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FER BB AT 7 R BB T Z5R FIA 24,2002 4F X 4l B IR 580 e T AEAR L2
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Fig. 1 The structure of a feedforward artificial neural network
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FOrREn)— o 2 A, 5 T8 A0 T 1808 1 9B 2
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x,(1) =%,(0) + N(t,p)t. (10)
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E(p)=E(w,v,b) = D, KK, (11)
j=1
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K =1 -2 x’z(tj) + 0 1 2 xz(tj) , (12)
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PP 2 & R B 2R 1, Bl 10, 9F7E[ 0,1] s B[] X3 Y R HILER 20 M HEAR
FORUN AR 2 26 A5 20Tl S i 22 PR TR, 3 LHSH vy, wy, M2 by, WAL RZ LR 2 45 i
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— approximate analytical solution of x,
I e exact solution of x,

0 F — approximate analytical solution of x b
e exact solution of x
_l - -

— approximate analytical solution of x5
-4 e exact solution of x

_5 | 1 1 1 1
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Fig. 2 Comparison between approximate analytical solutions and exact solutions to eq. (8)
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Table 1 ~ Comparison between approximate analytical solutions and exact solutions to eq. (8) : x,(t)
e %y (1)
approximate analytical solution exact solution relative error (6 x 107%) /%

0.1 0.344 823 496 235 311 0.344 823 184 291 208 0.090 464 944 864 246
0.2 0.357 094 927 076 269 0.357 105 135 299 287 2.858 604 374 063 68
0.3 0.370 222 116 573 598 0.370 233 793 026 695 3.153 805 329 767 39
0.4 0.384 259 836 853 412 0.384 267 528 677 492 2.001 684 635 420 36
0.5 0.399 264 636 660 499 0.399 268 737 514 348 1.027 091 145 420 60
0.6 0.415 299 649 200 321 0.415 304 116 273 545 1.075 614 964 821 27
0.7 0.432 436 152 152 065 0.432 444 959 704 719 2.036 687 549 938 79
0.8 0.450 753 682 964 502 0.450 767 477 553 792 3.060 245 021 493 15
0.9 0.470 338 502 470 639 0.470 353 133 398 418 3.110 626 195 622 90

0.491 280 835 953 784

0.491 289 006 842 446

1.663 153 164 031 76
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Table 2 Comparison between approximate analytical solutions and exact solutions to eq. (8) : x,(t)

t/s

%,(1)

approximate analytical solution

exact solution

relative error (8 x 107%) /%

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

1.091 921 493 550 53
1.190 190 363 551 59
1.295 219 496 307 96
1.407 484 882 672 60
1.527 492 700 941 73
1.655 777 931 140 93
1.792 909 504 093 23
1.939 494 592 696 78
2.096 181 441 210 65
2.263 661 854 582 88

1.091 918 807 663 00
1.190 174 415 727 63
1.295 203 677 546 89
1.407 473 562 753 27
1.527 483 233 448 12
1.655 766 263 521 69
1.792 893 010 971 09
1.939 473 153 763 67
2.096 158 400 520 68
2.263 645 388 072 90

0.245 978 686 101 078
1.339 956 879 224 020
1.221 333 859 869 390
0.804 272 253 104 553
0.619 809 985 630 914
0.704 665 839 405 033
0.919 916 695 579 609
1.105 399 838 443 210
1.099 186 490 910 720
0.727 433 283 719 295

R 3 JrRE(8) WAL MUY SRR LB x5 (0)

Table 3 Comparison between approximate analytical solutions and exact solutions to eq. (8) : x5(t)

t/s

%3(t)

approximate analytical solution

exact solution

relative error (8 x 107%) /%

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

—2.149 371 587 698 14
—-2.309 042 002 423 14
-2.479 711 608 701 59
—-2.662 147 832 254 82
—-2.857 164 588 020 16
-3.065 626 431 208 13
—3.288 458 102 677 48
—-3.526 650 961 109 52
—-3.781 265 151 206 24
—4.053 429 702 543 21

