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Fig. 1 A taut string with n concentrated viscous damping dashpots
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2 (B, + G, ) b(x) =0, (9)
() MW RGMAMENTRAL, r = 1,2, 0,35 n AHF, SUEFEILE N
(I+H)p=0. (10)
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h;, =pG,, . (11b)
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¢(x) == pG,,(2)(x)), (14)
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K (18) 2N




wmom FEE A ik e 7R 983
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¢(x) = ) (25)
sinh(p(1 -x)), x>?.
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i, B x < 172 A BAMEER ZEOE X p = 0 + jo FRA(25) i, 15
¢(x) =sinh(ox)cos(wx) + jeosh(ox)sin(wx) . (26)
(26) 45 i 1 S TP B e SR T 1 FEA T AIE R B — e ik = (AR X Ak, H
I x < 172 D).
3.3 AMEESAMER R
HFHE ¢ BUEATRI , AAEE p AMEPRE & (x) K RGLIBENRHERCR B Z A2 1L, LT 73
SRBHJE (i P BEJE FRAERELE 3 R LA T 18,
331 KME (¢, > 2)
BHJE ¢, > 2 B, AR SRHE e R (23) 1%
po=Inl(c, =2)/(c, +2) |+j-2sm, s=0, £1, £2, -+, (27)
Q7))  AHEME Ik R s BE Y s S OB E=21s1,s > Off k=25 - 1.
H 2K (27) 19 AEAE p, 1528 FRE BB 301y
o=In|(c, =2)/(c, +2)1, (28)
w, = 2s, s=0, £1, +2, %3, (29)
A (27) G (34a) 51, Y ¢, > OEI_C1 #251‘ YWH o < 0,41 ER%E - o R
GiBJE ¢, BYRARTEOL, A 2 Frs.
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H1ZX(29) AT BHJE ¢ > 21, REGAFAERETE N O IAEAE p, , LI py = o, RGEAYHIARN
0, R RGN 0 Wiz sl o Fitk.
R 0 Bobh, RGEIEA 1 By X LL G5 Z AN E, BN XSS ARIEE R RS o 2 2sm,s = = 1,
+2, 3, RERIRN | s JEEH ¢, > 20, i (29) ATLIE H . RGMR S HELE G
KX RZIRE RGN T B R G BUESE RGN — DMURR BT, AT FR e 1
2) R
M (28) ITLAFR 1, Y ¢, > 2 B, A04F 0 B 7E N Y R G W AR (B SR 4 AH 55, R B i
A& Wiz sh X BA IR R 20803 BN — o R S AR R e 6, X2 xR G R4
DX T — M ) B HR G e 22 R G X — D MURR PR o, TR gt O
R, 2 (28) F e, AT + o, 15
lim o = hm ln‘(c1 -2)/(¢, +2)|=0". (30)
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3) AAE A%

FHJE ¢, > 2 B, ARAE sREL) — A B R i AE T HAIERE G 10 0 B AR R K, 100 o (v) , H.
bo(x) NFLPREL T 0 Y ARMEE I B 0 R 0, H=0(26) 1T15 0 BYAAE R ECH

¢,(x) =sinh(ox) . (31)

H 2 (31) AT, 0 B AAE AL o () S0 TE 53X pRL

Rl Y e, 8T + oo B0 BTHICTF/IN07) AARIERE— B EKIEL(26) T o
TGN, 15

lim¢,(x) = lim (sinh(ox)cos(w,x) + jeosh(ox)sin(w,x)) =
o0~ o0~

oxcos(w,x) + jsin(w,x) . (32)
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BRX(32) % o, BUEN 257, THEM N (32) ATHL AR RECSEH L T ovcos (2sma)

H— F)’l\%ﬂﬁ/hi,ﬁlﬁiﬁﬂ:@é& sin(2sma) SEHRS HEARAH b, — S — B o g5 /i 5 0 By
AAESREZ — A58 . B2 (31) FIHL 0 BYARIE BREL () BT ox, JH—B 55/ (1
H 4% A 0.

