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AX +XB =F, (1)
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TRE(1) BB /N L , 4 Bartels-Stewart 1 Hessenberg-Schur J5 45 SR AE— % T4 4
W 5 A Tk 2R B B SR R ) 155 00 T AT AR 224 3 T R B R 7 S AR 1 T R
BRCATATIEET ) G Bai B2 TSR AR IESE Sylvester J7 (1) i HSS 18 %%: ( Hermitian and
skew-Hermitian splitting) , %5 2R R 74 Ax = b (9 HSS Bk 7 o T #25 HSS
LS B 1E HSS(MHSS ) 5358 00 T HSS 403 A3 Uk AR A 52 2k M0 W R e 72
1717 S 7E B R A SR AN S M R G, TR O T 5k i S s ik A e
] 25, BT AR AR A5 LA AR 1 AL P HSS(PHSS) H3k A 2c4s PHSS(NPHSS)
Bk AEKSH PHSS(IPHSS) 4k L) M2 AEHS B NPHSS (INPHSS) 21510 ok ik st 15 HSS &
TSI B AR, 3R 1) 3 24k AR TR A T — A SR P 6 A S 5k B I 8, O L ey F e
RERSEN I EA — D5 — AR e W, X 7E— @ R RN T 2oy 2434t
BT RN 2.

H T R AR S B B B, AR S 2 Ay 2 AR B SR T AN AR T
AbFE 58 B S Sylvester FEFE TR (1) B REUHERE A 1 B 43 24 R Bk [ RS X B B
68 P 22 AR R 2 A oA B R I R 2 ) SRR T T S AR T A X R e R L oK
AR FE R EAR SR, 7 R, B A AL R Keylov 45 ]2 4R
O RS I T R AR SRR B % B, B E B X Keylov T3[R AR L EAT IS,
AN IE A2 HEHEREBE (COCG ) 3577 L4 A-IE A I His% 5 (COCR ) 517 & X Bk 42 119 4L
SEHERRIE (SCBICG(T, m)) ') LA K & Xl B4 2 g SUIE HE % 42t (SCBICR (T, m) ) 12 4%
Krylov F 25 1] /{7%:.COCG A COCR ¥ 73 52 I Pk FE (CG) L b4 sk & (CR) LAY 4
¥, EAESEBRR A T COCG A I & FECR M ISt T8, I Ik COCR L AHE: T COCG
B B S SCBICG (T, m) 320 SCBICR (T, m) 2451 i AL HL AR ( BiCG) B AT
HAHEFE R (BiCR) WL S5 5] HAHE T SCBICG (T, m) ¥ ,SCBiCR(T, m) 35k T SCBICG
(T, m) T R e, WA, RIS TSGR B BLAT , 32 & 1 Ak R4 AR R KK
IR T Krylov F25 [ 240 e sl g

T IRV A SC B X ELERY Sylvester FEFE T RR (1) BUSKR A, $2 11 T —Fgr 21
oy R BRI AME RO 7R, SRR T 240 A0 K REUEE A, B 4%
LR — AR FRHE B — N RO R B | 12293 24 7 =X IX 3 HSS — 205 15 19 43 2405 X ( Hermi-
tian i FF A1 Hermitian ZEFF ) 5 IR ACR FH A X FR&eth Jr R4 (0 R A 50, A sl b ikt o 1 e
TRACSHT R LB T3 — o L 1) o3 4k AR T A A5 i I ERGZE 22 11 Sylvester B 77 2
(1) Ay B

SCPABUE A XY e ¢ WIHFBUN (X,Y) =uw(X"Y), Bt S B A1) Frobenius
WEHR X, = V/{(X,X) X" R X W5 EHFE X Fm X PR, X" FR X 3Lak%

