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Abstract: Based on the generalized England-Spencer plate theory, the 3D stress field at the Griffith crack tip in
a transversely isotropic functionally graded plate was investigated. With the material parameters assumed to va-
ry continuously and arbitrarily along the thickness direction, by means of the complex function theory and the
conformal mapping technology, the analytical results of the 3D stress field at the Griffith crack tip under loading
at infinity and uniform internal pressure were obtained respectively. With the material reduced to an isotropic
homogeneous material, the validity of the solution was verified through comparison with the classical 2D solu-
tion. Numerical examples were given to demonstrate the effects of material gradient factors and load conditions

on the stress field.

Key words: functionally graded material; Griffith crack; conformal mapping; stress field; 3D analytical solu-

tion

« WFSHEHEA: 2020-05-19; f&iTHHEI: 2020-06-05

E&WA.: EZXHARELES (11872336) ; WiTLA HARMHE LS (LY18A020009)

YEE® A PIMERN (1995—) , % A5 4: ( E-mail ; 2692124689@ qq.com) ;
TLBERE (1990—) , 2z, Y1 ( E-mail ; lulushen@ zstu.edu.cn) ;
¥t (1979—) B, 4% w4 T 00 GEIRPEH . E-mail; youngbo@ zstu.edu.cn).

Sl A M, ISR, I SHRERRIE B P Griffith 2040 223 B 135 0 = 4e Ao se [T ). I R BE /2%
2021, 42(1) ; 36-48.

36



5013

5l

.

(=1

IMIETT , 55 . DUREBREENR T Griffith ZEE0R I J) 3 1) = 4E T iEo8

37
IRERE R K} (functionally graded material , FGM ) J&— R BUAG & A A1RH 2| 22 W4 Ae 25 (B v B 1
RSN, T TT LA G 2 A MR R BT AR 2 ) R AR R AR TR LG B TR R AR B
il At B e TAEISE S R, FGM P35 A ] aht G b 2 77 76 4 80, 245 5 W ARCORE Rk B &5 4 1) e B 8 22 M 3R,
I, WFSE FGM 2L o [nl i 5 2 2 L

Z R A R AR D RERR EEA R ST A P 2 — S ST R LE , FOM A AR 242 P 45 2 ) i
RIFTE R T 2%k, AT, 05 24801 FOM I T K 2 JRy B — 44k 17 R 76 B A 52 7 1T, Eskandari'* SR
FH=HEAT BROTTT 08 32 31 A RS R0 0 1 FH 08 35 N ) 20 TR P 5 T ke s P P2 BE FOML BRI AE AT T 20 #r 5
Nojumi 551 R PR BE 25 57 SR TCHIF 5 1 AT 25 Ji) A8 A 380 1 2 B30 28 s 4% 1ol [  FGML 114 3 25 S 8]

Cheng %1% 5% 0 L B ST T R FOM AR T AR A B 22 9] 381 ; Bouchikhi ™' 1 ] ABAQUS #F5% T i i frj 2%
YEHITR FGM BUTTH) 1 i 4 W7 2 10 250, 7 A IR 9T 75 18T, Cheng 2518 WF5E T & 2450 FGM S5 4~ 1 38 ) £
JA

GERT T JUAT S R0R b i S BO0T 107 5 3 DR 01 A% R RO 1) 5 ) 5 e 56 13 ek B 9 5 A 24~ L4 Gorif-

fith ZLECHREHLSAME FOM AR, B2 St 1 S0 B2 TR N BB et R % 5 R A6 1O By 1 — T DAA AT 78

£
PR BE (4 73 258 D F IR ST FOM Uk J22 1 T S8 [ 50 Sl 2 A1 261 B 98 17l FGM (¥ i IR J23 v JA 401
1

- y/\/
Gt SH AU , 45 0 T AR uESh I 7 30 5 B 7 R H (S B 5 13 PR 7 14 3 35 9 10 SR 4R R T — bt
IIRLEE S AN, FOGM AR 73 IR ek B WO R ) J5 1k, T kAT T 3 24 o0 i A 2835 1 i, BTS2 Griffith 24
A BTG PR A 240 FOM AR I 200 1 5478,

S FGM M ) = HEFFRAT T 5% 550 S AT A e Sy TR AR A A5 P (B A i | S0 I 45 P BSUIEL AR 125 RS A 2 ()
AP FH England-Spencer Hig B
Y AEATT

ARV FEHIBER L 1) ASCIE— X FOM AR Griffith 4800351 = 488 1) S A FHF 5. 26 T =
Wt
B N2

A 7R PRSI T RV A AR H b R FRAS Griffith 2480905 10 1135 1)
A ) R AT e

England-Spencer AR & — 56T = 4EHUPE RIS Y45 0] [R) 1 DO RE RS BE - A e, H = e B2 i 24 th 22
AR 5 R A AR RS T 1] AL 14 R RSO B, RS B S T 1o W] AT B i 2 A AR B R

SR FHHE) IS 19 England-Spencer HUHEH 9T =4E0i #2350 .

