902 5%25Y 2 9903 5913 s % a3 ’ya3]vr’ %Q%E%M’C R L Sk
Z LMk A SR (2) IRGEAEE m DM (m < n), B

zA (q t)ql Cl<q5t), (3)
Hrpl = 1,2,3, ym o IR MUE— I TE 2 B — B e X B RS R an T A

A(q,t)g=c(q,t), (4)
HrA(q,t) I mxnWHEFE(m <n),c(q,t) 5\7 m x 1 [ ] i K — B T U 2 SR s R SR — Y S, T AR

3 (5 e i+ T e =y e, (s)
Hrp

d _ = aAzi(q,t> aAli(qyt)

EAIL'(q,t) = ; aq, + o )

d & G (g, aC(g,0)

@ Glan = ]2; aq, YTa
e (5) Y TR T Bl g, w4 A B XA, Ik

o d e (d .

a0 =5 Clan) - 3 (dt Ah<q,t>qu. (6)
Bear = (5) fi=ti(e) , IS LK

A(q,1)G§=b(q,q,1), (7)

HFA(g,t) Im xn WM, b(§,q,t) Fm x 155 EE BT TE—4 (¢,1) € R xR,M(q,t) >0.
MR Udwadia-Kalaba J5 4k , REUEIAY (2) B L L (7) T EMIMULAIHR T Q°

Q' =M"(q,t)(A(q,t)M "*(q,t))"[b(q,q,t) +A(q,t)M '(q,t)C(q,q,1)q], (8)
o+ Ry SGEHERE X IR d° Alember PRI Lagrange T3, HLZYH T R #r i, Rl 3L F 5« 4k



953 1 BRI, 5% . FE T Udwadia-Kalaba J7 2% 3T AL A 6845 4] JIR 29 AR 2 1) 267

AR ARG MR B R GOR SR 1.
2 HBRBREESHIAS ST
2 H il EETUARWR SIS e — X E e i A L5 B AL R4, Hisdl 2 a8 240k T
T R AR A ARG B, TN 5 R i AR AR A S SNSRI sh 52 ) SE PR JC AR 2ILES RS B L 52 2L 1Y s gl AR
BT ATRATTEERL 28 A 8h 1 AR R rh 5 | AASHR & PEAE & A S A EMER R G nf LR N E R A (9) 3k
Tl
M(q,0,t)§ +C(q,q,0,t1)q =T, (9)
Hpo e 3CR BAMESE, S EREHARY, (LRE o THERL T
Bi&1 XTH—1 (q,0) e " xR,o0 € 3, #HA M(q,0,t) > 0.
BRiZ 2 HHEHEE M(q,0) %*ﬁﬁ%ﬂ@,ﬁﬁﬂﬁﬁﬁ%ﬁ,q > 0, ity
p< IMg.0) | <p, VYgekR.
B FARGIA T AHEM:, BT LIk M(-) ,C(+) BT o .
M(q,0)=M(q) + AM(q,0),
C(q.4,0)=C(q.,9) +AC(q.4,0),
K M C FToROHE RS, AM A1 AC WIS FEARH & M4 Ik E, 4
D(q)=M"(q),
AD(q,0)=M"'(q,0) -M'(q), (11)
E(q,0)=M(q)M'(q,0) -1,
W= (11) 7] AD(q,0) =D(q)E(q,0) .
BRi% 3 fFE—N¥Ep, >- 1(ATRERA) ,HHEXSFHEN (¢,t) € R" xR, #A

(10)

I
o mind,,(E(q.0.0) +E'(g.0.1)) = p,, (12)

B py — IR DR A A PSR . A RS TR A B0 R B R 5 4 M = M (AT
FE), E = 0,W =0, fEFHR FRATTLIER p, = 0.
Ri&4 XTHEVP € R, P >0,

W(q,t) =PA(q,t)D(q,t)D(q,t)A"(q,t)P, (13)
FHE—AHFEA > 0, fHifs
il’lf /\min(lp(qyt)) 2/}’ (14)
(gq,t) e R"xR

W W(q,1) YOI R—BAEER, R R/ NFIEE R T A IE.

HT TSR AN R P, BRAR Y 2R ) ek S B R A R  H A (g,0) g =¢(q,1) X B(q,q,1) =A(q,
1)q —c(q,t), FIRRIRISZ] ¢ = ) I, REA ATREA I R HAL L0 B B 7 0.8 1 7EEBRAE 2640 1 T I AL
o NSE LA A SR T A R Pl e it

7=p.(q,4,t) +p,(q,9,t) +p;(q.q9.1). (15)
= (9),4
P, =M"(q,1)(A(q,) )M "*(q,1)) " [b(q,4,t) +
A(q,))M ' (q,)C(q,4,1)4], (16)

P (q,q,t) BIATFE A BAR AR N EA I EEREN T, pL(q,q,t) 7 LMEEEE] R Geka e s .
P(q,4,t)=— kM '(q)A"(q,t)P(A(q,t)g —c(q,1)) . (17)