B p(X) FoRHE X E"Jﬁz%*ﬁ,} FAREEXMNEXQY EAREEX 5 Y ) H R
Kronecker BL.#7 x € C,Re(x) F£/n x FISEHE, Im(x) FRw x HYHEHR.
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1.1 IMEREN
B LE Sylvester FiFE T2 (1) M REUERE A F1 B 4353k
A=M,-N,,B=M, - N,, (2)
Hrp
M, =(A"+A)/2, N=(A"-A)/2, M,=(B"+B)/2, N,=(B"-B)/2, (3)
WiE M, =M M,=M! N, =—N' N, =— NLBGERFE T FE(1) S0 T
M X +XM,=NX +XN, +F. (4)
SRIGARYEHE R T A (4) , FESTAH D (1) 73 240 A A =L
EVIRAEIE X, € ¢, AMERAE AT .

MX,, +X, M =NX +XN,+F. (5)
A F,=NX, +X,N, + F, WG
MX,., +X.M, :Flm (6)

HHEX,, € ¢ k=0,1,2,-, HEZERFH (X, )7, 8L

i FIRSMEAAE K 50T, AT M SR E AT A8 COR i 2L Sylvester HiFFE 72 (1) K itk
AR S FRAERE J RR AL (6) SR A, AN b, PRk AR R T2 B XX — [n AT A T Ab FL
1.2 WiERENX

BT SCHREBT , KA OB SE R J2 B A W S X Rk e R4 Ax = b B TR %, L
A = A", MO TR AR TR (6) A SCRGE T LM IR X R R Ax = b 1)
AT A T RE .
1.2.1 FAfAR&M T %

B B PR A B i o X

EX 1 & TRV EMEESR S TEEXY e V, HE

(T(X),Y) =(X,T(Y)), (7)
WK T R P25 8] V ep— % B2 e,
AR 2 X B M M 1 S, 25 AL 1 5 X B M s )y
T(X)=C, (8)
HpT(X)=MX+XN, M e C" NeC*™ XeC*",HM=M",N=N".
THEUEPZS[E] V B T(X) = MX + XN N E XA,

MR PG 2 B AN ALE G L (X,Y) = ue(X"Y) = tr(YX") = e(Y"X) = te(XY") , N
(T(X),Y) =(MX + XN,Y) =tr(X"M"Y + N'X"Y) = v(X"MY) + tr(NX"Y) =

tr(X"MY) + tr(X"YN) = r(X"MY + X"YN) =

tr(X"(MY + YN)) = (X, T(Y)),
W AR e T(X) = MX + XN NP2 [a] V h— S XHFRAS e,
122 fikitis
R TR S AR R B 13 FRLASERX SCk TR e SOt B b Y 3 R R AT AR ek
R B4R B COCR 222 COCG 2 DL K CCC of SCBICR % #: (f#id 2 CCC_SCBi-
CR B3k P AR 25 HOR fig S0 PR M A H 72 (8) 1) 3 Al ik,
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T Seh R Al 2N FRE AR # 7 #2 (8) B9 COCR Rk,
W1 BEWIRER X, e ¢, AR, =C-T(X,),&P,=R,,U,=T(P,),S,=U,,
k= 0.
B2 AR N <elR, |, iHHEEL Hbe e Ry B0 315
a,=(R,,$)/{U,,U), X,,, =X, +a,P,,R,,, =R, -a,U,, S,,, =T(R,,,),

B = <Rk+1 ’Sk+1>/<Rk S0 Py =R, +B,P, Uy, =8, +B,U,.
B3 Eh=k+ 1, HE 28
FEUR 5 SR AR 20 FREME AR 46 07 72 (8) Y COCG k.
W BEWIREKX, e ¢ HHE R, =C-T(X,),d P, =R,,k=0.
Fow B AR Ny <s|R |, WWEEL P s e R, B, HHH
U, =T(R,), o, = <Rk1Rk>/<i)kiUk> s X =X, t P, R =R, -, U,