K 3 2t TAFERET 0 B ATE K%L b (x) BIEDE (b x > 172 BERHEDE R T a =
172 (REFRPEAE | AR eR S 2 R S s U T T 10—k Ab 2] ) NI 3 AT LUE Y Bl
HEHBHJEHE 0 Y ATE pRER o (x) RVIEIRBEHEE T KA o ; BEE BRI #IE T 2, AE R
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ME 4(b) ~4(c) FTLIE H BEEBHIE M 2 TR R, 1 B ASTEpREL b, (x) AYSEHRIE AR 28T
T — wvcos(2mw) , EEITEMRFEE T sin(27x)
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332 #EmPFME (0 <e¢ <2)
M0 < e < 20, MIAMEE SRR (23) 15
pe=Inl (e, =2)/(e, +2) [+j(2s + 1), s=0, £1, £2 -, (33)
(33) H  AMEAE p BB IR kb HBEE s B2, M s < OBF k=21 51, s =00, k=25 + L.
X (33) AT, 20 < ¢, < 2 B, ARLEE p 2R EL, p BYSEHF AN R 23 501 A
o=In|(c, =2)/(¢c, +2)], (34a)
w,=(2s+ 1)m, s=0, £1, +2 -, (34b)
1) Ji
HaC(34b) H1,250 < ¢, < 20, M AMERETTR 0 M (2s + 1)m,s =0, +1, +2, +3,

o REERIER | s + 1721 3K (34b) BRI RGNS HHE T 6, R IZIR &
RGN 1.

2) R

HIZC(34a) ATAL, X0 < ¢, < 29100, FTA & AR S o #M IR, R BrAqiE
PRERCE BN N ) DA 8 R AR ], s S AR I Bk e o6, R BLITIZIR & R
PERTIL.

R, 24 ¢, KT HET 0,44

lim o = ]im(ln

=0 =0 ¢, +2 j o (35)

PR, R - o BT IETF /NN ERE S, B TN, RAZIRA R Gl T IXHE
Pz sh.

3) AAE AL

ANV REE Al HU(E , AAE sR A T 48— 3RA S (26) . FSCHRF, Y e, > 2B, REAFAEIE
HR 0 BIAKEAE, HXT LAY O B AR fiF PRSIk SE XU IE 5% PR B BT T 0 < ¢, < 2 BITEL, X
(34b) FIHI, RG4S B AAE A R SR T RE N O, BT AT AR iF eRECHRAS BE FRE 1k R 52 pR B

R, R EC(35) AT, 2 ¢, KT HAAT 00, o #T 7055 /N AARE R (26) T8 o
BT RIS /N, 15

lim¢,(x) = lim (sinh(ox)cos(w,x) + jeosh(ox)sin(w,x)) =
o—0~ o—0~
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oxcos(w,x) + jsin(w,x) . (36)
FIHERE R (34b) o, BUE R (25 + 1) o, TREAR(36) AT, AE 550 SR fE
oxcos( (2s + 1) mx) , TG /N EFRIE T sin( (2s + 1) wx) 3 AL KRB S5 B FAH H
— B — B TCT5 N
K5 2t TAFERRJE T 1 B ARIE R b, (x) BSEERFIE AR EDE (x> 172 B3R th o T
x = 172 OXSFRVEMC b, (a) B SEER A RE 440 ol LG (R AT T 0 —ARAL B ) LA 5 WU
Bl BHJE M 2 FFERIB/INE 0,1 Y ARAE R &, (x) AYSEFRIEARZB WL T xcos(ma) , HIEFRIE
AREEIET sin(mx) o

—— o=-1 i
14 PN 14 —— o=-1 -
/(. \\ """ a:_io ----- o=-8 /// I \\\
VAR — o=- - A
0.8 (/. decrease 0.8 ¢ 40// Al AN
~ 1/ v\  direction _ // \ decrease
= 0.6 of ¢, 5 0.6+ / S \  directionf
g . / \ of c
= - / N K
2 044 E 04+
0.2 1 0.2 4
0 0 -
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
direction of string x direction of string x
(a) SEHTEIRKE ¢, 251 (b) EHBIEAREA ¢, £k
(a) The real part shape varying with ¢, (b) The imaginary part shape varying with ¢,