R IE — RS bR = A B3 IR SE %K England-Spencer Hi B S M AF R 25 1] S RIS [R)ER AR 1Y
B e —AN RN h BOREOULAS 7] [P FGM JEFR AR, 4Nl 1 Fras , b e ok Oy 1T 2 3 BT 2Oy

il
u+iv=u+iv+2—(RA + Ryw + R,Vw) ,

e (1)
w=w+TA+T,Vw,
Kb a,o A w AHRCTRIIALES i, B AR AR « Ry BIRREIG R, R, LR, , T, A T, BIRARNR 2 (A PREL
2 2
A=u_+v , sza—z+a—2,
" 0x Jdy
- 0 0 0
= i =x—-iy,2 —=—-1i—.
{=x+iy,{=x -1y, oL on lay

W bR I AR AR RS 35 2 AT 4 AMRATRREL 0 (8) ,B(L) (L) (L) Fomh
w=a(l) +a(l) +{B) +{B),

K, t
D=u+1iv=

2)
1 —_— 2

S0 — L) — (D) —2 1B + LB (D).

NP eSS

(3)
(4)



38 A I G I | A B = 2021 4F M5 42 %

g, to, :(Cu t e _2013\]{ . (' (5) +d'(O)] _4(24‘:2} [B'(&) +B' (D) ], (5)

Cy3 K, — 1

o, -0, +2i0, =

- 16¢ ,) -
e B0 (0] = RO e[+ B0 + S (©) -
32066[R2 _:ZRIJIBH/(Z)’ (6)
4cy, K,
0. -0, = (R T + 8c4{T2 - RL= (T R }B’m , (7

Al e, B BUR(S) - (7) AT 4 AATE R ) ikt

h/2
h/2

1 AR ALY FCM AR &
Fig. 1 Schematic diagram of an FGM plate with an elliptical hole

2 REOLAS ][R FGM IR IR 25 M 15 L Y — 4k ] At
AN R AR ALY FCM JCRR KR 1) = 4k In) 15 BT AT, 2 0 P il B 8 T2 i, A 15 L R £k
N Griffith Z4S0 UM R FLIA AL L Ry Al st st Hsdn 2% 1 ml DA e s ol )
E®(t) + Fid' (1) + GP'(t) + HP(1) = Q, (8)
K =w(s) +iy(s) BALBFL BRI, x(s) Fly(s) DI S AR, s B L ERSIFMh s 2 5 5
A AR, 1 5 s B——X A SE &R, H

/ - N (s) —iN’ (s
I T R eI "
I s — 1fy M., (s) —iM; (s) —iZ"(s)e v

h/2 h/2

St g AT LOSPELSn 5  WAIEA, (N, N, 00 = [ (X, Y20, (0,0 = [ (XY, ) s,

Q:

2°(s) = [QX(s)ds X, , ¥, ,Z, FHRRETET b8 (x,y,2) AL ST, %

£ a, 4a, F- a, 4a, G- —as; —a, H- a, 2ag ’
= 2b, —as 8b, — by ag  bg —bs = by as b,

(10)
_ () _ [y (1) _
¢<t>—{3(t)} , !I’(t)—{A(t)},AU)—a (1),
A a,,a,,a5,a,,a,,b,,b,,bs,be,b, by FSGHEAE LI H B, S WL,

A (8) LR

E®P(it) +Ftd' (1) +GDP'(t) +HW(1)=0. (11)
EIVN S R A

{zw(n):R(n+mj, R="Y 0. 0<m=2"0 1, (12)

n a+b



5501 PR , %5 . DhEERAEEMR D Griffith Z4404eui i J135 1 = 4Efg AT i 5% 39

3 @ R b 50 Db [5E E ~ Al R  ~F Al

AR L R RO AL 1 SR AR AL B oy BAMER R = o0 XERE 7 = 00 JH ¢ =0 FRILIAS L LY
H,m=o =" FORBALR y ERE, LXIT o Pl ERHORAR y,0 28y FAE—H o SRR EL
5 x Fh g,

