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Abstract: Based on the fractional order generalized thermoelastic coupling theory proposed by Sherief et al,
the thermoelastic problem of 2D fiber-reinforced elastomers under thermal shock was studied. In view of the
effects of gravity on 2D fiber-reinforced linearly thermoelastic isotropic media, the governing equations were es-
tablished. Through the normal mode analysis and numerical calculation, the governing equations were solved,
and the expressions of the dimensionless temperature, the displacement components and the stress under dif-
ferent fractional order parameters and different gravity fields were obtained. The distributions of variables were
illustrated and the results were discussed. The results show that, the gravity field and fractional order parame-
ters have significant impacts on the displacements and stresses of the fiber-reinforced media, but the influence

on the temperature is limited.

Key words: 2D model; normal mode analysis; gravity field; fractional order theory of thermoelasticity; ther-
mal shock

« UWFREHE. 2020-05-06; EiTHHA: 2020-10-16
ESWE.: EFEHARERES (IXBRERS) (12062011) ; FFE HARMARS (1 EH ) (11972176)
EEE . BT (1996—) , &, At (E-mail ; 437654495@ qq.com) ;
kst (1974—) , B B H82 , it B+ A4 S0 GEIREE . E-mail; myb_ssy@ lut.cn).
SIS BT, Dok, 8N SRS T & 0t AR LR iR IR A TR [T ). BB 24, 2021, 42
(5): 452-459.
452



%05 By, 45 o BB R R e E ) 0 T AR ETAE N B Y R R 453

5 "

H1 288 Fourier $% 5 BB TR, A A% 40 3 B2 R JCRR SR, #Rt O< 12t 5 1R BE 66 B8 J30IE LE AH X T — 22 1
R i P 2% P T v O A A TR A2 A R BB R A G | 28 MU HIVA 3 T Al S P L Dy e R 422 it
Fourier #& SIS A0 R BRM4E , (#4774 H T 4E Fourier #% 3878 3E Fourier #UE SIS A & B #E , A4k
P T —LE e X SE IS A A7 LU PR GHRE A4 46 1Y IR, B TS X SE BB e Ak g 1 SRR M e H 2
B4 Lord H1 Shulman'" #2 H1 A L-S P18 ; Green Ml Lindsay'* #2 i) G-L Hif ; Green F1 Naghdi'* #2 1 1Y G-N
BLISTN

H T4 B9 SR A3 e B 2 T B BN P, ST A3 B IR 43 B R 5t Bk i 22 Povstenko T
HEFRASAERR A A PEELE , IR B0 S8 0 < < 2 MBS SO R A Lmt, A58 T HA BRI 25 Jis i TE FR
KA 5 F AR R 23 A RIS SRS, Povstenko ™! 3z M0 M L S 07 BRBIF ST 1 Ao KRR 19 Cauchy [A] #,
Sherief % 3@ 151 A Caputo 85050 B S 4%, 2 37l —FEr A0 20 B0 T SO ME #0 4 FH 18 Sherief 2517 3L T
SIS TR RS WIS TS [ A AR R 3R 2 TS BRI (19 5 1. Ezzat A1 El-Karamany ™ 2 FARZS 25 (] 75 | 2%
TR L S B 5T T BUR G PG BEARE Y Ezzat A Fayik'® 36T 80 A ME Y BOBIE , A5 T 2
A —AF s ) SR BRI Youssef ' 38 R FCAR 40 1 Fourier 284 WF5T T 56T 404U T S
PRI AR 17 B Youssef 5511 L4080 ) SCIAGERE B 75 30 T R BAE T 1 2 45 T ] AT
T2 B (4 53 A R Ma S50 ST U IR0 ST T A AR A A [ B DL B A R
BRI 23 JETE BROR A I A Sl A e o7 [ L (R AIESE 1 BAT R S AR A A PR A s F AT 4 30 285 i ) R