B = <Rk+l ’Rk+1>/<Rk R,), P, =R, +B.P,.
W3 Bhe=k+ 1, %24
5 2 SR AR SRR AR 2 0772 (8) 1Y CCC_SCBICR HiE.
1d BEVRESEX, e C B R, =C-T(X,), & P,=R,,U,=T(R,) ,S,=U,,
k= 0.
$520 H IR Ny<elR, |, HHEFIL, Hi e e R, ; &0, 315
V,=T(S,), a, = <i]kaRk>/<Sk7SA-> , Xeo =X, v, P, R, =R, -aSF,
U. =U, -V, {=((U,R,) - a/(5,.5))/(a,(V,.S,) -(U,.U,)),
B.=((U...R.) +{(U,, UL ))/((ULR,) +£,(U,,U,)),
P, =R, +B.P,S. =U. +BS,.
W3 Bhe=k+ 1, B2
1.3 HHEEREE
I P AMEARAE S HE S, W 45 AR 43 ARk,
F14 B DWIRER X, e ¢ il (3) ,3HH M, ,M, ,N, N, ,R,=F - AX, -
X,B,E k=0.
F2HOOMER) AEH IR s e lRy |, HEEIL K e e R, ; B0, IH5E
F,=NX, +X,N, +F.
553 B (NIER) R COCR.COCG K CCC_SCBiCR T 25— Fh 7 Wk fitt
MX,., +X, M,= Fk’
iM% R, =F - AX,,, - X,.,B.
WA Bhe=k+ 1, 5240
R T JE SR T SR FHAS RN 2% A% T 1k 1) 43 4 AR SR 43 e /E TS_COCR 3% (TS
COCG A #:LI M TS_CCC_SCBIiCR k.

2 st

EEXTSCHR T4 A o3 24 AR 5 H HAR N A Ak .
EE1 BEAeC™ BIEEHIE HAM - N, HphM=(A"+A)/2,N=(A" -A)/2.
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TR TARE M x € €™ Hx # 0,5 /& Re(x"Axx"Ax) > 0, p(M™'N) < 1.
WERR % MT'N BYRRIEE A AN BRRAE [R) Eoh X, U M Nx = Ax, S5 F AMx =
Nx A= |x"Nx|/|x"Mx . XHFM=M",N=-N", fifli
[x"Nx|* _ (x"Nx)"x"Nx x"Nxx"Nx

‘A‘zz H 2 T H H_H =" — . (9)
|x"Mx|>  (x"Mx)"x"Mx " Mrxx" Mx

MAZWE (A2 < 1, R x"Mxx"Mx + x"Nxx"Nx > 0, 1M
x"Mxx"Mx + x"Nxx"Nx =

1 N a
Z(x”(AIl +A)xx" (A" +A)x +x"(A" - A)xx"(A" -A)x) =
1 B}

E(xHAHxxHATx +x"Axx"Ax) =

1 B B

—((x"Axx"Ax)" + x"Axx"Ax) =

2

Re(x"Axx"Ax) ,
MR AHMTEE M x € ¢" Hx # 0, i# /& Re(x"Axx"Ax) > 0, M p(M'N) < LiFH. OJ
EHE 2 [BEIELE Sylvester 2 AX + XB=F F1A € C"" B e C"™" BIEEMM, H
A=M,-N,,B=M,-N, H'M, =(A" +A)/2,N, = (A" ~A)/2,M, = (B" +B)/2,N, =
(B" - B) /2.4 HERM X € €™ H X # 0,5 Re((X,AX + XB) (X ,AX + XB)) > 0,0

p((Ml ®In +Im ®M2>71(N] ®In +Im ®N2)) < 1'
UERR  CBEZEZERY Sylvester 7T FE AX + XB = F Wi i B, 1 15