Ko eRE @ (o) M W(r) PRAAES, AT A3

_(d(m))_(C b,
¢w>—@“”}{ghm+ﬂ&}n+¢aw, (13)
_ ¢ (n) _ B, {d’l}
Wn%{ﬂw}—é I R L), (14)
SR LER BRI C BB, N I R R AT R ek
=k (X +1iY)
{B‘Kﬁ(MY—iMX) + Kk, (X +1iY), (15)
B, :K8<MY + iMx) + K9(X -iY);
¢()(77> ‘ﬂ()(n)
&b = v = . 16
o(n) @Am}’°”){%mﬂ (10
GRS 2 (8) RIS (11) A5 M
(o) I Nt N -
E®d(o) +Fw,(0) D (o) +67(w,<0))2<1> (o) Gi(w,(g))ﬁ (o) +HW¥ (o) =0, (17)
E®d(o) + F—— w(o) 115’( ) +G;¢"(a) —GMdT(U) +HW¥(o)=0.(18)
o' (o) (@' (0))? (@' (0))

3 =4 Griffith 244 0] /5
A4 b = 0, BEIHAR R FL A R AL S — N TR D 1) B 2RSS H A R 2a 1Y Griffith 244, qnf&] 2

FIrR.
O.’.’:---.__a_________ / x

h/2
h/2

B2 9 Griffith 800 FOM HiR K
Fig. 2 Schematic diagram of an FGM plate with a Griffith crack

B B ROl
[=w(n)= @+;j (19)
M (17) M
1+ ’ 0-4 " _
E@,(0) +Fo ¢x> G i 1y )
2" (o) + BW(0) =0, (20)

Gi
R (o> -1)°



40 VA I G I A = 2021 4F 5 42 %

Krh
Q"=Q+E o —RE{¢'}1—F{C} L+o —RF{d)]}a' L+o +G{C}‘72 +
B B, o B)o* -1 B o’-1 B) R*(o* - 1)?
2 : 3 B1 '
G{C}ZZZ‘TﬁRG{(bf}”—H{_}lna—RH{lﬁ }(r. (21)
B) R (0" - 1) B R (g -1) B 2a,
X (20) Fix(21) SR A48, AT A%
0'2 + 1 ; 1 /" _
Ed (o) +Fm‘po(0) +Gm‘po(0)
20 ; 0
Gm¢0(0> +HW0(U)—Q R (22)
0’ :Q—E{C}lnlf —RE{d)i}a _pléleied —RF{¢1}(TZH+
B B; pl1-o° B;)o(l -a?)
¢ 072+G ¢ M+RG{¢1}203+
B R - ClplR(1-0") g R(1-0?)
H{B‘}lna—RH %}1. (23)
B 2a,) O
B (22) 52(20) ¥'5 /L Cauchy FUMAGIER,, 2051 Al 15
B _L QOdO'
Edy(m) =, o 2 (24)
_ 1+772 ’ _ 774 /! 2773 ! _
g S P =G ey PO G ey o)
HW,(7) + HW,() = [ 29 (25)

2midy o - °
R (24) 7 Q° /Y Cauchy BUFEH, WITTRAG @y(n) , FFHF(25) RIFRE w,(n), Hf w,(=)
NIRRT LA
HIZ(5) ~ (7) IR R ) o R R 2

5 T
o> Kk, — 1
o, to, = 2(0” oy - z”j ' Re @'({), (26)
el
4z +
K]
o, -0, + 20, =
- 16¢ !
4 T 66
oo - PR , deg) "
K\ 1 £P'(L) + (L) + (), (27)
8ceo|z + — K, 8cgez
K, - 32¢,| R, — — R,
1
4c T
SR T))
Kk, — 1
o, -0, = (L) . (28)

! K2 ’
8cy| T, +RZ—K—(T1 +RY)
1



51 MR, % . DIRERE A Griffith 244020 N 1134 1) = e BT BT 41

4 SZICT5 AL far B I RS9 1 ) )
= Griffith REEEZIGT AL TE N, N, Nip My My M, AR B8 O s N, 5 o e Sy, HL
N, 5 N, EH,ILH @(n) 1 W(n) HFREH

b, 1
4’(77)=R{ ,}TI + Ry’ —, (29)
Bi n
w( )=R{¢“} +RH—‘F0i—£H‘IG oo
7 2a,) " T -1 R (n* - 1)°
n n -1 R ("= 1)) |B;
A
e e
Y =-E'F{ | -E"'H , =D ,
) 2a, B, 2 M, +M,

(31)
¥, N, = N, + 2iN,, _ a, 4a,
SO R Pt S I
2a, M, -M, +2iM,, -b, 4b,
X (19) AR, AT 1S
1
Tl=w_](§)=;(§+w“2—az)- (32)

