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Fig. 1 A functionally graded double-nanobeam system embedded in viscoelastic medium
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SCHTT A ZE AL S BT A Al SR B AR R 2 S — B, 18 5 2 ML 224 T 722 B 45 8 ( ANSYS,
£ =0) WIEEAF. IR 1 A 2 BBEEXT LB A SCHE H 1437 T s T U RE A E 4K
ARG A ARSI T, I T LIS RS B i 45
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Table 1 Fundamental frequencies of an FG nanobeam with 2 ends simply supported
a/h
k (€2 /107'?) /m? 20 50 100
present ref. [12] present ref. [ 12] present ref. [12]
0 9.828 1 9.829 6 9.862 9 9.863 1 9.867 9 9.868 0
1 9.376 4 9.377 7 9.409 5 9.409 7 9.414 3 9.414 3
0 2 8.981 7 8.982 9 9.013 4 9.013 6 9.018 0 9.018 0
3 8.633 1 8.634 1 8.663 4 8.663 6 8.667 8 8.667 8
0 8.679 1 8.660 0 8.708 7 8.689 5 8.712 9 8.693 8
1 8.280 1 8.262 0 8.308 3 8.290 1 8.312 4 8.294 1
02 2 7.931 6 7.914 0 7.958 6 7.941 1 7.962 4 7.944 9
3 7.623 8 7.606 8 7.649 6 7.632 7 7.653 3 7.636 5
0 7.074 6 6.967 6 7.099 0 6.991 7 7.102 6 6.995 2
1 6.749 4 6.647 3 6.772 7 6.670 3 6.776 0 6.673 6
: 2 6.465 3 6.367 4 6.487 6 6.389 5 6.490 8 6.392 7
3 6.214 3 6.120 2 6.2357 6.141 4 6.238 8 6.144 4
0 5.983 2 5.917 2 6.005 2 5.938 9 6.008 4 5.942 1
1 5.708 1 5.645 2 5.729 2 5.665 9 5.732 2 5.668 9
i 2 5.467 9 5.407 5 5.488 0 5.427 4 5.490 9 5.430 2
3 5.255 6 5.197 5 5.274 9 5.216 6 5.27717 5.219 4
F2 PR SO GE R GE R ET7S B[R] 1) P sl A
Table 2 First 6 in-phase natural frequencies of a double-nanobeam system with 2 ends simply supported
mode( data in ref. [ 24] given in parentheses; data in ANSYS given in brackets)
length-width ratio  £2 /nm?
1 2 3 4 5 6
9.707 5 37.096 2 78.154 7 128.666 0 185.318 3 245.832 3
0 (9.744 3) (36.840 6)
[9.712 2] [37.162 5] [78.447 5] [129.451 7] [186.9570] [248.750 2]
9.261 2 31.410 5 56.875 3 80.117 4 127.792 8 169.947 8
a/h =10 : (9.293 1) (31.236 6)
8.871 3 27.730 3 46.903 4 63.096 8 94.502 0 130.078 6
2 (8.899 4) (27.587 0)
8.526 9 25.099 6 40.825 4 53.716 3 83.519 0 115.521 8
’ (8.5517) (24.9727)
9.828 1 38.829 9 85.661 9 148.384 6 224.779 4 312.618 9
0 (9.838 1) (38.964 5) (85.748 3)
[9.8327] [38.900 7] [86.006 5] [149.416 2] [227.1444] [317.191 5]
9.709 1 37.044 8 77.489 1 125.642 2 176.775 3 227.501 3
a/h =20 : (9.718 7) (37.161 4) (77.529 1)
9.594 2 35.485 3 71.282 7 110.921 3 150.398 7 187.613 6
2 (9.603 6) (35.5875) (71.292 2)
9.483 4 34.107 4 66.362 8 100.398 6 133.134 9 163.301 6
: (9.492 4) (34.1979) (66.3515)
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mode ( data in ref. [ 24] given in parentheses; data in ANSYS given in brackets)
length-width ratio ¢ /nm?®
1 2 3 4 5 6
9.862 9 39.3719 88.290 7 156.235 2 242.686 9 347.011 1
0 (9.864 5) (39.397 6) (88.4147)
[9.867 5] [39.444 7] [88.656 3] [157.383 7] [245.4539] [352.687 8]
9.843 5 39.064 7 86.762 8 151.522 9 231.530 2 324.703 5
a/h = 50 : (9.8451) (39.089 7) (86.880 4)
9.824 2 38.764 5 85.311 6 147.212 9 221.783 0 306.210 1
2 (9.8258) (38.789 0) (85.423 3)
9.805 0 38.4712 83.930 8 143.250 9 213.171 5 290.554 6
’ (9.806 6) (38.4951) (84.037 2)
72 Efl2
ARG B RS ROBERON D REM BE A4 -6 K A R i 2 B kAT 329{511? B IE— I
TR BRI RE R AR R R G, HO TS 80N E, =390 GPa, E, =210 GPa, p, =

3960 kg/m’, p, =7 800 kg/m’

K=10, K,

= 20.