B5 Y0 <ec < 2B REM | HATEREK
Fig. 5 The Ist order eigenfunction of the system for0 < ¢; < 2
3.3.3 HFAEMR (¢, =2)
M A TE(E S B 1 — B 0 223X (23) 1, M BEJE(EH 2 B, i1 53X (23) F7 s X 0 B4,
R AE 2 88, X S XPECERTC B S (TE g ) JHZIR A 3 1 R % (th A Eh B e %) A B IR
REHER BHJCAELHR 2 A D0, DRI, A 2 DA FR A B2 X5 e (R R A T3
AWK T 2 W77 ks N INT 2 B0, 2 e, BT 2 I, X (23) AT AR (B SE A0 1Y)

PR R
c, — 2
limUZIim[ln j =— o, (37)

a2 e e, + 2

W, o BT RIS RAMEERA T o W5 ¢, BBRRT2H K¢, > 20,0 = 2530, <
20w = (2s + 1) mys BIREEE s =0, 1, 2, +3 -,

1) B

WHTATR , SBHE ¢, NPIAASEB T [T 2 B ARAE(E RS o BUEAS] , 200 HA2 4
FRAN ).

2) IR

WHGHTIR , ¢ A MRAIT BE T 2, AREESH o Yl TR R, BRGEWE - o
BT I RONE: R X R W25 B AR s EUIT RAE (912 3 S TEBRI 2080 0, AT LSRRl 5
LA B e 12 3 (4525 MAERR G I A BB 12 3l ) B 58 il , RGN RE K LEATAT A BHE
PR3l , X RGN T — A B R SU R 28 R G — DR, al Bk g o I
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3) AERR%L
WHTFTIR, 2 ¢, BT 20 o #a T T0T57 R FL, Al S ARIE R8s —3RB 2 (26) Ty o
BRIV NS
olir}lw¢k(x) = olirpw(sinh(ax)C()s(wkx) + jeosh(ox)sin(w,x)) =
e (- cos(wx) +jsin(w,x))/2 =
—e e/, (38)
K (38) KW Y o BT HICTT KRBT, ANEREE A R 0 SR IUE S T 055 K.
GBI AT HER A5 o BT 2, UTER B e i s 8 it pR A w (x,0) PR — B AR
PREL o, () BIREU, T b, (x) TEBR x = 0 L LISM  AbAN AT TE55 K, b, (x) I REAEATATRE
A RAFILG S D ARG T I055 /N OX R S BLUE W RHIERL ), A BB 12 i vl 5 42
LR 0, AR eRES £ BE S AT, RGE IS AN RE & AR ARG B 4R 2y, 3X RN B SO G IR
FARE S HTAS BI 4518 — 20, BRI HIZIR & R gk o L.

4 JCEEI A RS (R AL
X UL JE 8 BT 5 AL, LR 3P 1 — 2 R 1 th 45 30, 1 bR x i e
SR R ERELIE T RIS AAE i 1 3K S AT 2B AR B 0, Bt 3

X AR B AN Z BLE B2, A i PRSI o s .
BEAME B AE R b (w) FERLJE AT EAR () = 1/2) D AL

d(x,)=0, (39)
WUIBEJE 115 0., b (x) 93 B R (13) 25Ny
= ¢"(x) +p*(x) =0, (40)
FIE, b Coo) 0 L A 3 9 200 R 4 1
$(0) = (1) =0, (41)

i th 2 (40) K (41) 5 W [ 2 ToBH e 52 ASE e& B0 2 10 o0 A A 2 1 o 4 —
B, 5 A AEAE FASE R AR
p =jsm, (42)
¢(x) = sinh(px), (43)
K (42) s Ak 0 %L
FEREE], A (43) Tl (x) mR 2 (39) , N — 21 he. A N =2, 5| A5 a Fon
FLE5%,s, = +N, 2N, 3N, ---3s, < Off,qg=215s,1,s, > 0ff,q=2s, — 1, HFIHE
5% A IRENHS g PAER# p,, A1 b, (x) BR TR (40) L (41) i A 25X (39) LI
W, p,, Fld,, (x) [RIREEL 353 S 4R v BELJE 5% B TE 3080 F H IR S AR p,, FIAE BREL b, (x)
85 B RREPIIETX, IS v RRAMEAE U 5 Hh BHJE 5200 TE 308 A H Ik 3 B9 A AR By
W v AR MR R GEAR /NI R 1 7 2 5. 24 [R5 1 A v B2 5% 1) T s DR A S IR B
X PR A AR B BT IR GE— G A, Gt 5 R DUIAT R I ACAE BB Uk BREAAT 46 ( 8 XA ) ) 184
(10BN
H1 LAl 0, rp s AR B 7K A R IR Sh A7 TR A — ZRARE S« BELJE (37 & (W Ak RI5%
) b TASE RR A BT A X 2R A S B bt T R R 5X AR i vh | 7252 b s BE SR IR
— R it
1) #i
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HIEC(42) J AE(E p BERS 0 9 25 SRR G N s(s =21, 2, £3,-).