—-2.149 368 062 452 37
-2.309 033 425 557 40
-2.479 705 976 013 70
—-2.662 144 539 474 06
-2.857 160 254 353 19
-3.065 620 178 222 75
—-3.288 451 142 828 02
—-3.526 643 874 865 97
—3.781 257 400 846 10
—-4.053 423 755 618 46

0.164 013 127 185 800
0.371 448 314 569 160
0.227 151 442 215 732
0.123 689 030 024 420
0.151 677 420 357 427
0.203 971 301 414 077
0.211 645 214 162 307
0.200 934 480 531 830
0.204 967 800 885 515
0.146 713 620 486 725
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g, f. TEATATIS ZI#R AR Ar 57 19 , 1
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-x, = 1|]|x,

0 x5 | =
0 ¥
IJT .i_Lfiv

ST Q0T f s R 2SI R ) A TE X

x1<t>
xz(t)
x5(1)

N1<t7p)
+t2 N2<t9p) .
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sintg —x, +1

=t
- e ,
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E(p)=E(w,v,b) = inTK}., (16)
1 x}(tj) _xz(tj) -1 x'l(t,)
K, = |x,(t;) +1 /(1) 0 xy () |+
0 0 0 €(1)
sint, —x,(1,) + 1
—e’l . (17)
x,(4) %, (1) x5(1,) — e Usint,cos ¢
JE 5 TR PR 0 A AT A
x(t)=[e" sint cost]". (18)

DA J&45 L0 ) A B2 RO ZRE 2R, 18 3 25 Hh T RSB 5 30 (DR 1 i ) LU IR, 5 4
20 H T RERT DR 25 AR T LG T AR R A58, BRI N T 22 R 26 1 T 1 455 T 19 B Y 4
R 255K HH A SRS R A M) G T DL SR N T 22 R0 48 W I 7E Hessenberg 65 2 B 77 -

IR GERR i LT AT .

1.0 T T T T
— approximate analytical solution of x 5
o e exact solution of x5 .
0.8 E
0.6 .
A 4
04F 3
i — approximate analytical solution of x
02F e exact solution of x, 4
| — approximate analytical solution of x, i
e exact solution of x,
0 L L 1 L 1
0 0.2 0.4 0.6 0.8 1.0

time 7/s

3 JrRE(14) WA LTI SO B A E

Fig. 3 Comparison between approximate analytical solutions and exact solutions to eq. (14)
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Table 4 Relative errors between approximate analytical solutions and exact solutions to eq. (14)

relative error (&6 X 1072) /%

t/s

(1) %, (1) x3(1)
0.1 0.126 832 861 540 007 1.428 826 090 327 65 0.000 575 894 464 878 154
0.2 0.302 849 501 333 754 1.557 249 078 913 52 0.015 849 287 973 979 8
0.3 0.338 329 927 716 987 0.884 183 883 889 322 0.086 882 479 955 363 8
0.4 0.166 844 614 644 368 0.189 281 804 753 055 0.254 027 207 109 693
0.5 0.188 622 813 796 571 1.343 506 509 351 15 0.536 033 607 114 447
0.6 0.640 611 966 020 120 2.323 690 752 274 56 0.921 443 430 987 687
0.7 1.054 271 385 660 24 2.923 266 657 055 27 1.367 693 232 675 09
0.8 1.258 481 317 711 55 2.967 574 586 049 43 1.804 431 813 369 00
0.9 1.052 349 619 200 93 2.298 115 588 706 85 2.138 008 102 711 91

1 0.206 749 500 226 202

0.757 626 047 097 973

2.253 655 453 454 50
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2.3 Hessenberg 5% 3 &
T — OB X MR- B R
x'=f(t,x,y,z),
y =g(t,x,y), (19)
0=nh(t,y),
ALY Jacobi FE SRR h,g, f, TEATARI I BRI E &7 S5 1 0200 R A8 3 W 8 4 A R 5
24t ODEs, RIJr 2 (19) Jydabr 3 AU B0 2 Bk, % 18— a0 FIE X 3o -8
UL
xy+tx, —1=0,
b+ xh+ 2x, — 20 =0, (20)
lx, +x, —¢e =0,
x(0)=[0 -1 1]"x'(0)=[1 1 2]" AHERIBIEAIT.
ST AN P28 9 45 3 RU () BT A

x, () I Ny(t,p)
x,(0) |= | 1= 1 [+ Ny(2,p) |. (21)
x5 () 1+ 2 N;(t,p)
Pk R ECH
E(p) = E(w,0,0) = KK, (22)
xy(t;) +j;cl(t].) -1
K = (1) +x5(e) + 20,(1,) = 2t | m. (23)