268 AT G A B 2021 4F 45 42
ISR GAENE, LB PIE,

p13(q7q’t):_F}/(qaq.’t)M(q’q‘st)p(q’q"t)a (18>
A

n(q,q4,t) =DA'P(Aq - ¢c)p(q,q,t),
(1 +p(q,q,0))""
lp(q,q,t) |

(1+p(q,4,1))"
8 b

Horb, y(q,q,0) WRFI/RAENESRES M n (q.4,0) L (n(q.q,0) || > & W, y(q,q,1) BIFR/NEE
m(q,q,t) 8% A0 | n(q,q,t) || /DB, y(q,q,t) BIR/NARZEFAGICERE .

STAEER (g,q,0) € R" xR xR, 88 p(q,q,1) EXWF:

p(q.q.t) = max || PALAD(~Cq +p,, +py,) +D(-ACq) ] || . (19)

W R AIENSE e > 0, BRI (15) ~ (18) , WIS R RS M A N 7 AR 1 ~4 ATIE T, RS
) FEFERI A A = BPERTR AT AR B (g,q,1) Tl 2 — B0 P — o &4 FHE.

FEA1 —FHA TN TEERN >0, fd(r) < o @EMER(-) BAEZEMMNT 1B, | <rfr
AH e =0, WA 1B) || <d(r).

B LAT FE TEEN > 0, P | B(1,) | <, f7HEd > O (| B(1) | < d X TFAEEM
d>dItH =1+ T(d,r) B, o 7(d,r) < .

3 FEldR A e MR

FaaE MR A Lyapunov /7%, BEBUAIE Y Lyapunov PREL V(B)
V(B)=B"PB, (20)
WEHH V(B) AE 1R Lyapunoy PRECARIER I 4 AJ A1, P R4 & 1E BRI, 15 Hd KA IE(E A d/ MR IE(E 43
%Uﬂ\j APmax ’/\Pmin ’)\Pmax = /\Pmin > 0’ ﬁ&

, lm(q,q,0) |l > e,
y(q.,q,t) =

li(q.q,0) || < e,

Ao 1B 12 <V(B) < Ap 1Bl (21)
Xt T R G IR AR B B AR GAETEIATEE o (1), V(B) — W SHF .
V=2B"PB =2B"P(AG - b)=2B"P{A[M'(-C§) +M '(p,, +p, +p,)] -b}. (22)

Bear =0 (1) Mk (22) , il
V=2B"P{A[ (D +AD)(-Cq - AC4) + (D +AD)(p, +p, +p,)] -b} =
2'"P{A[D(-Cq+p,) +Dp, +D(-ACq) +

AD(-Cq +p, +p,) + (D +AD)p,] -b}. (23)
AR (8) AT
A[D(-Cq) +Dp,,] -b =0, (24)
a7 20 (23) M= (24) n 1%
V=28"PA[D(-ACq) + AD(-Cq +p, +p,) +Dp, + (D +AD)p,,], (25)
V=28"PA[D(- AC§) + AD(-Cq +p,, +p,) +Dp, + (D +AD)p,,]. (26)

2 (25) ATLARSr 2 3 &R 45 MG (19) AT 1
ZﬁTPA[D(— ACq) + AD( - C‘I +py tpy)] <

2B |l | PALD(~ACG) + AD(-Cq +p,, +pp) ]|l <21B lp(q.4.1). (27)
A7) K p,, WEBERIRIF TG



553 1] BEIT, % . BT Udwadia-Kalaba 7712 (9 5B HL 88 A€ £ IR 24 sk 269
2B"PADp,, = 2B"PAD[ - kM 'A"P(Aq - ¢)] =
- 2KBTPADM’1ATPB =—2k(DA'"PB)"(DA'PB) =-2xkmp'n =- 2k || p | ?, (28)
KXy =DA'PB .1 AD = DE, #¥E=0(18) n[f5
ZﬁTPA<D + AD)FH = MTPA(D +DE)(_'Y(q,q,t)ﬂ(q,q,t)l)(q,q’t)):
2(DA'PBp) " (I +E) (- yu)==2ymw'pm - 2yu ' Ep <
-2y llp I’ =y AW (E+ENp <= 2y(1 +py) p |2 (29)
o lm(qg,q,0) |l > e B,
2 1 + 7‘9 B 2
Sy (L) 2 =m 2 PO Ty e (30)
lm(q,q,t) |
N lm(qg,q,0) |l <ehf,
1+ "’ -1 2
S 2y () e 7 == 2 Py gz I (31)
Bar X (25) ~ (30) "I 43, 4 | (q,q,0) | > & I,
Vs-2«|nl>-2lpl +21Blp. (32)
K =DA'PB inf, ) o i (P(q,t)) = A, FTL
Inll>=n"n=B'PADD'APB* = \B'B* = A |B|°?,
lm || > =’ =B"PADpD'APBp’ = Ap°B'B’ = Ap” |B |7, (33)
lell*=p /A 1B .
Besr X (31) ~ (32) il 15
Vs-2«lnl*>-2lpl +21Blp <
—2kA BN =20 /A 1B +2MBllp<-26A|BI*+20(1 = /A)[B] . (34)
Hln(qg,q,0) | <ehf,
2
P<-aelmlt -2 2o, <
L At BIY . &
“2kA BN -2———+2[Bllp<-2kA[B]"+ . (35)
e 2A
B8 =max{2p(1 = /A) 1B ] ,e/(20) }, WX FRAR & > 0H#A
V<-2kA||B|*+86. (36)
TEME 1 ~4 BRI T kB EEN & ,p F1 P, {75
2 2 8
-2kA B +8 <0, B =00 (37)
KA
WV A Lyapunov PRECHRPE SCHR[ 13 ] 1)—206 FL1E, d(r) 2R .
= R, 6
r R,
WAk, —E & AR RUT .
AIIl‘dx<P)
é_RV)\min(P> ’ (39>