P e — A =Yk T RIS BN, =N, =0,M, =M, =M, =0, N, fEI 7 03 EH T « i (EI @ = 0) %%
2 (31) M= (32) A (29) , 115

5 2w, b,
Nz ’ 5 3 N2 Ql ﬁ 2 2
¢(§)M{lﬁ}(§+«/§ _a)_EZWZ b, (- -a ), (33)
0, 8J
Krp
J=ab, +ab,, W, =8b, - bg,
{ (34)
W, =as +2b, Q, =a, W, +4a,W,.
FL(10) L (31) F= (32) FRARK(30) AT A%
N, ( b, N, (Q,0Q, + 20,0 'S
'y —-_ - /2 ) - — —{ _
() 202{_ “6} (é’ te ) 202{ Q505 } [sz -ad j
“2N2{0407 + 0503} 1 B
20, 10,0, + Q50 «/(5“2 - a2)3
b
b,(ab, +2aW,) + ;(2a2b7 -a,W,)
N, 2
- bz(alas + (lle) +Zl(a1W1 - 4(12(16)
b + ! b b + ! b
a2N2 202 ? IQG 1 _aZNZ{ 2Q7 Z IQS 1 (35)
B S A {bzog L, [/ )T

A



42 VA I G I A = 2021 4F 5 42 %
2 2W, b, 2W, b,
0, = a,b; = 2aq, Q5 = a,bg — 4a,bs, 04:?—5’ 0= 0, _gl’

(36)

Qs = 2a,b; = agbs, Q7 = asb; = 2asbs, Qg = a;b; = 2a4bg,
Qo = a,bs — asaq, Q) = a,by — aqa;.
RO ) s AT AR RN £ = a + rie™ ) FRREURY (B ) BT B JH 42 6 1y /a
<1, A 3 R,

6>

-a

B3 MbimnEA

Fig. 3 Schematic diagram of the polar coordinates
P RBURIGIN T r\ /o FEATROORTT, AR B BES r, (0 NS R 30 Sy TETH5E A 4k
BT e LR, 3 BRI B P IR T 20 A, B4 2 = 0, e

R, =R, =R, =T, =T, =0. (37)
A MR R R UL 1) [ T e Ak B DB Ak SRy 45 1 [RIPE X S KL, A
a, =as=a;, =b, =b; =k, =0, q, =ﬁ, 2=—E7h3’ aszL}f’
1 +v 12(1 - ») 3(1+v)°

ER’ (8 +v)ER
b= =) T TR0 ) (1 =) (38)
Ci3 v E 2
en 1= T 2(1wp) Ty

P E Rt R v N Poisson ML AT 15
N, Pa 0,

o, to, _f ?cos 5 (39)

N, [a 30
o, -0, +210’ :72 asm@sm 1+
2% R E

84> (1 + V) 2r1 . 2r, cos” 32 2r1 cos
{ 9, vhN, 4 > 50,
1{ — 7Sln COS P —— n —— —

h Al 2r, 2 8a%(1 + v) (m) )
1 } (40)

2r1 T3 2r1

K N,/h %%/ﬂ* AN,
IR ) e g ot

(41)
a 30 a 301
o -0, t2i0, =q |7—sinf;sin — +1ig [——sin 6, cos

2r, 2 2r, 2
X g Ron bR L.



5501 PR , %5 . DhEERAEEMR D Griffith Z4404eui i J135 1 = 4Efg AT i 5% 43

A LA, 20 (39) 530 (41), 58 2—5; KX (40) 5(41),MH,50(40) 2 T 5 Poisson H v A AL
Koy By B

5 WS RN R R80T 11Y)
M =4t Griffith RS RSUR N Z IS8 N, N, M, R M, AERIE, @(n) Tl W (n) BIFRBAA

1
@(n) =Ry P (42)
N' —iN" 2
W(n):ZRH‘: L }} + RH™'Fy' e :7’ -
Y M, - iM,, n(n” - 1)
2 ] 2 n
S H'GYy ——— - H'Gy' ———, 43
R 7V oy RV oy (43)
A
y' =2E7'{N, +iN,, M) +iM,}". (44)
WH E—A =Yk P RIZS A N = 0,M" = M°, = 0630 (32) FIat (44) R AR (42) AT 15
N (W,
¢({>—Q{ } ({ -V -a). (45)
1

e (45) A (26) , I LRG0 1 /a WUERREIF, AR BEE r B980T R
T, 4z =0, PR RV S R A1
" [2a 0,
o, t o, == 7 ?cos ?. (46)
P 5 TSI S T S
R (10) ((32) ((44) FRA(43) HT A+

N'( b, N, (W00, +2W,0, '
R AT T S

Qz Qle WzQs ng —a2
azN:’L{WlQ7 + WzQs} 1 (47)
0,0, W0y + W,0Q «/(52— 2)3'