Ly (1) + x5(2;) — el
JE R A Tfe A AT it
x(t)=[e' -1 2t-¢ (1+1)e -27]". (24)
P 25 E A ] ) Bl 2 B I Rt S o SR AS 0 3 AU AT e S R B ok L L3R 5 M
P4 25t 1RSI0 e AU B i 1) LU
F5  JRR(20) ITAUEBT I S RE IR A AR X 2 22

Table 5 Relative errors between approximate analytical solutions and exact solutions to eq. (20)

relative error 8 /%

t/s
(1) %,(t) x3(t)

0.1 0.755 649 750 471 465 0.003 008 272 663 055 41 0.016 936 281 950 228 1
0.2 1.227 508 066 625 07 0.004 273 905 483 367 99 0.038 353 875 622 227 9
0.3 1.447 707 721 652 91 0.043 907 766 628 710 9 0.041 899 108 697 408 0
0.4 1.451 291 231 288 24 0.129 871 390 360 823 0.022 170 473 906 022 9
0.5 1.276 237 229 041 10 0.260 735 422 823 970 0.016 630 437 421 319 6
0.6 0.963 428 405 629 209 0.413 633 469 756 345 0.064 610 040 768 728 9
0.7 0.556 531 576 549 882 0.544 961 824 200 906 0.109 180 390 944 694
0.8 0.101 756 637 666 012 0.602 606 389 304 657 0.137 852 627 350 028
0.9 0.352 539 946 466 488 0.547 492 774 805 822 0.140 835 684 652 440

1

0.756 439 256 358 322

0.372 920 440 502 510

0.113 166 136 116 771
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5 T T T 1 T
— approximate analytical solution of x5
e cxact solution of x5

— approximate analytical solution of x;
e exact solution of x ;

— approximate analytical solution of x,
e exact solution of x,

-1 M’ 1 L 1 1

0 0.2 0.4 0.6 0.8 1.0 1.2
time 7/s

B 4 JrFE(20) WA SR A X L

Fig. 4 Comparison between approximate analytical solutions and exact solutions to eq. (20)

3 Euler-Lagrange g

X DTH E B 0 AR R ), QL 5 B S ELA AR R 20y T BB 1255 R, U 24
WHEEN 2 + 5" =P BIARETRT ,FEUT F Lagrange T A [ Lagrange PR%X
g L=im(5cz+j/2)—
2
mgy = A(x* +y* = ). (25)
19) o RAEE 28 Lagrange 72
/ d (oL oL
" alsi) a0 2
BB B 2
mx + 2Ax =0,
my +2Ay + mg =0, (27)
P4y - =0,
XIS 3 U R R GG AL ' u,v, H
EEA N — B o - R4

mg

B 5 s
Fig. 5 A simple pendulum model

xX=u,
y=v,
mu =— 2Ax, (28)

mv == 2y — mg,

4y =17 =0,
HAR AT DL

E(p) =E(w,v,b) = Y, (KK, +pf), (29)

Kot MRS T AL 20,
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x' (1) —u(t) -1
K - y' (1) () ’ (30)
! mu'(1;) + 2Ax(t;)
mv'(t;) + 2Ax(t;) + mg
f=x"+y -1 (31)
SR [ A7 A LIRS WIIR RS B m = 1 kg, 7K 1 = 2 m AR BN
[x(0) ¥(0) w(0) »(0)]"=[2 0 0 0],

. . 32
[£(0) §(0) &(0) #(0)]"=[0 0 O -1 0], (32)
XF LR TR GT , SRAS NN BER s S A7 ST T T b 2 2 3 (L i R TR 2K
x(t) 2 N,(t,p)
cost — N, (1,

y(1) |_|10Ccost = 1) L (t,p) , (33)
u(t) 0 Ny(t,p)
v(t) — 10sin ¢ N,(t,p)
H H 1

A= 1;’”5/:8(1'05/;96 +bs,) = ;”Sk(wj (34)

