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PT A BEAILAE i A 3R 2 B PR AR T IE R Z T Lo, (x) } i, e,(x) 25 LY 23,
o (x) MZZ WA T EE (positive measure) , WHZIEAZ Z WP 5 L LT L&

(o2)6(0) = [ e(0g (w0 =73, (1)

Horb, S NI IR o (2) MBUMIKIR,y, = (o,(x) ,o,(x) ) FPRIEILH i, x AR 5,
A Kronecker( 5% N 7)) £75.
IS 2127 5 2 T I 3 e R,

¢i+l(x>=(x_ai>¢i<x) _bigpi—la i:0’152,""

¢, (x)=0, (2)

e (x) =1,

HHERENT .

0 = O g, (3)
<§Di’<Pi>
<§Do’§00>’ i=0,

bh. = Q.

; (¢;,¢:) =12 (4)
<§Di—1a¢i—1>
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1) 7= W 1l A9/ P

Ny

Y= X 3B (). (5)

K, i, () =0 (2@, (00) 0, (x,) 0, (x,) FHAEEE x, FTER P IR 230000 6, T,
B..., WEIAIRMRETT R B, N, S AR x, IIECZ BB AL

FESEIR R A, 22350 QTR e T 38 31— 2 W 4 st R AT G A i B2 SR (R ASE0RE B8, 7 fi )
Z 3 TR R TR AL s AT LA T A X T d RIS R, B S B s IR BEE N p
i, W R I AR R AN Bk
(d+p)!

K+1= (6)
d! p!
W 22 T =GR R
y = Zﬁa%(X), A ={aeN: |al,<p}. (7)

2t d =3, MR MRITHR p = 2, SRR RFTPIT—4EZ IR ¢, o(x,) = 1,
@oa(x) @ (x,), i =1,2,3, WX =S R Hr 2RI RIT N
¥y =By + B¢ (%) +By0,,(%;) +B505,(x;5) +
31,2901,1(961 )902,1(x2) + :81,3901,1<x1 )903,1(953) +
:32,3¢2,1(x2>€03,1(x3) + Bl,l¢1,2<x1) + 32,2902,2(762) + 33,3903,2(%) . (8)
B AR LR RN 2 MR TFIIT | BIGE11 TER 85 0 4S50 beta 5176
FNE o) o3 A ST HAMAE A A1 (BIME LA ) 109 22 30 TR T JRE T 10 9 S £ 1] SRk [ 14 1.
1.2 FRERNSTEURERIT
1.2.1 Hermite % X
Hermite 2231502 — 2S48l F Y 28 8 22 100200 o7 T Bl B A% 8 IR DA TE 28500 A B9 A 00, e
1

p(x) = e’(’f’/-’v)/(zf"z); (9)
o2
ai :lu’9 L 2 O’
10
b, =io?, i=1,. (10)

B 1 PIU T BAREIES A (u = 0,07 = 1) BT S B4 Hermite ZI0, NP 1 B7R.
£ 1§ 5 Ui Hermite 235
Table 1  The 1st 5 Hermite polynomials

k one-dimensional Hermite polynomial H,(x) ,x € (- o, + =)
0 1

1 x

2 ¥ -1

3 ¥ = 3w

4 x° - 10x° + 15x

1.2.2  Jacobi %3 X,
Jacobi Z2 T TR T X B TR 2 B 4341 A beta 43475, beta 4347 PR SR 2 B R ECH
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p(x)=(1-2)%1+ux)", a>-1,8>-1. (11)
B RN
ala+B) +a(2i-2) + 2B +i(2i - 1) .
a, = . . ’ L= 0’
(a+B+2i)(a+B +2i-2) (12)
B (a+B+i-2)(a+i-1)(B+i-1) .
C(a+BH2i-D(a+B+2i-3)(a+B +2i-2) re
Wa=1,=20, F2%5H TH] S5 Wi—4E Jacobi 21X, N 2 Frw.
30
H, (x)
S
_30 T T T T T T T
-3 -2 -1 0 1 2 3
X
B 1 {5 Wi Hermite 223 2k &
Fig. 1 The Ist 5 Hermite polynomial curves
Fz 2 05T Jacobi ZHi
Table 2 The 1st 5 Jacobi polynomials
k one-dimensional Jacobi polynomial J,(x) ,x € (0,1)
0 1
1
1 x - —
3
1 )
2 ﬁ(l()x 8x + 1)
U st s
3 S5 (350 — 452 + 150 1)
s 4 _ 004y’ 2 — 2dn
4 So(126 = 2240 + 1266 ~ 24 + 1)

1.2.3 Legendre %A X
Legendre 220U TRM R T I T M 230 585 B 20 A1 Dy 24920 o3 Ais AR AR 39 20 73 Aii J2: beta 73 A1
) — 4801, 4 a =B = 0 B beta /- IR LIS A G0 T