R (45) T (47) B & = a +re” ARASK(27) IBAL G mT 1545 i[RI 2 20 ebAs H i Ak f 17 ) i
LW

o, -0, + 20, =

N 0, 36, vhN" o\’ 56,
- — [——sinf;sin — - ——|4 — -
h 2r1 2 8a*(1 +v) ( j cos

1 3 a 36,
> [2r1 s— 32J; } {hJ;51n9 cos —— 7
vhN, 4
8a’(1 +v){ 4 2r1 2r1j 7 32@ nz}}' (48)

X 1 A T 2

a 30, a 30,
o, -0, +20, =-q [-—sinf;sin— —ig |[——sin 6, cos —, (49)
y ? 2r, 2 2r, 2
ALK (48) [RIFEZL T 5 Poisson Fb v A I LI v B 1 BT

6 K {H &
BA &5 Griffith Z4BUTE R A FOM AR, B TEBR M b 2 B 3t 1)



44 VA I G I A = 2021 4F 5 42 %

c; = cpel TV i,j=1,2,--,6, (50)

¢ RIS TIAL A BESHL, N3 1 R S8 A SR BEHR 8, SO R AR SRR BE K, 2 A = O I,
PRIy SN
F1 ALO, MR E( L. GPa)
Table 1 Elastic constants of Al,O;(unit: GPa)

0 0 0 0 0
1 ‘12 €13 €33 Css

460.2 174.7 127.4 509.5 126.9

BrAR S AT, — G K o = 1 m, HEh=02m, N,=1N, N'=-1N,z=0,0, =0,r, =0.1a.
6.1 EFIIE

R T B EAS SR A WA R IR AR SC = 4EAR T At 5 © A AT i A T8 LU R A
QU2 SN E N, VER.

R 2 4G TR MBI MEE N TSN ) o o, Kt e =N /h,6, =0,z = 0. 7] LLA B, B
FABLRGHITE A SR A 5 AR AT MBI AR B 25 R B R O T AU A TR
r 2 B DAL

K2 Griffith RENZ )N EAE I TR A0 T o /o

Table 2 Dimensionless stress o /o under uniform internal pressure in the Griffith crack

r/a 107 107! 1 10! 10° 10°
present solution -28.162 6 -1.468 4 -0.154 9 -0.004 2 -4.901 8x107° -4.990 0x1077
2D solution! '] -6.124 0 -1.400 4 -0.154 7 -0.004 2 -4.901 8x107° -4.990 0x1077

6.2 BESH
6.2.1 Griffith 2L 8 £ % 3% & % S ) 3544 15

K4 5K 5 55AH T N, BT, CREN o /o 5o /o W, FIEESAER, 0, =0,A = 5.7[L)
A2, 4 5E S5 th =2 MERHTE r/a = 0.5 BHEA — MR S r — 0 B UK (2 =- h/2) i
I (z=0) FHIE (2= h/2) MR JJ(ESA2URIBE I, FLAR TR AL ) (E 5, BEET MR I = AN TEI7E & J5 1] 32
FER JIVERT AE y J5 a1 2R SV

6 & 7 A4 T N AEHTT , CRRW S o /o 5o /o B0 B2k LB, I 6 SIE 7 dhil =
S RT @ = 0 XK, IR KA R AE O = —,0,w I, HLI SRR I 7 R AH B T DI e 41
BH I e KA.

8 Rl 9 A BIH T N, TER T B4 ) o /o 5o /o B 6, A1k, © = 0.FT LIS, B th =%
HHZRII5ET 0, = 0 XFFR, HLE SRR 7 W K.

10 80
4 : z==h/2
-1048 60 ¢ =mmz=0
E e 2=h/2
404
=30 :
© ° t
S S a0
® -50- © Bl
: T ettt
' _— i
=704 cee 20 204
£ 2=h/2
-90 T T T T -40 T T T T
0 2 4 6 8 10 0 2 4 6 8 10
r/a r/a
4 FTRWNS o /o W TTER AR B 5 TN o /o U I7
Fig. 4 Distribution of dimensionless stress o,/ Fig. 5 Distribution of dimensionless stress o /o

in the r, - direction in the r, - direction



PINVAETR 46 . THEEREBEMR T Griffith 2444235 113711 = 4 fB AT i 9%

45

6.2.2 Griffith Z 8%

O/n

B 6 TN o, /o b6 rEL
Fig. 6 Distribution of dimensionless stress o,/

with @

_30 T T T
-1.0 -0.5 0 0.5 1.0
0,/
B8 TNt o, /o ke, Mk
Fig. 8 Distribution of dimensionless stress o, /o
with 6,
2
-4
-6 —_—— ] =—5
=—O0= 1=0
i — =5
_10 4
-14 T T T T
-0.5 -0.3 -0.1 0.1 0.3 0.5
z/h
B 10 L' J) o, /o W z I7 W51