PN S AR th HRETAE L INBERS T4 BT 4 D5 BT 4 ss , 5 AR Bt 22 ad 2558 KR B
PLEE A5 BB T 2008 iU 26 B0 RL 2T 4E 8 5 2 B b Rk T R E B R R, 0T 2 0 B A& A G
Singh' 7 WF5T T L E RG4S 1] SRR A S5 v ST DI () 4% 4% 5] S8, Othman #1 Said 551 AF 58 T 40 B0 | i
TKHIIE ) FIEE g S0 S P 2T 2 1 iR 45 1) ] P TS A o v TR B A 2 0 %o T e s v B H ) 3 052
W) & F % 22 W% Bromwich ' ¥ YR 5 1T g X sH: A A S DB A R 1 S IR, Adlawalia AT Narah"™ #1517 7€
BRI SIS AR B A8 T ) B Othman 5521 BEST T — N BT A 2T G SRR #E R R B8 T )
[ AR 7RO K S DTS A AL

FRATHE R 8 2 B Qo B PR B 1 SCHR S 7T L & B, 2 28 R 3 BB ) USRI 45 ) A Ak 17 7R
5T, IS T —E R R (HEET Sherief BB SCIASRMERE G BRIE , X 2R 2T 2 3 s b RO DT 5T AR
Xt

L5 L RTIR AR SCHBE T Sherief BUAMEIY ) SCRVIAPE RIS B0 DR ZE S nh i AR R 4R 2 i1 s sk
AR RS (1) R 775 D T g 0 7 A 1 5 2 M A 2% 1] W) Y B S 0 T, ST 1 4 O s IR
MRS, e BT W R A TR 153 T AR 73 B S B8ORS [R] 3 33 B o s IR 2% F
W1 W RIA R, DA BRI 7 R 1722 1 1Y 40 A LA T X85 R T T ie.

1 AT R S [l s
1983 4, Belfied %™ 41 Y 2F SR RLR P AT 45 1 5P BRCHIXE TRE9807 160 @ 1A K IR

o, =heyd, + 2ue, + E(aa,e, b, + aae,) +
2(py, = pp) <aiakekj + ajakeki> + gakamekmaiaj -y(T - TO)aij’ (1)
K, o, KA o) BTSN A gy HEPERRG £.0 0, -y HHEENG y = (30 + 20 a0,
YA R AE P 1 Kronecker PREL; T MR, T, AZHHEE; a = (a,,a,,a;) ,a; + a3 + a3 = LIRATBEEER)
WsEJi M a = (1,0, 0) .

JUAT 5 e
eij:%(uw ) . (2)

DR w,v,w FE _HEREPRE N w = u(x,y,t) ;o =v(x,y,t) ,w =0, fLAFE(2) W15



454 [T Q= SR | A 2021 4 M5 42 %
d d J
emzfu’e,y— U,em,— (u :() (3)
ax 7 9y 7 dy
BT (3 IRA TR (1) 15
Ju dv
o,=A,—+A, —-y(T-T,), (4)
ox dy
Ju ov
0-)‘_}'=A127+A227_7(T_T()>7 (5)
0x dy
Ju dv
Uz::A127+/\7_’y(T_TO>9 (6)
ox ay
(8u N avj 0 7
0' = — — 0' =a' X = y
xy My ay O ’ F2 zy
K A :/\+2(§+/~Lr>+4(/~h_ﬂr)+£ A, =X +&, A, =4 +2u,.
LR YERESRAGANE A A SR A s R A Y
9’u 9’u 9% *u oT v
—A—+B—+B—— — +pg — 8
o RPN 2 dxay 1 Byz Y Py Pg P (8)
a*v v ’u v aT ou
— =A +B +B,—-y— -pg—, 9
o » 8y2 2 dxay U ag? Y dy Pg P (9)

K B, =m,, B,=¢ +A +p,.
Sherief 251/ 7E 2010 4E42 H AP BN T CRGREBRE o (L S RN

aﬂ
kT ;= [1 7 o j(PC T+'yTu ) (10)

X, k TR p BB 7 RIS o R0 EH 25,0 < o < 150, R HENZE T I HALE
T A7 AR T S J5 A SRR W I 1] S50, 22800 S AR I 5 J5 7R XRH R AR B A ¥ 40 D
iDL e A & Bk Ty R o e I
x' =emx, ¥y =cemy, u =cmu, v =cmu, t’ =cint,