R 3 AFEISHMAAE T GG

Table 3 First 4 in-phase natural frequencies of a functionally graded double-nanobeam

system with various end conditions

FR 45 B4 BT IO B ) 1 R B AR R

v, =0.24,v,=0.30,,h=b=1000nm, L=10 000 nm, K =5/6,

end condition (&2 /107'?)/m? e
I 2 3 4
0 6.810 7+3.570 8i  26.695 4+3.503 0i  56.382 8+3.4259i  92.962 0+3.360 8i
ss 1 6.480 6+3.570 8i  22.601 6+3.502 8i  41.121 7+3.424 4i  58.219 2+3.356 0i
2 6.191 6+3.570 8i  19.956 5+3.502 5i  33.985 0+3.422 8i  46.034 8+3.352 1i
0 10.573 4+3.568 3 32.646 4+3.505 0i  63.353 6+3.436 7i  99.997 4+3.378 7i
cs 1 10.005 2+3.565 8i  27.388 0+3.494 9i  45.856 4+3.418 1i  62.339 6+3.354 1i
2 9.516 4+3.563 7i  24.065 5+3.489 1i  37.814 8+3.409 6i  49.278 3+3.343 5i
0 15.039 2+3.569 8i  38.782 7+3.509 6i  70.233 0+3.449 1i  106.790 6+3.396 3i
cc 1 14.196 3+43.562 2i  32.247 9+3.486 9i  50.483 2+43.413 0i  66.263 1+3.353 4i
2 13.476 4+3.556 0i  28.176 9+3.474 7i  41.542 8+3.397 6i  52.336 8+3.336 8i
0 1.942 8+3.5852i  14.991 3+3.513 2 39.648 5+3.430 3i  72.048 0+3.349 6i
CF 1 1.956 6+3.584 9i  14.052 143.512 61  32.824 8+3.4323i  51.269 3+3.357 7i
2 1.970 6+3.584 51 13.247 0+3.512 0i  28.682 3+3.431 5i  42.075 3+3.354 9i
0 15.482 8+3.541 9i  40.486 2+3.463 5i  73.979 0+3.391 2i  113.065 5+3.335 3i
FF 1 14.035 243.541 6 31.844 9+3.462 8i  49.976 5+3.388 4i  65.801 4+3.328 3i
2 12.940 6+3.541 3i  27.096 3+3.462 1i ~ 40.319 0+3.3857i  51.206 1+3.323 0i
0 10.718 3+3.522 7i ~ 33.319 8+3.4284i  64.989 5+3.3374i  102.877 9 +3.265 8i
SF 1 10.129 1+3.525 1i ~ 27.805 2+3.440 5i  46.590 2+3.362 3i  63.331 9+3.301 8i
2 9.625 3+3.526 9i  24.379 2+3.445 6i  38.341 3+3.366 9i  50.003 6+3.302 9i

B, BB RO XHZ AR R G A RSN AN 3 MR 4 0545 1T A R s il 4
PEFIAE SRR S 00 IO B4 18] 18] 9% 3l M ) R sl ek 7 49 A R AR st S R v, e i
BOH ¢ =10, DIREMEEREHON k = LNRPEGE T UL EE, B T CF X 5 RISh, BT s 5706 10 1Y)
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A WA Y SR Y B AR R RS R ST /I 101 R 0 2 Ol i A 30 5% 1 AR ) i
FRSZ IR/ N GZ IS R E ] IR S R 2 — B0 A TERE U ] AR SR S B, I
[ 4R 0 ) PR B T[] 1) PR 3l B A5 2R G R U K e (e A B 5 R B, Y
TR TR RGN T B /R 2R AR R R G B ks, [ 2
L 3 5350 265 T WA 5 S 200 REBH L2 XUA K 5 28 8 147 T DU I ) 1 i 2 RS i IR 2l A2
R4 AREIEGRAE T XK R SR T S 1 PR3 35R
Table 4  First 4 out-of-phase natural frequencies of a functionally graded