1
p(x)=?, xe[-1,1]7. (13)
HAX(12) 8 o =B =0, W[153] Legendre 44 R 5L .
a, =0, i =0,
= iz (14
a4t -1 -

2% 3 5 THI S W —4E Legendre 211, 1NE 3 k.
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1.20

Jo(x)

0.88 4

0.56 1

J(x)

0.24 1

=0.08

-0.40 T T

0 0.2 0.4 . 0.6 0.8 1.0
2 Hij 53 Jacobi 224k E
Fig. 2 The 1st 5 Jacobi polynomial curves
%3 i 5 i Legendre 225X
Table 3 The 1st 5 Legendre polynomials
k one-dimensional Legendre polynomial L,(x) ,x € [ - 1,1]
0 1
1 x
2 L(3 -1
5 (3«
3 L (50 - 3w)
5 (5% x
1 4 2
4 (350 =30 +3)
1.20
L,
076\ \, L) /
L, (x) /
_0.324 /
B Ly /
y /
~0.12-
~0.56 1 I
-1.00 T T T T T T T
-0.9 -0.6 -0.3 0 0.3 0.6 0.9
X

B 3 i 5 T Legendre 2235 Hh £k &l
Fig. 3 The 1st 5 Legendre polynomial curves

2 BT 2RI SRR

IR MR P58 4 i H R B0 | ASSOR N7 ke Al 2 R R T R, B
/N IR AT R BB n ALREAR, y = Ly, ) RARAREA TR R Gek 1 it AT
K + 1A SRR IF REGORN B, , W EUR AT AR TSR ME Ry
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Bo=argmin¥ (v = X B (x)) . A =dacNilal, <p}. (15)

W BT |
bo(x) (x) - d(x) Y1
0( 2 1\ A2 K\ A2 2
_ch> ¢(:x> ; w(zx> - y: . (16)
‘po(x,,) lpl(x,l) lrbK(xn) Y
W= (15) Wy sfLii
B.=(HH) 'H'y. (17)

— B Z AR MR I T, H TR nT DAE 2 I TR R 2 A AU AE 42 T SR A 2l
FRERIGERE D TR 5, Z2 0GR TR IS s X

y(x) =By + B, (x) + -+ +Bih(x) . (18)
R JAFRER b BTt TR 5T
u = [ pe)ds. (19)

T y(x) IZHRIERIHEA, W & ROt 20208 G B8 200y 2425
AR TTARBGEMIE S, (19 ) 5 J5 e A D S figp B A% B3 i R A, LU n sl g P ) —
Brgeit i al ZoRan s
w=Bo +BEW (x)) + o+ BE(P(x)) =By, (20)

K E(+) FonsRgHEZT.

A (18) F1(20) R, SR 2 200 TR s Jo O A e Rt 255 4y 20 g R P 4 i B 3 1Y)
1o AEFR R AL 78 Dy — A B [ AL, e ] B A A A 17 4. DR, ) P 22 30 TR i R T A £ e
TYR] MARAS b it e 52 25K 3y e P RO ST SRR R A ) A,

37k Rk
R —HH 0.55 m FEH 0.1 m (9 FHL (P& 4) S0 GIK B0k 22 350 R o IF 5 32 0 47
BPE

/00
>

~
B4 FEBERSTRER AL mm)
Fig. 4 Schematic diagram of the aluminum plate( unit; mm)
PR ARAE i A R R A AR AR RN ZS AL LA ROSH S5 AN B 8 e, O I Al i P Al DA
IEAIM ER E=7.0 x 10 Pa, R FRMp,,, A 0.1; T E RN 5040, 96N D =
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2.7 x 10° kg/m’, R R E p,,, N O0.1; JEERMIES DA, HEN T =2 x 107 m, Z5HRZE
P N OS5 FIYIRE: G N EMESEL G = 2.6 x 10" Pa % PR EIA FRICHRIZE ANSYS 4 R
TCHE6 b MR 58 BT (Shell63) 4D, A5 BRITA I LA 561 435 A5 F1 500
A BATT SRR AR A A PR TAR A K R PO BB ZS A& S BT,

(a) A FRITHR

(a) The finite element model

e

(b) —BrEs (¢) “HER
(b) The 1st vertical mode (¢) The 2nd vertical mode

(d) —BHasE (o) =HpiEas
(d) The 1st torsional mode () The 3rd vertical mode

5 FEEARCA BRITAR AL K i U B AR S
Fig. 5 The finite element model and the 1st 4 modes of the aluminum plate
R4 ORI EA RGN GIHETTR