(A®I +1 ®B)X=F, (10)
Hf X,FeC".HHA=M, -N,,B=M, - N, 1A, FFE(10) EHT
(M, ®1, +1, ®M,)X = (N, ®I, +I, @ N,)X + F (11)
/7"\A~:A®I”+I,”®BT,M:M1®I”+1m®M2,N:Nl®I”+Im®N2’)r1IJ‘z%E
- A" + A B' +B
M:Ml®1n,+1m®M2: 2 ®1n+1m® 2 =
1 " " 1 ~. ~
S AL +ARL +1, @B +1,®B)= (A" +4), (12)
~ A" -A B'-B
N=NQ®IL+I,ON, =" "®IL +1,® -
1 " . 1~ =
?(A'®I,L—A®I,L+IW®B'—Im®B)=?(A'—A). (13)

HSEBE LA, SRR X e ¢ B X # 0, )2 Re(X"A XX"AX) > 0, W p(M'N) <
1.7

RBHXX'(ARI +I, ®B)X) =
Re(tr(X"(AX + XB) ) tr(X"(AX + XB))) =

Re(X"A XX"AX) = Re(X"(A® I, +1

m
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Re((X,AX + XB)(X,AX + XB) ), (14)

WAHMEER X e ¢ H X # 0, 241 /£ Re((X,AX + XB) (X,AX + XB)) > 0K,
p((Ml®In+Im®M2>_1(N1®In+Im®N2)) <1
HEES, O

3 BUHB S 4R

XFF S Sylvester FFE 77 B2 (1) MR A, 43 3R HI INPHSS 5353510 CGS Rk (TS
COCR 3% TS_COCG H %M1 TS_CCC_SCBIiCR Bk ATXF He 7, LA B6IE A ST 4 H 43 24
AR EIE AT A T A Rk A SO 3 AT X i B e vy R B MR X, =0 €
C™",R, =F —AX, - X,B, Hrh X, TR kLR, R, Fon5 kA0 2% Ak 451
BOIR, |/ IIR, | < 107°, BIEEFRIRLM ¢ = 107° . ILAMFT INPHSS 532 Hh e I il 46
WP, FIP, WP, =1,,P,=B1/a, Xt a =61, A1, 535310 m BrAl o B AR08 B, %40
TR SR % Hermite 1EE 7 FRLHHY CG B1k.CCS Bkt B R, = R, AT ko 43 Fmit
A ALk 0 2 AR BRI AR ], HL B8 ) s A R EK b 27R 92 INPHSS 7% [ TS_COCR 5
2 TS_COCG %4 & TS_CCC_SCBiCR &y AhE R vk,

AR ST A A5 Y6l FH 00K BE U S 4 JF7E MATLAB R2017b -8 FigfT, HN I &k PC-
Intel (R) Core(TM) i7-6700 CPU 3.40 GHz,16 GB N7f.

Bl 1 % )Ei%ZE Sylvester FiFF (1) , H m =n, (1) hREGEFFH

A=M, +2gN, +100I/(n + 1)*, B=M, + 2qN, + 100I/(n + 1)?,
HA =X %M M, N, , M, N, € R, i /&

2 -1 4 -1
-1 2 -1 -1 4 -1
M, = M, = ,
-1 2 -1 -1 4 -1
-1 2 -1 4
0 -15 0 -3
5 0 -15 30 -3
N, = . . , N, = R
5 0 -15 30 -3
.5 0 30

Aot F 35 R AR 0 o 123081 114) 2R B0 P D U 1 Sk [ 9 1 BT XHZ B INPHSS Bk 1
IS TRAEICSE o 03 1 iR INPHSS 835 CGS 59 \TS_COCR 3% .\ TS_COCG ik
K TS_CCC_SCBIiCR B LA 45 Xt iR W3 2.

