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Table 1 ~ Comparison of L, , L,, L, (error and order) for linear advection
equations under initial condition (58) at: = 2 with different schemes

WENO-JS3 WENO-Z3 WENO-NZ3
N L, (error) L, (order) L, (error) L, (order) L, (error) L, (order)
25 1.094 0E-1 - 5.363 1E-2 - 2.889 8E-2 -
50 4.285 5E-2 1.352 1 1.358 9E-2 1.980 6 3.794 4E-3 2.929 0
100 1.094 6E-2 1.969 1 3.022 2E-3 2.168 8 4.796 2E-4 2.983 9
200 1.065 5E-3 3.360 8 6.366 OE-4 2.247 1 6.229 1E-5 2.944 8
400 1.056 5E-4 3.3342 1.323 8E-4 2.2657 6.233 2E-6 3.3210

WENO-JS3 WENO-Z3 WENO-NZ3
N L, (error) L, (order) L, (error) L, (order) L, (error) L, (order)
25 1.210 2E-1 - 6.165 3E-2 - 3.564 5E-2 -
50 4.896 1E-2 1.305 5 1.895 8E-2 1.701 4 6.210 2E-3 2.5210
100 1.603 1E-2 1.610 8 5.361 7E-3 1.8220 9.622 4E-4 2.690 2
200 2.102 6E-3 2.930 6 1.457 3E-3 1.879 4 1.466 3E-4 2.714 2
400 2.490 2E-4 3.077 8 3.895 5E-4 1.903 4 1.211 7E-5 3.597 1

WENO-JS3 WENO-Z3 WENO-NZ3
N L, (error) L, (order) L, (error) L, (order) L, (error) L, (order)
25 2.030 4E-1 - 1.259 6E-1 - 7.933 6E-2 -
50 8.702 4E-2 1.2223 4.352 1E-2 1.5332 1.720 2E-2 2.205 4
100 3.559 3E-2 1.289 8 1.651 3E-2 1.398 1 4.455 7E-3 1.948 9
200 7.299 6E-3 2.2857 5.836 1E-3 1.500 5 7.259 OE-4 2.617 8
400 1.178 3E-3 2.6311 2.041 2E-3 1.5156 8.920 0E-5 3.024 7




954

=By WENO-Z #% =0k B

5Bt B A% =X

3.1 BEMK 1
A A SCER[ 23 ], TR SN

uy(x) =sin(mx) ,

HALE I — (i 55

=Fr.

1 &
L, :N;‘ui_u

JE (ui - uexaul,i)z ,

—max\u

oc

(58)

1 517 WENO-JS3, WENO-Z3, WENO-NZ3 # X L,, L,, L, i%
%%ﬂﬁ%ﬁ, HAp R ARX M (59) ~ (61) RIGFE 1 0], WENO-NZ3 4% 2 115808 B 1 i

exact,i | 9
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3.2 fEEMR 2

A A SCHR[ 8], THERIIG Ak
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HALEM

exact,i
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(59)

(60)

(61)

(62)

%ﬂﬂ%fﬁﬁﬂ%’%@ 2 Al %, WENO-NZ3 A% WENO-Z3 #%2CHE i T ZEM AR S A ARG B

®2 EMHIRAAE(62) TE = 2 WWARRSME AR L, , L, L
Table 2 Comparison of L, , L, ,

» RZEETIRE LA

L., (error and order) for linear advection

equations under initial condition (62) att = 2 for different schemes

WENO-JS3 WENO-Z3 WENO-NZ3
N L, (error) L, (order) L, (error) L, (order) L, (error) L, (order)
25 1.242 9E-1 - 5.727 6E-2 - 3.641 8E-2 -
50 4.605 0E-2 1.432 4 1.511 6E-2 1.921 9 4.709 3E-3 29511
100 1.301 OE-2 1.823 6 3.464 5E-3 2.125 4 7.926 6E-4 2.570 7
200 1.513 2E-3 3.103 9 8.372 1E-4 2.049 0 5.793 5E-5 3.774 2
400 1.461 8E-4 3.371 8 1.682 3E-4 2.3152 6.993 2E-6 3.050 4
WENO-JS3 WENO-Z3 WENO-NZ3
N L, (error) L, (order) L, (error) L, (order) L, (error) L, (order)
25 1.407 3E-1 - 6.812 0E-2 - 4.581 OE-2 -
50 5.702 7E-2 1.303 2 2.129 4E-2 1.677 6 7.527 0E-3 2.605 5
100 1.954 5E-2 1.544 8 6.115 4E-3 1.799 9 1.417 6E-3 2.408 6
200 2.957 9E-3 2.724 2 1.889 2E-3 1.694 7 9.538 8E-5 3.8935
400 3.542 4E-4 3.061 8 4.963 6E-4 1.928 3 1.184 0E-5 3.010 1
WENO-JS3 WENO-Z3 WENO-NZ3
N L, (error) L, (order) L, (error) L, (order) L, (error) L, (order)
25 2.601 2E-1 - 1.483 6E-1 - 1.036 5SE-1 -
50 1.101 4E-1 1.239 8 5.675 2E-2 1.386 4 2.828 1E-2 1.873 8
100 4.611 3E-2 1.256 1 2.075 8E-2 1.451 0 6.618 7E-3 2.095 2
200 1.021 9E-2 2.173 9 7.481 9E-3 1.472 2 5.133 0E-4 3.688 7
400 1.689 9E-3 2.596 2 2.562 3E-3 1.546 0 9.420 OE-5 2.446 0
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Fig. 2 Density curves and the partial enlarged detail at the final time for the Shu-Osher problem
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Fig. 3 Density curves and the partial enlarged detail at the final time for the Titarev-Toro problem