double-nanobeam system with various end conditions

(a) The 1st order

(b) The 2nd order

(c) The 3rd order

B3 i PR T S B i) Y BB A

Fig. 3

First 4 out-of-phase vibration mode shapes

end condition (&2 /107'?)/m? mode
1 2 3 4
0 7.527 7+3.570 8i 26.883 7+3.503 0i  56.470 2+3.4259i  93.014 0+3.360 7i
SS 1 7.230 4+3.570 8i 22.823 6+3.502 8i  41.241 4+3.424 41 58.302 1+3.356 0i
2 6.972 5+3.570 8i 20.207 5+3.502 5i  34.129 6+3.422 8i  46.139 5+3.352 0i
0 11.048 5+3.568 31 32.800 6+3.505 0i  63.431 6+3.436 71  100.046 0+3.378 7i
CS 1 10.505 7+3.565 81 27.571 1+3.494 9i 45963 6+3.418 1i  62.417 0+3.354 1i
2 10.041 0+3.563 71 24.273 3+3.489 1i  37.944 4+3.409 51  49.375 9+3.343 5i
0 15.377 1+3.569 81  38.912 7+3.509 61  70.303 6+3.449 1i  106.836 4+3.396 3i
CC 1 14.553 0+3.562 21 32.403 2+3.486 91  50.580 5+3.413 0i  66.335 9+3.353 4i
2 13.851 0+3.556 01 28.353 9+3.474 71  41.660 4+3.397 51  52.428 5+3.336 8i
0 3.754 5+3.585 2i 15.324 9+43.513 21 39.772 9+3.430 31 72.114 9+3.349 61
CF 1 3.761 5+3.584 8i 14.407 5+3.512 51 32.975 0+3.432 3i  51.363 5+3.357 6i
2 3.768 7+3.584 4i 13.623 3+3.512 01 28.854 1+3.431 51  42.189 9+3.354 9i
0 15.808 7+3.541 91 40.609 1+3.463 51  74.045 0+3.391 2i  113.108 0+3.335 3i
FF 1 14.393 8+3.541 61 32.001 0+3.462 8i  50.074 0+3.388 4i  65.874 2+3.328 3i
2 13.328 7+3.541 31 27.279 6+3.462 0i  40.439 7+3.385 71  51.299 4+3.322 9i
0 11.181 4+3.522 71 33.467 6+3.428 4i  65.063 3+3.337 4i  102.923 6+3.265 8i
SF 1 10.618 3+3.525 11 27.982 7+3.440 5i  46.694 0+3.362 31  63.406 9+3.301 8i
2 10.139 0+3.526 91  24.581 8+3.445 5i  38.467 5+3.366 8i  50.098 6+3.302 8i
—————— —— — —— T P~
-_— - — - TS~— TN
(a) %—Br (b) M (c) =K (d) &EPmy
(a) The 1st order (b) The 2nd order (¢) The 3rd order (d) The 4th order
B2 i P ] s IR 1 R sh AR A
Fig. 2 First 4 in-phase vibration mode shapes
—_— —_— e — — —_——~—~— ~ T -
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(a) H—Fr (b) H B (o) #=Fr (d) HEpy

(d) The 4th order
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S AR SRR A SEE AN A I BEE b PRGN NG IRR B D REAS B FR AR i 2R T e
FERU K GE R G0 A B R R POR G T AN ] 2200 1) G EE R R

G, 3 6 43 HT T HL AR A S HO RO RE RS BEEAOKR B R G E I TS E O ¢ =
1072 m?, k = LATHEEE AT LI ), M B R 5 v S 8000 25 B A0 38 11 g 38 52 ma K, g 0 45 1
Vb ¢ W RR I W] W0y boblash ix 5 HSRAR R e 09 W) BEEE SCRAAT. ML 3R S 800
SN SRS MR, Xk s A 48 14 SIS 2 M A /5K 150 P 2 P 2R SO0 B ol i

F 5 NIFITIARAR LR B0 IV 1 s (8 S T R A B XUAH K % 22 55 14 iy D B 4 2l Ao
Table 5 First 4 natural frequencies of an SS functionally graded double-nanobeam system

with various power-law indexes

mode
k
1 2 3 4
0 9.005 7+4.961 1i 31.423 3+4.866 3i  57.208 0+4.756 41 81.046 1+4.659 9i
0.5 7.126 7+3.924 9i 24.868 1+3.847 61 45.279 0+3.757 91 64.157 0+3.678 6i
in-phase vibration