£ 1 INPHSS WES AL S EL

Table 1 The theoretical quasi-optimal iteration parameters for INPHSS

o

q = 0.05 qg = 0.1 g =02
80 0.033 0 0.1319 0.527 6
160 0.033 6 0.134 2 0.536 8
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%2 INPHSS.CGS,TS_COCR,TS_COCG B TS_CCC_SCBICR 3RAf#HI 1 M4 fi s 5
Table 2 Numerical results of example 1 obtained with the INPHSS,CGS,TS_COCR,TS_COCG
and TS_CCC_SCBiCR methods

INPHSS CGS TS_COCR TS_COCG TS_CCC_SCBiCR
" I k t/s k t/s k t/s k t/s k t/s
0.05 11 0.003 3 13 0.010 3 11 0.002 9 11 0.002 4 11 0.003 3
80 0.1 17 0.0150 17 0.027 7 18 0.002 6 18 0.002 3 18 0.019 6
0.2 39 0.028 3 22 0.056 6 75 0.002 3 75 0.001 9 75 0.002 9
0.05 11 0.011 4 14 0.059 6 11 0.011 2 11 0.010 0 11 0.0150
160 0.1 18 0.013 3 18 0.071 5 19 0.010 5 19 0.010 4 19 0.013 9
0.2 42 0.038 9 22 0.106 9 79 0.009 0 79 0.007 2 79 0.011 3
Bl 2 %852k Sylvester FifF (1) ,H m =n, (1) T REUEFE N
4 i y. —1
-1 4 i 1 B -1
A = . . . B - . . ’
-1 4 i 1 B -1
-i 4 1 V.

Hg=2-kh,y, =2 -kKh - (1 +ikh) /(1 +E*h*) ,h=1/(n+ 1) k= 1% F =AX"
+ X" B, ol X" =1 +iE, 1 HSAIERE, E = (e)) .., H e, = 1.CGS Fk TS_COCR ik TS
_COCG B3k} TS_CCC_SCBiCR Bk AT A4S JXT L1 L3 3.
£ 3 CGS.TS_COCR.TS_COCG K TS_CCC_SCBiCR K@l 2 FE (%,
Table 3 Numerical results of example 2 obtained with the CGS,TS_COCR,TS_COCG
and TS_CCC_SCBiCR methods

CGS TS_COCR TS_COCG TS_CCC_SCBiCR
" k t/s k t/s k t/s k t/s
28 8 0.344 7 20 0.057 2 20 0.049 3 20 0.084 3
210 8 2.459 2 19 1.037 8 19 0.681 8 19 1.651 6
212 8 129.220 2 18 64.383 8 18 46.332 3 18 70.753 6

Bl 3 HZJEHESE Sylvester FHFFE HFE(1) , Hom =n, FRE(1) T REHEIE N
A =triu(rand(n),1) x i+ diag(¢l, + diag(rand(n))),
B =tril(rand(n),1) + diag(gl, + diag(rand(n))) x 5i,

Hp g =Jn ,rand(n) F£R n BrFEVUERE , triu(rand(n) ,1) R 2 BYEEPLAE S rand (n) B
F=MEE, WAL A AL FIIoEH R 0,uil(rand(n),1) T HEE o B BE AL 4
rand(n) 9T =R X AL BT AL LT R N 0B EF =AX" + X B, X"
=1 +iE I H¥iI5EFE E = (e;) 0., He, = 1.CGS 5% TS_COCR 571 \TS_COCG ik K TS_
CCC_SCBiCR B 25 - XT LU UL 3R 4.

FETF 1 ~4 FEEZE R R INPHSS ,CGS \TS_COCR . TS_COCG & TS_CCC_SCBICR 3k
fift % B2 Sylvester HEFE T FE (1) PIAFE) R AH S5 18

1) 1 RPMESE g BN, ZE0EME A R B U f Lot Z 8k, 2517 INPHSS 53 r
W BRSPS EE R N, FLAE R — B4R 50T, INPHSS 55035 19 32 AR UEIORN 325 AR B[R]
Bl A S EL g MBG IS I #HESF CGS 3L A1 TS_CCC_SCBIiCR %%, INPHSS 5k B AT R 4f
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A ERE , SR TS_COCG 55351 TS_COCR Sk e SIGH B P AL T INPHSS 583 , I Ho kA
T HRAEACSE R

2) F2~4 WEUHZE R T, M T HEERMAERE T2 (1) 1Y CGS Bk, /0 24k A (TS
COCR ., TS_COCG .\ TS_CCC_SCBiCR) B £ /55 17 5 2 (1) AR Af T 5 b 8 1k W 2% S b oy 4
HY A SR T LR IRBES B n B3 IN, TS_COCG Bk B BR85S 1) 2
IR RGA S 220, TS_COCG A A T TS_COCR 1 TS_CCC_SCBICR 5%, A3 B I
P72 0.25 5, Xt — S UL T TS_COCG 5k A &t Ao .