, g y(T-T) | oy (11)
To=CMNTy, & ZTyeziia-if: , L,]=1,2,
cln )\ + ZMT ) /‘LT
‘ pC, A+ 2u,
X n=—",c= -
B ERTC R AR i X DT (8) ~ (10) #EAT et N4 45 (T (R L, 2457 LA A0S )
PY 92 92 9* a0 d
—u=h117u+h27v+h17u_7+gl’ (12)
2 P dxdy ay* v T o
) % *u 9’y 96 ou
aThy ot hy ety g ()
o y dxdy ' dy O
%0 0% 2 o 9% | (06 de
T+ o — || e 0O<asl 14
= y2 l: (cim) 0 P (a[ e al] s @ ’ (14)
. (BI’BZ ’AII’AZZ) ’YZTO
h h h h — = .
J—ZEEF] ( 1 o2 5 22) pC? £ pCE(A + 2:”*'1‘)

2 IENBEZS I

TE NS ZS A B T AN TR B 008, 2 10 T AN S2 SR8 il 7 g A6 e A e PR A ) e AR ST 25 P Y
il AT LASZ E WS AN B Ugh
[u,0,0,0,](x,y,t)=[u"(x),0"(x),0" (x),0,; (x) Jexp(wt +iby), (15)



%51 BrleTt 5 /B9 PRI T 5 ) 0 T e 2T ARG 5R A R Y5 455
A, o HHEHEEGIi=/~15 b 8 y T ERPEEG ™ () 0" (x) ,07 (x) o AGRAHRIE.
H Taylor Z5CK e I, 15
v _ v (01)"
e’ = 21 i (16)
s LR A3,
dt"  T(n+1)
@ Ta+i-a)' » "Zh tn
CIEES
dae(ut L © ((l)t)n
A T(n+l-a) (%)
KR (15) FOF AR (I8 fRA SRR (12) ~ (14) , 155
(h,D* =A)u” + (ibh, + g)Dv* =DO", (19)
(h,D* =A)v" + (ibh, — g)Du” =ib8 ", (20)
ADu® +ibAp”™ =(D* -A,)0", (21)
Krh
A =0 +h b, A, =0 +h,b*, A, =0 + o1 + (in)* "7, L" ],
— 2 a-1 * _i * _ L -a < (C()t)"
A, =well+ (3n) "1 L7 ], D= LT = 2{ Fnsl—a)
BHFRE9) ~ QT O" (x) Ao (x) HER, B2 TUTWHE «” (x) WG ITFE
(D = AD* + BD* - C)u"(x) =0, (22)
K
A :ﬁ(hlA“ +hllA2 +h|A1 —hibz _gz +h1h11A3>’ (23)
17711
B :ﬁ(A2A4 +b%h,A, + h AA, + A A, + b A A, - 2h,b°A, — B2D*A, — Ayg?) (24)
17711
1
C= m(A1A2A3 +b°AA,) . (25)
i (22) Al s i H g
(D* = k) (D* = k) (D* = k})u"(x) =0, (26)
K, E(n=1,2,3) BITFE(27) WEHEAR,
E* = AkK* + BE* - C =0, (27)
M — oo B, ITRE(22) RN
3
u(x)= zM"eXp(—knx); (28)
n=1
]34, A5 5
3
v ()= Y, Mexp( - kx), (29)
n=1
3
0" (x)= ZM',',exp(—k"x), (30)
n=1
K, M, M F MR T b Ao A RRER.
B HFR(28) ~ (BO)RATFE(19) ~ (21) , 155
M =R M, (31)
M'=R, M, (32)