Table 4  Calculation of high order statistical moments of the 1st vertical mode natural frequency

statistical moments PCE MCS relative error & /%
the st order F{! /Hz 34.762 8 34.762 2 0.001 7
the 2nd order F§" /Hz? 1.241 9E+3 1.241 9E+3 0.000 0
the 3rd order F§" /Hz’ 4.552 TE+4 4.552 SE+4 0.004 4
the 4th order F{" /Hz* 1.710 4E+6 1.710 4E+6 0.000 0
the 5th order F{V /Hz’ 6.577 9E+7 6.578 SE+7 0.009 1

B Y6 R Sobol SEEGBEI ik FIR = AR IR AE A 9K 5 Xt B AN A AT BR T 4%
A A BN A A 0L B b, BV AT A3 HE FRAE U ZRREAS mR A 2 22 TR R T
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AR, f5 ) e T AU AT A R A e AR SO R 73k T LU R B s e it
HE BT RS WA AT LR e L R MCS D12 FH SR S UE AR SO VR R B2, %o L 45 S
FA~T PR iR 4~7 v LR 2], Z00RTR I IE S MCS Tk AR AR #RE , iokil
XRZEALH 0.009 4% , FIAA SO H 15T 2 AR I RIT I GEHH TR 7 4 i s 1k

£5 BB ST

Table 5  Calculation of high order statistical moments of the 2nd vertical mode natural frequency

statistical moments PCE MCS relative error & /%
the 1st order F{» /Hz 96.257 3 96.255 6 0.001 8
the 2nd order F§» /Hz? 9.521 7E+3 9.521 3E+3 0.004 2
the 3rd order F{* /Hz® 9.664 TE+5 9.664 4E+5 0.003 1
the 4th order F{? /Hz* 1.005 3E+8 1.005 3E+8 0.000 0
the 5th order F{* /Hz® 1.070 4E+10 1.070 S5E+10 0.009 3

K6 —Brilf ARG

Table 6  Calculation of high order statistical moments of the 1st torsional mode natural frequency

statistical moments PCE MCS relative error & /%
the Ist order R{" /Hz 114.157 9 114.155 5 0.002 1
the 2nd order R§" /Hz? 1.335 9E+4 1.335 9E+4 0.000 0
the 3rd order R§" /Hz’ 1.600 3E+6 1.600 2E+6 0.006 2
the 4th order R{" /Hz* 1.959 8E+8 1.959 7E+8 0.005 1
the 5th order R{V /Hz’ 2.451 OE+10 2.451 1E+10 0.004 1

RT7T IR WA AR ST

Table 7 Calculation of high order statistical moments of the 3rd vertical mode natural frequency

statistical moments PCE MCS relative error & /%
the Ist order F{*) /Hz 189.639 8 189.636 5 0.001 7
the 2nd order F§* /Hz? 3.695 TE+4 3.695 SE+4 0.005 4
the 3rd order F{* /Hz* 7.390 OE+6 7.389 7E+6 0.004 1
the 4th order F{* /Hz* 1.514 4E+9 1.514 3E+9 0.006 6
the 5th order F§* /Hz 3.176 4E+11 3.176 7TE+11 0.009 4
15007 35.67 the 1st order F" v [6.7E+4  34E+6
/m
the 2nd order F" /.
14401 3544 the 3rd order F." / /" [62E+4  3.0E+6
. the 4th order F'l) g //
N 13804 N 3521 3/ L5.7E+4 N [2.6E+6 )=
B =~ ~
13204 & 35.0- LS2E+4 = 22E+6 &
12604  34.8- . -4.7E+4 1.8E+6
N
- v
12004 346 ¥ : . . —L42E+4  L14E+6
5 10 15 20 25 30

(a) —Bra iR

(a) The 1st vertical frequency
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111807  98.507 —=— the Ist order F” -141E+6  -1.93E+8
—e— the 2nd order )
106801  97.96] —v— the 3rd order F? F.30E+6  1.71E+8
+ the 4th order F f)
NE 10260 & 97.424 +1.19E+6 E -1.49E+8 —\PE
B 9840 LL‘ 96.88 F1.08E+6 = 1.27E+8
9420+ 96.34+ +9.70E+5 F1.0SE+8
9000-  95.80 T T T T T —-8.60E+5 -8.30E+7
5 10 15 20 25 30
Py’ %0
(b) ZHrieasgse
(b) The 2nd vertical frequency
1.60E+4+ 194 the 1st order R[H) w2.30E+6 3.61E+8
—e— the 2nd order R\
LS3E+41 1181 o the 3rd order R 2.13E+6 | 3.22E+8
o the 4th order R, o
N 14TE+44 N 1171 FIL96E+6 "y 2.83E+8 N
T es) e usi
o) = S =
' 140E+4 ] = 1164 LL79E+6 & | 2.44E48 X
1.34E+44 1154 F1.62E+6 -2.05E+8
—
1.27E+4- 11415 T T T T —1.45E+6 ~1.66E+8
5 10 15 20 25 30
Pon! %
(c) —Br s
(¢) The 1st torsional frequency
4.40E+4- 195.09 _u the Ist order F,” o1 10E+7 3-00E+9
o the 2nd order F\”) V
422E+41 19379 v the 3rd order F /" 1O0IE+7  [2.64E+9
+ the 4th order F, &)
& 4.04E+41 B 192.4 - 19.28E+6 E 2.28E+9 “’E
2, X g ~ o
& 3.86E+4 w1911 18A2E+6 & [1.92E+9 K
3.68E+4 189.8 1 -7.56E+6 -1.56E+9
3.50E+4- 188.5 T T —-6.70E+6 “1.20E+9
5 10 15 20 25 30
p._ /%