WEMRd, R d > d,



270 A R~ G SO | ) = 2021 4 42 5

0, r$l_{,

r = = ' )\min(P)
T(d,r)=<A,(P)r* = A, (P)R® R=d | . (40)
, others, A (P)

2kAR* -6
HRAER(38) L (39) T, d s T — BURLA FUHERG R A2 E0E7E THIME P IR, R — 0 d — 0,8 —0, 4
HAE & — 0 d — 0, FFLL RS 1.
FRUERT, A B Lyapunov BRECAIIE 14 S T 7425 1 25 A0 Fa A Pk I RAE T R G000 — 5041
VLR — B AT T,

4 BEDTE T

AT MATLAB SUEREAUAY 7 i ok S0 UE BT i 14 1) 8 W 42 1) 5 125 O A ROPE. 25 8K TR 1 R G — L
S 1B AT BE AT RS SO0 07 B AT AR O B B AR SRR E Y, Ak 1 R,
R ETHHIESH

Table 1  Link dynamics parameters

length distance from the barycenter mass moment of inertia relative
L/m to the rotating joint r /m m /kg to the barycenter I / (kg-m?)

L, 0.244 0.1150 1.252'5 0.012 4
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L, 0.244 0.065 7 1.366 3 0.012 2

Ly, 0.244 0.109 6 0.413 2 0.003 6

L 0.244 0.065 7 1.366 3 0.012 2

Ly 0.244 0.109 6 0.413 2 0.003 6
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Table 2 The comparison of tracking errors under the proposed robust control and the PID control

tracking error of the x- axis

tracking error of the y- axis

tracking error of the end effector

MIN AVG MAX MIN AVG MAX MIN AVG MAX
robust control Af, /m 0 6.28x107° 8.15x107° 0 1.5x107%  1.95x107° 0 7.98x107¢  8.37x107¢
PID control Afpy, /m 0 8x107®  7.7x107° 0 8.8x107°  3.71x10™* 0 1.57x10™*  3.71x107*
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Table A1 Parameters of the i- th subsystem (i = 1, 2, 3)

parameter name actual physical meaning
Xgi s Vi x- axis and y- axis coordinates of point A;
Xai > Y mai x- axis and y- axis coordinates of centroid C;
Kpabi > Y mbi x- axis and y- axis coordinates of centroid C;;
i angle of connecting rod A;B; with respect to the horizontal line
Qi angle of connecting rod B, E; with respect to the horizontal line
Ty barycenter C; relative to active joint A;

barycenter C,; relative to active joint B;
L length of link A;B;

masses of links A;B;, BE;

I

FFERHLER AR 5 FE A
M(q,t)§ +C(q,q9,t)q = 7,

moments of inertia of links A;B;, B,E; relative to the barycenter

M, 0 0 c, 0 0 T
(A1)
M=|0 M, 0|, Cc=|0 C, 0| 7=|7,].
0 0 M, 0 0 (C T,
AN W (i = 1,2,3) FoRH i DT RGEH i DWE T Rz s TR0
M(q;,0)q; + C(q,,9;,)q; = 7, (A2)
Mill MilZ ML']3 Mil4 Cill CilZ Cll3 Cll4
MiZ] Mr'22 M[23 Mi24 ClZl Ci22 C 23 C¢24
M, = . C = : (A3)
My My My My, Co Cp Cy Cyy
My My, My My Cu Cu Cy Cyy
Hrp
My =1, +1, + muiraiz + mbL(Lz + rzz.i + 2Lrycos q,,) ,
My, =My =1, + ml)i(rii + Lrycos q,,) ,
M,y = My, == [(m,r,, +myL)sing, +m,r,sin(q, +q,)],
My, = My, = (mgr, + myL)cos q,; + myr,cos(q, +q,),
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