A



456 VA I G I A = 2021 4F 5 42 %
o bt ibh, k> — ibh, k> — gk’
In = 3 2 . ’
h 'k +b°h,k — Ak - ibgk
1"%n 2%n 2%n g n n = 1,2’3.
(hyky = Ay) = (ibh, + g)k,R,,
2n T kn b
R, T4
3
U*(x) = ZRluMneXp(_knx)’ (33)
11:31
0°(x)= D R,Mexp(—kx). (34)
n=1
BRI IRATTFE(4) ~(7) , 715
Mo, =ADu” +ibAv" - AL0°, (35)
w0 =AD" +ibAT - AL0T (36)
/"LTU; =A,Du” +ibAvT - A,07, (37)
oo, =p,(ibu” +Dv"), 0] =0 . (38)
F TR (28) (33) FH(34)RA TR (35) ~(38) , 455
3
0-,:; = 2 R3nM/LeXp( - k/lx) ’ (39)
n=1
3
o) = Y R, Mexp(-kx), (40)
u;l
ol = Ry, M exp(—k,x), (41)
n;l
0-:; = z RﬁnMneXp( - kux) ’ (42)
n=1
Krh
1 .
Ry, =—(-Auk, +ibA,R, —ALR,,),
My
1 .
R, = —(- Ak, +ibAyR,, - A22R2n) s
M
] n=1,273.
Ry, =—(-Apk, +ibAR,, —A,R,,),
M
RGn :lﬁ(lb - knR]n,> b
My
AL OB UE R S L)
O-xx(x9y9t) = 05
o, (x,y,t) =0, (43)
0(%%” = 90H<t>H(L _l yl )5
A, H( -)ftF Heaviside BN R PREL, 0, RFE—HE.
KT RE(34) (39) F(42) ARA RIS AT 3040 R 7
3
2 R311Mn = O,
n=1
3
2 R6/1M/1 = 0’ (44)
n=1
3
N R,M, =0,H()H(L -1 yl).
n=1




%5 5 1 Belpes A U ARG TN B ) 0 YR LT ARG SR A TR S R 457
JIRE(44) B IR A (43) 16« = O I AR B RU T e,
RyM, + RyM, + RyMy =0,
RaM, + RoM, + RsM; =0, (45)
R,M, + R,,M, + R,;M, =0,.
X IR (45) KA AR M, (n = 1,2,3) BIEH
M, Ry Ry Ry - 0
M,|=|Rs Rg Rg 0 (46)
M3 R21 Rzz Rz} 00
3 BUESR KA
R T BRGES3 E S RO L T 3 6 F ARG SRR 20 SR T LT W B R Bl 4
A =7.59 x 10° N/m*, w, = 1.89 x 10° N/m*, u, =2.45 x 10° N/m>, b =1,
T,=293K, g =9.8m/s’, £ =— 1.28 x 10° N/m*, £ = 3.2 x 10° N/m*,
p =7800 kg/m3, C. =383.1]J/(kgK), o, = 1.78 x 107 K™ , To = 0.02,
w=3.86x 10" kg/(m-s’), k =386 W/(m*K), o =w, +i&,, 0, =2, & =1, 0, =1.
0.06
0.07 L with gravity 0.04 ‘\‘
0 | 0.02 without gravity
-0.07 0
u ¥ without gravity v F .
-0.14 2=0.5 ~0.02 with gravity
=1 S v B - Ay
_0.28 " 1 n 1 " 1 n 1 " 1 " —0.06 n 1 n 1 n 1 n 1 n 1
0 1 2 3 4 5 6 0 1 2 3 4 5 6
x x
B 1 fFEMAREEE T G B2 FEERANEAESE S0t
TSRS I 43 AT B R Rk i
Fig. 1 The horizontal displacement distribution Fig. 2 The vertical displacement distribution
with and without the gravity field with and without the gravity field
BT B SRR BRSPS 1 0 0 B 2 KL 12
SRR B K = 0.1 W PR E ., aos.
a=0.5,0.75,1.0, F J1{H g = 0,9.8. ] 1 ~5 /R THEANIE 4 : a=1.0
O ST A E I3 FTCE 3 RS T R ) E(E it
S IEL ) — e L e, B A S AT 12 B, 081
oAk HE 40 AR 3 B, T4 1 04 B X
&l 4.5 Frs. 02 7 G with gravity
K1 s T IR KL uw 9534 AR BT AT L i S
4 N \ ¥ ¥ 0 : : - . !
B CUE NIRRT, KL o BB R 73 B S5 o 1 2 3 4 5 6

AT 24 3 5 7 A KPR B0 (B )

B3 TFEMAFEAEE I R 1 5310
ﬁﬁ m%ﬁ'fﬁ E(J j: j:”] Wﬁi j]l]. %/I ﬁé‘g{ M%%%&{E*H % H:J‘ ’ E: jj Figg. 3¥ r[j‘:he[]temzf:alure di:t}riliut)ion with
%E@ﬁﬁﬁﬂ(qz'fj*Z u E@@i j(- and without the gravity field