1 6.480 6+3.570 8i 22.601 6+3.502 8i  41.121 7+3.424 41 58.219 2+3.356 0i
5 5.475 7+3.022 4i 19.047 0+2.969 7i  34.532 8+2.911 0i  48.708 4+2.862 2i
0 10.047 2+4.961 11 31.731 5+4.866 2i  57.374 0+4.756 41 81.161 0+4.659 9i
out-of-phase 0.5 7.950 7+3.924 9i 25.111 8+3.847 6i  45.410 2+3.757 8i  64.247 7+3.678 6i
vibration 1 7.230 4+3.570 8i 22.823 6+3.502 8i  41.241 4+3.424 41 58.302 1+3.356 0i
5 6.111 0+3.022 4i 19.235 9+2.969 7i  34.635 3+2.910 9i  48.779 9+2.862 1i

R 6 [V 2R B0 N7 79 3 T S EH REA JIE UM > 5 28 8 ) iy L B 4R sl 4

Table 6  First 4 natural frequencies of an SS functionally graded

double-nanobeam system with various viscoelastic coefficients

mode
c
1 2 3 4
0 7.399 2 22.871 3 41.263 8 583151
1 7.390 6+0.357 1i 22.868 7+0.350 3i  41.262 4+0.342 4i  58.314 2+0.335 6i
in-phase vibration
5 7.180 6+1.785 41 22.804 2+1.751 41 41.228 3+1.712 21 58.291 2+1.678 01
10 6.480 6+3.570 8i 22.601 6+3.502 8i  41.121 7+3.424 41 58.219 2+3.356 0i
0 8.064 1 23.090 8 41.383 1 58.397 9
out-of-phase 1 8.056 2+0.357 1i 23.088 1+0.350 3i  41.381 6+0.342 4i  58.397 0+0.335 6i
vibration 5 7.863 9+1.785 4i 23.024 3+1.751 41 41.347 7+1.712 2i  58.374 0+1.678 0i
10 7.230 4+3.570 8i 22.823 6+3.502 8i  41.241 4+3.424 41 58.302 1+3.356 0i
+ >\
8 4 e

ARSCEE R —ZE WU RERE EE AN K B2 R G HY F eh Hk )y (] i HH — T 428 1) e B SR A O vk )
H Eringen $2 H f)3E J&1#K Timoshenko YEBHE | L 28 HLAR 1 6 7R 12 28 U4 K 32 2 G 3k 3l 48 il 1L
375 R g AR e A K D [ A i Ay [ o) 45 S0 R S ) 41 B, DT i — 20 3 A 8 — IR 2L 45
il 7 F2AE Hamilton (&R T, B AR R 10 Ay J50 A8 18 R H X A% 41 i) 2R A8 1] 3 AL 2 La-
grange 158 1Y I O G003 I Sl ) 7 e A Ry — 2H 9 303 O AR 2L DRI 3 78 i 1245 LAV
H 5 A RN ) EUE 25 R Hamilton 46 4 B ASAEAE FUASAE fif oK Mg ) R, 50T DL 423145 6 R
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A Symplectic Approach for Free Vibration of Functionally
Graded Double-Nanobeam Systems Embedded
in Viscoelastic Medium

ZHOU Zhenhuan, LI Yuejie, FAN Junhai, SUI Guohao,
ZHANG Junlin, XU Xinsheng
(State Key Laboratory of Structural Analysis for Industrial Equipment
(Dalian University of Technology) ; Department of Engineering Mechanics
International Research Center for Computational Mechanics, Dalian University of Technology,
Dalian, Liaoning 116024, P.R.China)

Abstract: A new analytical approach was proposed for free vibration of functionally graded
(FG) double-nanobeam systems ( DNBSs) embedded in viscoelastic medium under the frame-
work of symplectic mechanics and the nonlocal Timoshenko beam theory. In the Hamiltonian
system, the dual variables of the displacement and the rotation angle are the generalized shear
force and bending moment, respectively. The high-order governing partial differential equations
in the classical Lagrangian system were simplified into a set of ordinary differential equations
through introduction of an unknown vector composed of the fundamental variables and their du-
al variables. The free vibration of DNBSs was finally reduced to an eigenproblem in the sym-
plectic space. Analytical frequency equations and vibration mode functions were directly ob-
tained with the symplectic eigensolutions and boundary conditions. Numerical results verify the
accuracy and efficiency of the presented method. A systematic parametric study on the small
size effect, the interaction between the double nanobeams and the viscoelastic foundation influ-

ence, was also provided.

Key words: Hamiltonian system; symplectic method; functionally graded double-nanobeam
system; free vibration; analytical solution
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