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Table 1  Relative errors of two methods in the computation of /, in the case of x*!

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 7.719E-7 1.869E-6 1.901E-6 1.886E-6 1.875E-6
combined transformation 6.055E-10 2.015E-8 3.109E-8 1.631E-8 4.931E-9

R2 BIEAN x? WP ITETTE 1) AR R

Table 2 Relative errors of two methods in the computation of I, in the case of x*2

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 6.111 9E-7 3.001E-5 9.718kE-4 1.128E-3 1.144E-3
combined transformation 9.889E-10 2.638E-8 2.844E-8 1.315E-8 4.168E-9

R BRI xS WS 1) AR R

Table 3 Relative errors of two methods in the computation of I, in the case of x>

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 4.814E-8 1.240E-7 1.232E-7 1.411E-7 1.529E-7
combined transformation 1.857E-10 1.894E-8 3.295E-8 1.642E-8 4.722E-9

R4 RIS x PR SITET 1) AR R

Table 4 Relative errors of two methods in the computation of I, in the case of x**

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 2.736E-5 3.020E-3 3.460E-3 3.440E-3 3.437E-3
combined transformation 2.656E-8 8.180E-8 2.475E-8 7.913E-9 3.996E-9

N BRI WAL A m B ar AR IRCR 36 5~ 8 B TR TR 7 YA 1R A ] fie
ORI 1, TSR 22,
R5 HAEAUN x WPRTE TR 1, AR 2E

Table 5 Relative errors of two methods in the computation of I, in the case of x*!

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 4.443E-6 7.388E-6 1.784E-5 5.100E-5 1.090E-4
combined transformation 1.156E-8 1.504E-6 1.331E-5 4.711E-5 1.054E-4

RO BITAN x? PR INETTE 1, RAR R E

Table 6 Relative errors of two methods in the computation of I, in the case of x*2

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 2.616E-6 7.041E-3 4.036E-2 5.379E-2 6.039E-2
combined transformation 3.010E-8 2.332E-6 1.145E-5 3.301E-5 7.475E-5

R7 IS xO PR ITETTE 1, B2

Table 7 Relative errors of two methods in the computation of I, in the case of x>

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 2.382E-7 8.135E-7 1.510E-5 5.372E-5 1.169E-4
combined transformation 3.614E-9 1.575E-6 1.606E-5 5.477E-5 1.180E-4
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Table 8 Relative errors of two methods in the computation of I, in the case of x**

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 3.411E-4 3.334E-2 1.886E-2 9.524E-3 4.702E-3
combined transformation 2.718E-7 3.249E-6 1.247E-5 4.509E-5 9.500E-5

M 5~8 Wik AETHE 1, A5 AR HRCR s i 1 B ph B s A 4, (H 22 AN AN 1
I B RIS, AR F S A R A S RT3 1, I AR DL RS LU 1~ 8 FE A ] d5c 30T 17
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Fig. 3 The quadratic triangle unit
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Table 9 Relative errors of two methods in the computation of /; over the quadratic element in the case of x*!

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 6.986E-10 2.554E-6 3.952E-6 4.104E-6 4.121E-6
combined transformation 5.071E-10 1.124E-10 2.217E-9 8.623E-10 8.055E-10

R0 FOE AR x? BEPIRP SR KRG 1, B R 22

Table 10 Relative errors of two methods in the computation of 7, over the quadratic element in the case of x2

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 9.407E-10 8.036E-5 4.397E-4 9.347E-4 9.941E-4
combined transformation 8.776E-10 6.202E-10 3.414E-9 3.754E-10 2.515E-10

R IRIESY x WPRTHRIT R TR TT 1, AR 2E

Table 11 Relative errors of two methods in the computation of I, over the quadratic element in the case of x*

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01

distance transformation 1.710E-10 1.104E-7 1.575E-7 1.659E-7 1.618E-7
combined transformation 4.781E-11 1.313E-10 4.299E-11 3.158E-9 1.462E-9
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Table 12 Relative errors of two methods in the computation of I, over the quadratic element in the case of x**

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 3.046E-9 6.959E-4 3.401E-3 3.419E-3 3.409E-3
combined transformation 5.205E-9 3.288E-8 6.251E-8 2.189E-8 8.978E~-10