Fig. 10  Distribution of dimensionless stress o /o

in the z- direction

Sl 3 4 NIEAEA

34

30

26

o,/c

T T T
-1.0 -0.5 0 0.5 1.0
O/n
B7 THNNS o,/o b6 HEL
Fig. 7 Distribution of dimensionless stress o, /o

with @

-0.5 0 0.5 1.0
o,/m
9 TwMNS) o, /o B0, 1L

Fig. 9 Distribution of dimensionless stress o /o

with 6,

-6 T T T T
-0.5 -0.3 -0.1 0.1 0.3 0.5
z/h
B A1 RN o /o Uz J51 A6
Fig. 11  Distribution of dimensionless stress o, /o

in the z- direction

K10 5B 11 3 5@h T N AT MW ) o /o 5 o /o i 2 TR AafE. S A = 0 i, f1 T

[P XS FRYE  IZIMIC T 2/h = O MFRG A =5 FIA =— 5 W) Jof 400 ) 701 2 B T X FROC AR

EP)



46 A I G I | A B = 2021 4F M5 42 %

== 5 FEMRC R RIEAL (2 == h/2) HICENEKIN S (x J57100) MITCE R KRNI TT (y Trla); A =5
I AERR EZRIAL (2 = h/2) A ICEARKRIEN ST (2 J5 18 ) FIOCE A5 RPN ST (y J710)) JX — G 5 U R
JE 7 Il B AR A S R (50) IR 2 A == 5 B ARk I e O AR T AR SR, AR 3 T
BT RN A =5 B PORAG S RO AR TR A A A, MO T 28 AR 328 0 22 A /N T L T
FGM (1 J5 5 75 ], S0 ROBOR AR 7R 32 A 17 7 B,

Bl 12 5E 13 005 T AR , B8 AN ) o /o 5o /o e, JT RS IE L AT LLUR B, B -,
3R, BV IE SRS SR b BRTE | A ST A = ZE AT i 55 — 4k bk )~ ) 5 R BE BT 5 R 3480 AR iR
Wr, =0.0la B, ZF 2B X8 PUORA SO h & A r 2 B9 B B0 B AL B R L T 1 A 3B T4
R, Tt AN ) e KAB YIS 53 A1 | 5 TN 4 — 25, JC e 40N S B7E D055 A 1) T %

Bl 14 515 5550 T N AT, ERNARN ) o /o 5o /o B 6, ARG T LR 1 B R R &
7 ] TG i AR R T W (R R 5552 Bl BRI AN ] A = 5 I,y 5 Ta] B4 T 8 4 ) I K.

20 =A= 3D, A=-2
-0- 3D, 1=0
-oO- 3D, =5
— 2D
10 -
o -o- 3D, A=5
\i \6 -20 4 — 2D
N
0-
304
-10 T -40 T
0.01 0.1 1 0.01 0.1 1
r/a n/a
B 12 TRV o, /o U r) T 18 TN o /o U TGS
Fig. 12 Distribution of dimensionless stress o /o Fig. 13 Distribution of dimensionless stress o, /o
in the r, - direction in the r, - direction
2

-2 T T T -3 T T T
-1.0 -0.5 0 0.5 1.0 -1.0 -0.5 0 0.5 1.0
0,/n 0,/n
B 14 TEHN S o /o e, Bk B 15 i o /o Bl 6, B
Fig. 14 Distribution of dimensionless stress o /o Fig. 15  Distribution of dimensionless stress o, /o
with 6, with 6,
+: A\
7 én B

ASCH|H England-Spencer M BEHFFE T 8 45 1] [ $F FCM A Griffith 24804 1) = 4 N 11 5B 2
PBFSECT RS 7 Tn) T DT e 2278 Ak, FI) 58 AR R TE AR R AR B R, o A T 32 J6 55 i Atk o 384
FHFNSZ 35/5] N R IR 2480230 1 7 1 = A B AT A0 BHER AL R 45 ) [R5 5160 Bt il ad 5 6 225t



551 MR, % . DIRERE A Griffith 244020 N 1134 1) = e BT BT 47

B, RIS BB E T Y2 A 5 W 5 AR Poisson L v A CHYIR LA K V2 1 e Y I 38 4o 450 1A
SEAIHE— DR T B RERE B R 7 A7 2 A 8 B 25 [ 55 K2R %) Griffith 24802 3 = 24 )3 1 37 14 52 Wil
SERRY] X BERZ ) FOM Al th Griffith LR N 135 53 A1 A B B2 R R, 7R TR A v, vl i 5 i
YR HIX BB HOR AR FCM B h 2804 (9, S B G, TG AL 20 ) 27+ P RE.