Kl 2 fifis T e NI AL o 19530 A B AR HaT LA

Bl CHE I GAFAER ELOLRS o AR BEAE 3 K5 2 KR A RGN0/ 5 25 8 ) G ANFAERT 3 BLAE RS o



458 A R~ G SO | ) = 2021 4 % 42 %

AT At 3 80 2 B A 38 T i N 25 70 B S 5B AR A, T ) 700 3 B A% v RS2 IR ] I

Kl 3 42 TG AR 0 W9 A ALEE NI el UE S 1 A7 fE s, 0 BB 28U 4 5 2= = 2K
TCEAAIRIE 6 (EM3E K HH A AERT IREE 0 170 A B 555 5 1 3047 8 I8 18 73 A B S5 ). 5 20 K e
ZHRUEA T, F AR IELE 0 AO(EHE K.

Kl 4.5 gz T RPN S0 o, Mo, BB N 4 Fnl LR, 5 1 A7 FE R 8 T 0
o, BIE(EBEE 70 B 2 B RS NS S YT I AFAERE 1 i o, B (ELRE R 70 BB 25U 1Y
SERTTIR AN, 25 73 B S BB AR S I, S A AR S RN 4 o, BOURIEL ANIET 5 He] DU 0% ) 2%
o, M fEaHRSE 4 BRI o, B RAEL.

0.4 0.12

with gravity

with gravity

Oxx

/_ without gravity

-04 -0.04
a=0.5 [ without gravity a=0.5
0.6+ \w/ a=0.75 -0.08 - Y.« 7 a=0.75
L a=1.0 L a=1.0
-0.8 P L [ -0.12 O RO R B
0 1 2 3 4 5 6 0 1 2 3 4 5 6
X X
B4 FFENATEEE S0 B 5 FAERIATEAE R Tt
RiH o, W51 §iH o, 0957
Fig. 4 The strain component o, distribution Fig. 5 The strain component o, distribution
with and without the gravity field with and without the gravity field
+ >\
4 4 e

ARSCHE P R ) SCERGAE BIIE IAEZR T, AT IE WSS 70 7 ik, o0 M 1 G B4 688 IS AN A7 19 73
Aol , % & T ARIZSBANE 135 0 B RO BT ARG L SR AR E T —Le45i8 .

1) 3B 28006 To i A0 A% RN, 0 A — 7 B4R R T 25 R ) ) R 4 (L R0 K50 2 BE R 15 R
TSR, At BE 167 ) 4

2) FIrA eRECER S Y, T 25 S R 4 e ) (ECAT R B« AR e 2k T

3) F G BAFAE X T 2 RS R ) B A AR K, QNSRS R T ot A CH A AR, BT Y
PROFIE AR WFFE S5 RAL R W ) 370 i BE A2 AR/,

4) Joi AR AN A UBR T o,y e, SBT3 R 24

£ % ik ( References) :

[1] LORD H W, SHULMAN Y A. A generalized dynamical theory of thermoelasticity[ J |. Journal of the Mechawics
and Physics of Solids, 1967, 15(5) : 299-309.

[2] GREEN A E, LINDSAY K A. Thermoelasticity[ J]. Journal of Elasticity, 1972, 2(1): 1-7.

[3] GREEN A E, NAGHDI P M. On undamped heat waves in an elastic solid[ J |. Journal of Thermal Stresses,
1992, 15(2) : 252-264.

[4] POVSTENKO Y Z. Fractional heat conduction equation and associated thermal stress[ J|. Journal of Thermal
Stresses, 2004, 28(1) : 83-102.

[5] POVSTENKO Y Z. Fundamental solutions to central symmetric problems for fractional heat conduction equa-
tion and associated thermal stresses| J |. Journal of Thermal Stresses, 2008, 31(1) : 127-148.

[6] SHERIEF H H, EL-SAYED A M A, EL-LATIEF A M. Fractional order theory of thermoelasticity[ J]. Interna-
tional Journal of Solids and Structures, 2010, 47(2) . 269-275.