£ 4 CGS.TS_COCR.TS_COCG % TS_CCC_SCBiCR K il 3 ik ftish
Table 4 Numerical results of example 3 obtained with the CGS,TS_COCR,TS_COCG
and TS_CCC_SCBiCR methods

CGS TS_COCR TS_COCG TS_CCC_SCBiCR
" k t/s k t/s k t/s k t/s
100 7 0.014 5 18 0.007 6 18 0.006 6 18 0.012 1
200 8 0.056 3 24 0.046 9 24 0.039 9 24 0.063 7
400 9 0.3370 39 0.3355 39 0.308 7 39 0.438 2

ST BIREEIE, w] A G A v P A IR P A 553 L R ) )R ARk A W B
REE BT NS AU AN Z IC N | Xt — W N SR AR i 3 AN AT TR
B SR S 5 RIS 45 SR I 1 SC AP BT ) 1) 20 2R ARk B8 P AT P A 21

4 4f R iE

AR S B 1 2R KO A 43 S kg Ko R R A AR S R R I T R AR X R R R A v sk
B A AR T BT R E Sylvester BT TR (1) sRARAY A 2L ACE M A3 S T A LA
RO, KRR T THR I ], AR 25 X 7 24k AR L 1) S 4

1) M8 FAEGR CGS 5k, 2R 2 (TS_COCR \ TS_COCG \TS_CCC_SCBIiCR) [H
FIH T RECERE 73 245 20 FREYRE S, BA BB SiohE s ieah, Brde b vk 58 5 i o3 24
SEAUARE (43548 Hermite 5 FEFIR Hermite FEFF ) , T5 Wbk G T e Lk RSB BE I, $5 T
LR S SC L T B,

2) kARGt N AME AR AR, I H AR AR R SO AR R BE A T P A A
A APEHL, 11 COCG #: A COCR ¥EME T CCC_SCBICR s BA B (W sk f gk, i,
MHEGE TR A TS_COCR Fl TS_COCG Bk B SIGE FE LT TS_CCC_SCBICR 532 1y it S
JE [R5 A5 35 UF T 33X — A
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A Splitting Iterative Algorithm for Solving Continuous
Sylvester Matrix Equations

LI Ying
(School of Information Technology, Shangqiu Normal University ,
Shangqiu, Henan 476000, P.R.China)

Abstract . The solution of continuous Sylvester matrix equations has significant application val-
ue in scientific and engineering calculations, hence, a splitting iterative algorithm was pro-
posed. The core idea of the algorithm is to split the coefficient matrix of the continuous Sylves-
ter matrix equation into a symmetric matrix and an antisymmetric matrix with an outer iterative
scheme, and to solve the complex symmetric matrix equation with the inner iterative scheme.
Compared with the traditional splitting algorithms, the proposed splitting algorithm effectively
avoids the selection of optimal iterative parameters and takes advantages of the efficient solu-
tion of complex symmetric equations, which improves the easy implementation and easy opera-
tion of the algorithm. In addition, the convergence of the splitting iterative algorithm was fur-
ther proved theoretically. Numerical examples show that, the splitting iterative algorithm has
good convergence and robustness, and the convergence of the splitting iterative algorithm de-

pends on the selection of the inner iterative schemes.

Key words: Sylvester matrix equation; complex symmetric matrix equation; splitting iterative

algorithm; convergence