MO~ 12 FTLAF TR 1, BBk A = 140, AR B AR, 76 Bl o 5 3L B 40 H
TCI AR R TR 2 4~ 6 MBI, 7 fil sSU 58 B e pu i), HORS B 48 7K
29 2 MR B IR B BT SR R A AR S R SR AT ARy, BE D) SR T BORS H
JE R 13~16 FIH T ot A AN R O
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Table 13 Relative errors of two methods in the computation of I, over the quadratic element in the case of x*'

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 2.365E-9 1.320E-5 2.054E-5 2.297E-5 2.406E-5
combined transformation 8.742E-10 8.645E-9 2.179E-7 4.523E-7 4.954E-7

R4 FAf SR x? PR R AT 1, (AR R

Table 14 Relative errors of two methods in the computation of I, over the quadratic element in the case of x2

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 2.122E-9 1.437E-3 2.116E-2 4.311E-2 5.229E-2
combined transformation 1.466E-9 3.010E-8 2.194E-7 1.560E-6 4.759E-6

F 15 il AN x® NIRRT TR TR TC 1, MAEXR 2

Table 15 Relative errors of two methods in the computation of I, over the quadratic element in the case of x*3

method A =0.1 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 9.091E-10 5.451E-7 6.450E-7 2.001E-6 1.018E-6
combined transformation 1.038E-10 8.042E-10 2.424E-17 9.738E-7 8.408E-8

F16 Bl HO8 ot IR R TR OT 1, BRI 22

Table 16 Relative errors of two methods in the computation of I, over the quadratic element in the case of x**

method A =01 A = 0.01 A = 0.001 A = 0.000 1 A = 0.000 01
distance transformation 2.866E-8 8.638E-3 2.878E-2 1.400E-2 7.011E-3
combined transformation 2.935E-8 7.965E-7 3.877E-6 7.290E-6 1.205E-5

M 13~16 FTLVE LA SRR 1 B B A = 150, 25 R A m LT
S A (I, SR A 5 A B 2 B B A T S B SR T2 2 ~ 4 N RCE G e Shad A]
PAE 2, 5 5R 22 B NG B SR I AR BT W K.

5 4 1w

FERLF BEM 23T i 5 25 by L A ) B TR e, 44 e 8 S S0 AR ST, i SORRU3 T A o
(21 SRR A AR A2 R [ A 1) AN ER 1) 8 B A G0 3 S P, B 1] A9 30 7 S P A i AR
o3BT KRR AR B TT 0 SR 2 I I Sk T e AR A AR A ) o X A 1) 7 ek S it
AR B 1A AR B St A AR | BEATSSCTH BR AN T 1) 83 AT S 0 B o A e 8 AR
ey DU S A KRR T



538

A BE - SR B AR e I BRI S AR T R AT Sk

£ % ik ( References) ;

(1]

[2]

[4]

(8]

[10]

[11]

[12]

A, MM, B, . LR ik S X E S AR OTk [T, N R R )
2005, 26(12) : 1417-1424.( GAO Suowen, WANG Yuesheng, ZHANG Zimao, et al. Dual reci-
procity boundary element method for flexural waves in thin plate with cutout[ J]. Applied
Mathematics and Mechanics, 2005, 26(12) . 1417-1424.(in Chinese) )

TRVRET, BFNEE, AR LT TR Y R Ak SRR AR [T . R R R g
2006, 27(9): 1017-1022. ( ZHANG Yaoming, LU Hexiang, WANG Limin. Novel regularized
boundary integral equations for potential plane problems|[ J]. Applied Mathematics and Me-
chanics, 2006, 27(9) . 1017-1022.(in Chinese) )

SRR, 20, PGS, A AKINBR S HE S 40 B BRI IR SR A FOoe ik [T ], TR 2Rk
2016, 33(6) : 826-833.(ZHOU Fenglin, LI Guang, SUN Xiao, et al. Application of quasi-initial
condition boundary element method in transient heat conduction problem on gravity dams|[ J ].
Chinese Journal of Computational Mechanics, 2016, 33(6) . 826-833.(in Chinese) )

TESE, SKRILWT, BRE, S5 T SR AT U HERE Y DU T RIS A iR [T ). IR RS A AR
BRI , 2017, 44(8) ; 29-34.(WANG Pan, ZHANG Jianming, HAN Lei, et al. An advancing
front quadrilateral mesh generation method with constraint[ J]. Journal of Hunan University
(Natural Sciences) , 2017, 44(8) ; 29-34.(in Chinese) )

ZHANG J M, LIN W C, DONG Y Q, et al. A double-layer interpolation method for implemen-
tation of BEM analysis of problems in potential theory[ J |. Applied Mathematical Modelling ,
2017, 51, 250-269.