AR SCHRATY Griffith RELH v =2 1 1 375 AT gk 5 426 e 38 1k T vy ) P-4 D7 e Sl B SR T Y 4 A
0, RAEARE T 7 7 Ah SR Saint-Venant JEEEXF R 1 2% A4 04T T ORS AR © A A 2 11| 1 4 S0 fff il
RE)—ADIRIEIEEN A SR E AR E DR 22 5 I 1% XS AR SCRAS Y e A e Ao LA A2 08 oy ARG B2
A DUAE Ry S A FH T30 25 725 0 1T A AR R0 BB 7 VA X T4 SC TRl i 20 i A R k.

Bt A SO OO BB MU ES H 8 2 5 4R 2l [ 58 R S B A P ORI H (SV2020-KF-13) XA 3L
(9 %E .

M R

16

Kk, -1

2 K K
a, = 4g,(h/2), a, = Kf[Kzgé(h/Z) +Kk,2,(h/2)] , a5 = Ri, a, = 2|:R; ——ZR} ——3g6(h/2)} s
1 Ky Ky

=2 1 Ks Ky =4 2 = 32| p! Ky
a, = 2| R} —K—Rl —K—gﬁ(h/Z) , ag = 4g,(h/2), a; = 32| R) - —R, |,
1 1 1

= olp - Mg LIy B S | Rl s b, = 8g,(h/2
ag = 2 R =Ry oy = 8| R -SR] by = 8 R - R - g (h2) | by = 8gy(h2),
1 1 1 1

4 8
b, = o I[Kzgs(h/z) +g,(h/2)], b = 7[K1g3<h/2> +Kk,8,(h/2) ],
1 1

K; K, 16 )
by = 2| — go(h/2) + —g,(h/2) = h5(h/2) +g(h/2) |, bs = —— R},
K, K, Kk, -1

K
32(1@5 - —ZRfj ,
K,

K 2 K‘
8':1{% _TZRI _fg7(h/2):| s
1 1

K
by, = 2{M2 + K—S[Kzgﬁ(h/z) +g,(h/2)] } , by

1

=
N
1

K
2{M3 +74[K2g6(h/2) +g,(h/2)] } » by
1

Ky K3 K K3
2a, = ag + —a,, a; = 16a; +8—a,, bg = b, + 2—ay, by = 4b, + 8 — a4,
K K, Ky K

h/2

h/2 K,
0. = | cul@ R+ T 0, = | c44<z>[T2 + Ry~ (T, +Rq>}dz,
-h/2 -h/2 K]

h/2 K h/2 K,
O = [ ca@ | T+ Ri= 2500+ R ey Qu = [ e [ 15+ R (T, + R |,
1 o 1

—h/2

Hrp
6(2) = | eV, g(2) = | cu(O)Ed, g(2) = [ cu(e)Ede,
-h/2 -h/2 -h/2
h/2 h/2
Ri= [ c(R()dz, B = [ zeq()R()dz, k= 0,1,2,3,4,
-h/2 -h/2
h/2 h/2
= [ eo(T()dz, T = [ ze(DT()ds, b= 1,2,3,4,
-h/2 -h/2
w2 [ K,
M, =f — (e *eyp) R, - —R, | +¢T5 | 2dz,
2| 2 K,
w2 [ K,
M; ZJ (e tep) | Ry = —R, | +e,T, |2dz.
2| 2 ok,
2% 3 Hk ( References) .

(1] P, R, BRfREK. DIRERR BEARL S 2540 i35 T 1 2= M B s e [ J ). 12 J, 2010, 40(5) . 528-541.
(ZHONG Zheng, WU Linzhi, CHEN Weiqiu. Research progress on some mechanical problems of functionally



48

A R~ G SO | ) = 2021 4E 5 42 %

[3]

[10]

[11]

[12]

[17]

graded materials and structures| J |. Advances in Mechanics, 2010, 40(5) : 528-541.(in Chinese) )

TIRESE , VERRME. THRERE BEADRHE il ) 2745 T REA B A A S E e [ ] BR2=id@ e, 2015, 60(17) : 1565-1573.
(KE Liaoliang, WANG Yuesheng. Research progress on some basic problems of contact mechanics of func-
tionally graded materials[ J |. Chinese Science Bulletin, 2015, 60(17) . 1565-1573.(in Chinese) )

TR, ZESCHR, RIFT, SF. A HLDIRERS B ARHE i R A G G IS R [T ]. T E AL TR, 2017, 37
(14) . 4232-4245.( ZHANG Guanjun, LI Wendong, LIU Zhe, et al. Research progress of dielectric functional
gradient materials in the field of electrical insulation[ J]. Proceedings of the CSEE, 2017, 37(14) . 4232-4245.
(in Chinese) )

ESKANDARI H. Three-dimensional investigations of stress intensity factors in a rotating thick-walled FGM cyl-
inder[ J]. Jordan Journal of Mechanical and Industrial Engineering, 2016, 10(2) . 105-113.