2) FERAE

WAR T AN MR 5 TC R0k A R SIARXT R, T 080R R 0, 1X 52 (43) AL f#
R SZHRIE S O S XTI .

3) AfEpREL

AR XA KB T 52 UK, H 5 TE P e 52 2R GEAHIL Y SO FRAE R £l e 42—
o, HAIE R A

¢, (x) =sin(2smx) s==x1, £2, +3,---, (44)

5 A SRR Z A miRsh i — A

Hh e £ R BELJE 52 AN igp— BE R G208 A PR AR 3l A S0 A AR Sl AR S 0 Bk
i s A, L, b AR o i i AR K

w(x,t) = Cye”'sinh(ox) + Z C.e" V' (x) +
Py

i (A,sin(2vmt) + B,cos(2vmt) )sin(20mx) . (45)

20(45) A7 S IURUH ARG 19 0 WA TEZ 3) A7 560 1 i 3R 30 AT 380 11 ph R 30
&, (x) ZH(26) AR REGC, MR HELA, B, N SH B, X S0 H BUN A6 24 2.

6 HRIE

ASCHIFH Dirac 8 pREL, 76230 IR PR 5L gh i, Sl T HARNE 5 #2
20 R R RAE R E — I 2, 438 1 b S BE e X R K SX AR i () S e A5 2 i 4 SR
wmr .

1) %A AR AT L R G0, X BT 28R G0 i R PE . R G000 5 1
JRAHTER (T 1), BHJE R 2 B s iR A AR A5 (PR 11 ) | S S BH e A e (B I, A s Dl iR 2 1
e, RG R TC RS (PRI ) .

2) MFJE/NTHREEER, REE R ARG iz 5l ML R TREE (ER, RG] [A] A 2=
s s MAERE iz .

3) S AR BEE 5% TE R S e T S RO R, A IS B (4 0 AR RE s
A1 By S A BB RN E ia 3 3456 T R,

XTTHNSHES: 25t RGEANE AR ) — B XS AT A i 0 P AT SR S AN 08 1) 78 I L
e R TR IEI G A A0 A A A B I AR FR B, K RV A T 2 S DR 1 T A gt i)
PAE G 2 b itk
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Properties of the Eigen Solution of Taut
Strings With Concentrated Damping

ZHENG Gang, LI Zhangyu, GUO Zengwei, ZHANG Xiaodong

( Co-Constructing State Key Laboratory of Mountain Bridge and Tunnel Engineering by
Province and Ministry, Chongqing Jiaotong University, Chongqing 400074, P.R.China)

Abstract: By means of the Dirac 8 function, the free-vibration equation of motion for taut
strings with concentrated damping, namely the damping hybrid string system, was established
and solved. The analytic solution to the eigen problem was obtained for the system with only
one single damping dashpot at the midspan, and the properties of the eigen value and the eigen
function were analyzed. The dynamic behaviors of the damping hybrid string system, including
the frequency-damping relationship, the decay ratio and the full suppression of the motion at
the optimal damping, which distinctly differentiate the hybrid system from a continuous system
or a discrete system, were identified: 1) the frequency of the hybrid string system is independ-
ent of its damping ratio; 2) the decay ratios keep the same for different orders of eigen func-
tions; 3) the decay ratios approach infinity when the damping ratio equals 2, which indicates

any damped vibration of the system will be fully suppressed.

Key words: string; concentrated viscous damping; hybrid system; complex mode; non-classic
damping
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