#

By, 45 o BB R R e E ) 0 T AR ETAE N B Y R R 459

[14]

[15]

[16]

[17]

[18]

[21]

[22]

SHERIEF H H, EL-LATIEF A M. Effect of variable thermal conductivity on a half-space under the fractional
order theory of thermoelasticity[ J]. International Journal of Mechanical Sciences, 2013, 74(13) . 185-189.
EZZAT M A, EL-KARAMANY A S. Fractional order heat conduction law in magneto-thermoelasticity involving
two temperatures| J |. Zeitschrift fur Angewandte Mathematik und Physik, 2011, 62(5) : 937-952.

EZZAT M A, FAYIK M A. Fractional order theory of thermoelastic diffusion[ J]. Journal of Thermal Stresses
2011, 34(8) . 851-872.

YOUSSEF H M. Two-dimensional thermal shock problem of fractional order generalized thermoelasticity[ J].
Acta Mechanica, 2012, 223(6) . 1219-1231.

YOUSSEF H M, AL-LEHAIBI E A. Fractional order generalized thermoelastic half-space subjected to ramp-
type heating[ J]. Mechanics Research Communications, 2010, 37(5) ; 448-452.

MA Yongbin, LIU Zequan, HE Tianhu. Two-dimensional electromagneto-thermoelastic coupled problem under
fractional order theory of thermoelasticity[ J]. Journal of Thermal Stresses, 2018, 41(5) : 645-657.

MA Yongbin, LIU Zequan, HE Tianhu. A two-dimensional fibre-reinforced mode-1I crack problem under frac-
tional order theory of thermoelasticity| J|. Mechanics of Composite Materials and Structures, 2020, 27(1) :
34-42.

MA Yongbin, PENG Wei. Dynamic response of an infinite medium with a spherical cavity on temperature-de-
pendent properties subjected to a thermal shock under fractional-order theory of thermoelasticity[ J |. Journal
of Thermal Stresses, 2018, 41(3) . 302-312.

ThIRORK, AR . T BB B B 1 A R AR 2 i T RO AR i b Zh A ma i [ J ] TR D14, 2016, 33
(7): 31-38.(MA Yongbin, HE Tianhu. Thermal shock dynamic response of an infinite body with a spherical
cavity under fractional order theory of thermoelasticity[ J]. Engineering Mechanics, 2016, 33(7) : 31-38.(in
Chinese) )

MA Y B, CAO L C, HE T H. Variable properties thermopiezoelectric problem under fractional thermoelasticity
[J]. Smart Structures and Systems, 2018, 21(2) . 163-170.

SINGH B. Wave propagation in thermally conducting linear fibre-reinforced composite materials| J]. Archive
of Applied Mechanics, 2006, 75(8/9) . 513-520.

OTHMAN M I, SAID S M, SARKER N. Effect of hydrostatic initial stress on a fiber-reinforced thermoelastic
medium with fractional derivative heat transfer[ J |. Multidiscipline Modeling in Materials and Structures,
2013, 9(3) : 410-422.

BROMWICH T J I’ A. On the influence of gravity on elastic waves, and, in particular on the vibrations of an e-
lastic globe[ J]. Proceedings of the London Mathematical Society, 1898, 30(1) : 98-120.

ZRCRANE - P, 9442 - N - S, ZEFEIVET 19 - BEICRRBAAPE SR ) SCIRBIR PR [ AL gh sz [ J 1. g AL
ZM S, 2009, 30(12): 1415-1426. ( AILAWALIA P, NARAH N S. Effect of rotation in generalized ther-
moelastic solid under the influence of gravity with an overlying infinite thermoelastic fluid[ J |. Applied Mathe-
matics and Mechanics, 2009, 30(12) ; 1415-1426.(in Chinese) )

OTHMAN M I A, SAID S M. Effect of gravity field and moving internal heat source on a 2-D problem of ther-
moelastic fiber-reinforced medium: comparison of different theories[ J]. Mechanics of Advanced Materials
and Structures, 2019, 26(9) ;. 796-804.

BELFIELD A J, ROGERS T G, SPENCER A J M. Stress in elastic plates reinforced by fibres lying in concen-
tric circles[ J]. Journal of the Mechanics and Physics of Solids, 1983, 31(1) : 25-54.