cov

() =B
(d) The 3rd vertical frequency
6 HiIPUB ARG A S S R OB R

Fig. 6 Statistical moments of the 1st 4 natural frequencies against the coefficient of variation

TESIEA SO A RN, 1T RARTESHUE T ML R B/ ISP 45 1) 1) [T A5 33 ¢

GFZIR. A IR B AL AR & AR S5 R B iR E N 3%, 5% ,10% ,15% ,20% ,25% Fil 30% ,

Je R 22 T AR T T 07 ok 38 [T AT LA B G T 22 ) G VTR 2 0% S R B Ay
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KA, F2RINE 6 Fros (FEBHN TRARTIME, R RS TRIHBr SRR 4R i 6
(a) ATLAE th, BEFR FEALAS 3720 5 R A IE R, — B 28 A BUR GETH HEAE T IR A R Gl T
%, B B AL S AR ORI Z 3K P 6(b) () FI(d) IR, X8z 14 A R G it
FEBBEH AL S 2B MR 2 38, BV AR B, AR A8 B9 [ 03 i e T B DL S
GRS VCOR DNITE N

4 R 2

ASCHR T T 2R R T A 45+ AT R 1 s B g R AR i S TR R
AT A B AL AR 325 125 S IR AR A0 455 ) B R AL 22 i ) ARE 258 285 PR ESCE B A I 1Y I A2 2 0
A BEAILAR B 19 1 32 22 20 23 I A A5 21 22 4 5 i 2w TR R T 2. 2 0 TR G R T ok R
TEANT 2 PE S B0 S50 A 3 22 i) PR Bt G 3R, 45 36 A0 2 AR B il 1 158 181 A MR ) 5t
TR H 2500 R G R I R85 S BEHLAS S G TR AR 22 8] (1 416 06 2 n] s b o153 1R 445
P A AR I G TR AR SO AN B 22 B ria 550 iR 31 T sy DR s 43 A 400 % = B 42
THH A B Y. SR F SRR AR A 91 35k 22 3 TR O A A 850k THIRE S RS MCS ik 2
SRARXT L A5 R R IIA SO 55 MCS Tk 4 SRR F 4230, S KA X R ZE N 0.009 4% , KW
TASCT B TS5 A 55 1 e B e R T 33 (RORG B e 3 J5 AR SRR T 45 A B IR o
A5 5t ZEON SR B T R GE TR R, 45 SR B A [ A R A S T Bl A B IR A
EXAGOE DNI[TE:
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Computation of High-Order Moments of Structural
Dynamic Characteristics Based on Polynomial
Chaos Expansion

WAN Huaping, TAI Yonggan, ZHONG Jian, REN Weixin
( College of Civil Engineering, Hefei University of Technology,
Hefei 230009, P.R.China)

( Contributed by REN Weixin, M. AMM Editorial Board)

Abstract. Uncertainty of structural parameters leads to uncertainty of structural dynamic char-
acteristics. Quantification of uncertainty of dynamic characteristics provides accurate dynamic
information for structural dynamic analysis. Statistical moments (e.g., mean and variance )
mainly represent the uncertainty of structural dynamic properties. The Monte-Carlo simulation
(MCS) requires a large number of model evaluations to ensure the convergence of the results,
which hinders its application to the large-scale, complex engineering structures. The polynomial
chaos expansion (PCE) surrogate model was used to replace the computationally expensive fi-
nite element model (FEM) , and then the statistical moments of structural dynamic characteris-
tics were efficiently calculated. The presented PCE-based method only needs a small set of
model runs before the model formulation and subsequently does not require the FEM for calcu-
lations of the statistical moments. Therefore, the issue of the high computational cost associat-
ed with the computations of dynamic characteristic statistical moments was solved. The method
is suitable for parameters with arbitrary probability distribution and has high computational effi-
ciency in calculating the high-order statistical moments. Finally, the effectiveness of the devel-

oped method was verified through an example of an aluminum plate.
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