ZHANG J M, SHU X M, TREVELYAN J, et al. A solution approach for contact problems based
on the dual interpolation boundary face method [ J |. Applied Mathematical Modelling, 2019,
70. 643-658.

EE, XET, ZRE, 5 ORAFAE REAR R E RO R M STk [T, A
Ji2%, 1996, 17(1) : 81-85.( WANG Shouxin, LIU Xiping, PENG Tianguo, et al. The BEM for
solving the nonhomogeneous Helmholtz equation with variable coefficients[ J]. Applied Math-
ematics and Mechanics, 1996, 17(1) ; 81-85.(in Chinese) )

T, RIEM, BRES. R EAR S e R Rk (1) [I]. BRI 1%, 1997,
18(3): 211-216. ( DING Rui, ZHU Zhengyou, CHENG Changjun. Boundary element method for
solving dynamical response of viscoelastic thin plate( 1 ) [J]. Applied Mathematics and Me-
chanics, 1997, 18(3) : 211-216.(in Chinese) )

e, %), #PAE. 4t 20 UARE N AR 1 SRS 5 AR R BB S UE [ . BB E R %
2011, 32(5) . 522-532. (MA Hang, GUO Zhao, QIN Qinghua. Two-dimensional polynomial
eigenstrain formulation of boundary integral equation with numerical verification[ J ]. Applied
Mathematics and Mechanics, 2011, 32(5) : 522-532.(in Chinese) )

XIE G Z, ZHANG J M, HUANG C, et al. A direct traction boundary integral equation method
for three-dimension crack problems in infinite and finite domains[ J ]. Computational Mechan-
ics, 2014, 53(4) . 575-586.

ZHANG J M, DONG Y Q, LIN W C, et al. A singular element based on dual interpolation BFM
for V-shaped notches[ J]. Applied Mathematical Modelling, 2019, 71. 208-222.

WANG X H, ZHANG J M, ZHOU F L, et al. An adaptive fast multipole boundary face method

with higher order elements for acoustic problems in three-dimension[ J |. Engineering Analy-



Ji K o = G| U F kR 539

[14]

[17]

[18]

[19]

[20]

[21]

[24]

sis With Boundary Elements, 2013, 37(1); 114-152.

ST, FEAEHE, XA, 5T Burton-Miller 1 i BU43J7 B (1 — 4k 7 2 I 5 o) SO 11 1 2 ek
W F T KIR FH[J]. BHECER T2, 2011, 32(8) : 920-933.( WU Haijun, JIANG Wei-
kang, LIU Yijun. Diagonal form fast multipole boundary element method for 2D acoustic prob-
lems based on Burton-Miller BIE formulation and its applications| J |. Applied Mathematics
and Mechanics, 2011, 32(8) : 920-933.(in Chinese) )

LIU Y J. On the simple-solution method and non-singular nature of the BIE/BEM: a review
and some new results[ J]. Engineering Analysis With Boundary Elements, 2000, 24(10) ;
789-795.

LIU Y J, RUDOLPHI T J. Some identities for fundamental solutions and their applications to
weakly-singular boundary element formulations| J |. Engineering Analysis With Boundary El-
ements, 1991, 8(6): 301-311.