NOJUMI M M, WANG X D. Dynamic analysis of crack problems in functionally graded materials using a new
graded singular finite element[ J]. Theoretical and Applied Fracture Mechanics, 2018, 93. 183-194.

CHENG J X, SUN B, WANG M Y, et al. Analysis of Il crack in a finite plate of functionally graded piezoelec-
tric/piezomagnetic materials using boundary collocation method[ J]. Archive of Applied Mechanics, 2019, 89
(2): 231-243.

BOUCHIKHI A S. Numerical investigation of fracture in double-edge notched FGM plates under tension load
[J]. International Journal of Structural Integrity, 2019, 10(6) . 838-849.

CHENG Z Q, ZHONG Z. Fracture analysis of a functionally graded strip under plane deformation|[ J |. Acta Me-
chanica Solida Sinica, 2006, 19(2) . 114-121.

BEME, B, V5 SO TE A Sk ) BB B ML ZR Griffith 4S80 AT [T, TRE J1%%, 2008, 25(4): 70-74.
(XUE Yan, NIE Hui, FENG Wenjie. Fracture behaviors of collinear Griffith cracks in a functionally gradient
magneto-electro-elastic strip[ J|. Engineering Mechanics, 2008, 25(4) : 70-74.(in Chinese) )

FRUGES, RPHaL, MPEC ATRERR RS A D REAS BE VR 2 RSO [ T ], WA S 222540, 2011, 32(4) : 426-432.
(CHENG Zhangi, GAO Danying, ZHONG Zheng. Plane crack problem for functionally graded strip with arbi-
trarily distributed material properties| J |. Chinese Journal of Solid Mechanics, 2011, 32(4) : 426-432.(in Chi-
nese) )

XIGAYS, AR, 2R AL, AP D REAR BEADRE B9 HLUIE 2 rh B 2800 SH B pg iU [ J ], AR Jr 27274k, 2014, 35
(1): 15-20.(LIU Jungiao, MIAO Fusheng, LI Xing. The scattering of SH wave on the array of periodic cracks
in a piezoelectric substrate bonded a half-plane of functionally graded materials| J]. Chinese Journal of Solid
Mechanics, 2014, 35(1) : 15-20.(in Chinese) )

PESC, WAL, Tk, JET AR 2tk B R R ) FGM AR 2450 [ J ). AR B T RS54 ( A SRR 0R) |
2014, 42(4) . 77-84. (JIANG Zhengwen, SHEN Kongjian, WAN Shui. Fracture mechanics analysis of FGM
plate based on layered linear discrete model[ J]. Journal of South China University of Technology ( Natural
Science Edition) , 2014, 42(4) . 77-84.(in Chinese) )

Pt REULAS 1] [ 1 S RE AR BEAR 25 il (R S )~ [ D] WL B 3C. BN WiVTR 2, 2011. (YANG Bo.
Elasticity solutions for bending problems of functionally graded plates with transverse isotropy[ D]. PhD The-
sis. Hangzhou: Zhejiang University, 2011. (in Chinese) )

YANG B, CHEN W Q, DING H J. 3D elasticity solutions for equilibrium problems of transversely isotropic
FGM plates with holes| J]. Acta Mechanica, 2015, 226(5) : 1571-1590.

YANG B, DING HJ, CHEN W Q. Elasticity solutions for functionally graded rectangular plates with two oppo-
site edges simply supported[ J |. Applied Mathematical Modelling, 2012, 36(1) . 488-503.

YANG B, CHEN W Q, DING H J. Equilibrium of transversely isotropic FGM plates with an elliptical hole; 3D
elasticity solutions[ J]. Archive of Applied Mechawics, 2016, 86(8) . 1391-1414.

LKA, RS 5y BB a5 W 2 B 6 ( ) [M]. Jba . Bl2#H AL, 2014. (FAN Tianyou. Theoretical
Basis for Defects and Fracture of Solid and Soft Materials( Vol 1) [ M]. Beijing: Science Press, 2014.(in Chi-

nese) )