2 3 BT 45 R R W], WENO-NZ3 #% U 5 T WENO-JS3, WENO-Z3 4% XA



956 = WENO-Z #% 2R B2 43 H7 b2 Hephtb A =X

P T AERR A R AR TR BE 1T HLREAR T RS A FERL.
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Fig. 4 Density contours of the Rayleigh-Taylor instability computed with
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3.6 % Riemann [a)g&

I A SCRR(29 ], TR0 25 AN T



7 =g 5 0 H 957

(p,u,v,p)=(1.5,0,0,1.5), 08<x<1,08
(p,u,v,p) =(0.5323, 1.206, 0, 0.3), 0<wx < 0.8, 0.8

(p,u,v,p) = (0.138, 1.206, 1.206, 0.029), O0<ux < 0.8,0<y < 0.8,
(p,u,v,p) =(0.5323, 0, 1.206, 0.3), 08<x<1,0<

T R RS B BN 960x960 , 5T £ st a] Ky ¢ = 0.8, /8] 5 25 H 545 d it Z0 A [al i X 2%

JE M2 SEEAR IR, 2] 40 SRS (EZR , HEUE X RN [0.14,1.7].WENO-NZ3 #% A5 WENO-

JS3 \WENO-Z3 \WENO-N3 ##% U 7E# L 1T 25 70 BE R A m i 45
1.0 1.0
\
—
0.8 AN 0.8
06r ) ) S <t o )
y Voa VB S AN
0.4 ’d 0.4
=
02} 0.2
0 | 1 1 0 1 1 1 L
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
X P
(a) WENO-JS3 (b) WENO-Z3
1.0 1.0 \
\
0.8 \ 0.8
0.6 O} 0.6
y /\\ W ™~
0.4 \ 0.4
[¢ N
0.2 0-2 . ) -
0 1 ! 1 0 1 1 1
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
x x
(¢) WENO-N3 (d) WENO-NZ3
5 4k Riemann [n A [E]#% 2 ( WENO-JS3 . WENO-Z3, WENO-N3, WENO-NZ3) % Ji il X /]
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Precision Analysis of the 3rd-Order WENO-Z
Scheme and Its Improved Scheme

XU Weizheng'?, WU Weiguo'?
(1. Key Laboratory of High Performance Ship Technology of Ministry of Education
Wuhan University of Technology, Wuhan 430063, P.R.China;
2. Department of Naval Architecture, Ocean and Structural Engineering,
School of Transportation, Wuhan University of Technology, Wuhan 430063, P.R.China,)

Abstract . Firstly, the sufficient conditions for the 3rd-order WENO scheme satisfying the con-
vergence precision were deduced. Based on the Taylor series method, the precision of the con-
ventional 3rd-order WENO-Z scheme in the smooth flow field was analyzed. It was found that at
the critical points, the 3rd-order WENO-Z scheme fails to achieve the convergence precision. In
order to improve the precision near the critical points for the 3rd-order WENO-Z scheme, an
improved 3rd-order WENO-Z scheme ( WENO-NZ3) was constructed in view of the balance be-
tween precision and stability to finally determine the parameters. The improvement of the preci-
sion was verified through 2 typical numerical tests. What is more, the Sod shock wave tube, the
shock-entropy wave interaction, the Rayleigh-Taylor instability and the 2D Riemann problem
were calculated to confirm that the WENO-NZ3 scheme performs better than the conventional
WENO schemes like WENO-JS3, WENO-Z3 and WENO-N3.

Key words: 3rd-order WENO scheme; smoothness indicator; Taylor expansion; high preci-
sion; high resolution; hyperbolic conservation law
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