FRATTFE(30) 79 34015 R AL

P22 W 28 1Y) B B SR AR R 3, FROTEGECN 10 7ERFRI X[ 0, 2] s PFEHLER 20 MHEA £k
NP2 2% A4 B0 S5 R KRS A U BT %5 Runge-Kutta VEEUEARXTLL , 40K 6 7R,
ARGEXS L AT RIAS 2518, I FH RIS N T 22 R 25 149 75125, ol DSR4 #5319 Euler-Lagrange J7
TR e S APEE 3 DT R WY 5P 22 X 4% W] ATEAS i 29 1945 L T 5K 45 Euler-Lagrange J5 %
AU AT XX T 224K R GE 8l 127 05 R B BUELR AR SE 1 0 M BT — E IS H (L

2.5

e Runge-Kutta x

is — approximate analytical solution of x

05F

-1.5F
e Runge-Kutta y

— approximate analytical solution of y
L 1 1 1 1

0 0.4 0.8 1.2 1.6 2.0
time 7/

B 6 Jrf(27) KT kTR S BUE R X L

Fig. 6 Comparison between approximate analytical solutions and numerical solutions to eq. (27)

4 L5108

ARSCHRGE T — PR AR - BT B R B N T 48 I 24 30k 322 Ty 1 FH o 2 IO 4% 4
SR IR TR B A T i 6 Ty RE A TR L N % 071, SR i T 3 2K Hessenberg B 54 47-
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’ftﬁjﬁ‘ﬁ%( fahr 1 , 2, 3 B FN Euler-Lagrange VilH s 1530 T I AR AT e K I A5 I L) S AT i 5
J5 5 AR I % 5 Runge-Kutta I EUE M4 R IEAT AL, 7T LU B M2 45 )7 15 A I 45 SR AT L
e A BE 2 VR 1 — A W R AU T B B AR 0 R K O R St A T
fEA).

T3 BN AS SR B O BRECH Sigmoid HY, BIJ5FE (4) 18 2 AR 28 R 26 53 A Hh il A
AAE AT pR KR, 0 = £y R BRSO IE VIR (ranh) BT BT SE X T A3 Euler-La-
grange BGL-IREOH FERYR A, 118 L IH ; Sigmoid FRUAE BE e v, — £ pRECAY U 1 ) RS
BAIK X T Hessenberg 845 2 BIGLA-ACEOT R BOR A , Sigmoid 7 | = 1 pRELAR XU 1 DI BURS
JEHRAR g T & G 2 Mk PR TR B AN T T E 3R 03B R oK g T L, Sigmoid HU L
17 PREICRE 5 R M PR UE SR ARG B, IFR ) Sigmoid S pREIY 1T S I B) S5 4, = ff R 4R
DT eR R T AR ) i
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On Solutions to Several Classes of Differential-Algebraic
Equations Based on Artificial Neural Networks

YANG Zhao', LAN Jun’, WU Yongjun'
(1. Department of Engineering Mechanics, Shanghai Jiao Tong University,
Shanghai 200240, P.R.China;
2. Winning Health Technology Group Co., Ltd.
Shanghai 200072, P.R.China)

Abstract: In nonlinear science, it is always an important subject and research focus to find the
approximate analytical solutions to differential equations. The artificial neural network and the
optimization method were combined to solve 2 special classes of differential-algebraic equations
(DAEs). The 1st 3 numerical examples, namely, the Hessenberg DAEs with indices 1, 2, 3,
fell into a category of pure mathematical problems. Then the 2nd example related to Euler-La-
grange DAEs with indices 3, i.e. a pendulum without external force, arising from the back-
ground of nonholonomic mechanics. The approximate analytical solutions to the above 4 exam-
ples were obtained and compared with the exact solutions and the results from the Runge-Kutta

method. High accuracy of the proposed method was demonstrated.

Key words: artificial neural network; differential-algebraic equation; approximate analytical
solution; optimization method
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