R, AR, . L ROT P AR R R B A R AR I B (] 1R, 2014, 46
(3): 428-435.( GAO Xiaowei, FENG Weizhe, YANG Kai. A direct method for evaluating line
integrals with arbitrary high order of singularities[ J |. Chinese Journal of Theoretical and Ap-
plied Mechawics, 2014, 46(3) . 428-435.(in Chinese) )

R, AT, AR, — R T B R B A S B 1 W ) 2 X AR O3 O R A i
[J]. J22F9R, 2016, 48(2) ; 387-398. (LI Jun, FENG Weizhe, GAO Xiaowei. A dual bounda-
ry integral equation method based on direct evaluation of higher order singular integral for
crack problems[ J |. Chinese Journal of Theoretical and Applied Mechanics, 2016, 48(2):
387-398. (in Chinese) )

XIE G Z, ZHANG J M, DONG Y Q, et al. An improved exponential transformation for nearly
singular boundary element integrals in elasticity problems[ J |. International Journal of Solids
and Structures, 2014, 51(6) . 1322-1329.

IMVBE, AR, ARINAR, A I SOTEIT RS SR AT I LT A e B AL B [T ] R ERE . W
P f12E R, 2017, 47(9) : 22-31. (SUN Rui, HU Zongjun, NIU Zhongrong, et al. A
method of treating the nearly singular integral in calculation of sound radiation with BEM[ J].
Scientia Sinica Physica, Mechanica & Astronomica, 2017, 47(9) . 22-31.(in Chinese) )
BSRZE, AR, BRRAE, 55 WA IR EE R R B i Foe e [ I ). BTHECA AL, 2015,
36(2): 149-158.(HU Zongjun, NIU Zhongrong, CHENG Changzheng, et al. High-order bound-
ary element analysis of temperature fields in thin-walled structures|[ J ]. Applied Mathematics
and Mechanics, 2015, 36(2) : 149-158.(in Chinese) )

XIE G Z, ZHOU F L, ZHANG J M, et al. New variable transformations for evaluating nearly
singular integrals in 3D boundary element method[ J|. Engineering Analysis With Boundary
Elements, 2013, 37(9) . 1169-1178.

HAYAMI K. Variable transformations for nearly singular integrals in the boundary element meth-
od[ J]. Publications of the Research Institute for Mathematical Sciences, 2005, 41(4) . 821-842.
TELLES J C F. A self-adaptive coordinate transformation for efficient numerical evluation of
general boundary element integrals J]. International Journal for Numerical Methods in En-
gineering, 1987, 24(5) : 959-973.

JOHNSTON B M, JOHNSTON P R, ELLIOTT D. A sinh transformation for evaluating two-di-
mensional nearly singular boundary element integrals J]. International Journal for Numeri-
cal Methods in Engineering, 2007, 69(4) . 1460-1479.



540

A BE - SR B AR e I BRI S AR T R AT Sk

[25] MA H, KAMIYA N. A general algorithm for the numerical evaluation of nearly singular bound-

ary integrals of various orders for two- and three-dimensional elasticity [ J]. Computational
Mechanics, 2002, 29(4) . 277-288.

[26] XIE G Z, ZHOU F L, ZHANG J M, et al. New variable transformations for evaluating nearly

singular integrals in 3D boundary element method[ J]. Engineering Analysis With Boundary

Elements, 2013, 37(9) . 1169-1178.

Near-Singularity Cancellation With the Angle-Distance
Transformation Method for Boundary Integral Equations

ZHOU Fenglin'*, XIE Guizhong', ZHANG Jianming', LI Luoxing'
(1. College of Mechanical and Vehicle Engineering,
Hunan University, Changsha 410082, P.R.China;
2. School of Mechanical Engineering, Hunan University
of Technology, Zhuzhow, Hunan 412007, P.R.China)

Abstract: To address the near-singularity computation problem involved in the boundary ele-
ment analysis of thin-walled structures, an angle-distance combined transformation method was
developed. With this combined method, the computational accuracy and efficiency can be sig-
nificantly improved. The near singularity was found not only in the radial direction of the basic
transformed space, but also in the circumferential direction. In the case that the nearest point in
the integral element to the collocation point is close to the edge of the integral element, the in-
tegral kernel exhibits significant near singularity with regard to the circumferential direction.
Through angle transformation for circumferential variables and distance transformation for ra-
dial variables, the near singularity with regard to both directions can be cancelled. Numerical

examples illustrate the efficiency and accuracy of the presented method.

Key words: boundary element method; thin-walled structure ; nearly singular integral ; distance
transformation; angle transformation
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