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Fig. I The 20-node reference element in the local coordinate system
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Table 1  Condition numbers of 2 matrices K and K , and the iteration counts of the CG method
standard quadratic element hierarchical quadratic element
mesh k(K) iter_CG k(K) iter_CG

10x10x10 44 358.29 386 12 764.82 173
20%x20x%20 305 204.25 728 80 417.68 312
40x40x40 2 289 320.08 1439 585 065.21 576
20x2x2 5 406.77 98 1 820.85 50
40x4x4 30 929.85 204 8 797.36 80
80x8x8 207 637.63 401 55 274.61 136

AT DL, 53 )23 58 T B E R G SR 55015 B R s (5 ) RS I, G 2SR 4%
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JE| BRI A X, XTI B B by = 1 500 W/ (m™°C ), BREEIRE T, =400 °C , 45T (x = 0.1
m) FAYHGREE ¢, = 2 000 W/m? , A4 hy 46 2% i,
XA G 2R FH 7S TR — S A A 75053, BV A3 50V «,y F1 2 7 el AT A6 BE S 43 BN O
] A2 A by, by FA, AN n, x o0, x on, S BATT SRR TN R P D
R PATT . — P24 [ [RPE AR, WA 3(a) Wi, HAE SR HITTE 3 M M RGH A 22 A
K 7—FRA 1 R, i 3(h) s, HARSURRITTE 3 D I RSP A 2R K,
KIS R T 90Uk 3 A5 2 B9 A RO RS 1, £E 0 T IR P RE IE | A L AR B 5% 2
Jis.
(D # & %k
k, =150 W/(m>C), k, = 10.0 W/ (m>C), ky = 5.0 W/ (m>C), Q, =0 W/m?;
(I 22 25k .
k, =255 — 10y — 33z + 4, k, = 20x — 50> + 12z + 3, ky = 10x + 48y + 52 + 2,
Q,=1/((x+0.001)(y +0.01)(z +0.01)) .

h=1500 W/(m>°C) T,=400°C N
,=2000 W/m’

B2 =2l SR UEHRER

Fig. 2 The geometry structure of the conduction beam considered
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(a) 25w [RIEEMHE (20x2x2) (b) 2 [l 57 P P A% (10x10x10)
(a) The isotropic hexahedral mesh with 20x2x2 elements  (b) The anisotropic hexahedral mesh with 10x10x10 elements
3 YL GEPIRN PR
Fig. 3 Two types of meshes used for the conduction beam
F2 HETARDLHET S 1 HTL J5 iR e S a0k B2 — 0o i mak Ak

Table 2 Tteration counts of the HTL methods for the hierarchical quadratic discretizations of the conduction heam

constant coefficient variable coefficient
mesh p_GS(3) LBGS_v(1) LBGS_m(1) p_GS(3) LBGS_v(1)  LBGS_m(1)
10x10x10 17 5 5 24 6 6
20x20%20 17 5 5 26 6 6
40x40x40 18 5 5 27 6 6
20%2x2 5 2 3 6 2 2
40x4x4 4 2 2 5 2 2
80x8x8 4 2 3 5 2 2

BHl2 RBIEHLH BRI 4 FoRp R A, N = 4m SMEr, = 12 m JRE
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1=0.8m, /M (r, =4 m)JEMEFERE T, = 1000 °C, A0 (r, = 12 m) JE N2 FEE T,
=100 °C , KAty 4w, SIEAEk, =k, =k, =3 W/(m>C), Q, =0 W/m’ RN Hik
RRAS o T 150 J2 R JCHEA TR, RS IR RAS 51 00 1, 3 RO vk s AR Ban 2 3 i .

B4 BT Ai LS e s TR S AR 43 (8x 8% 8)
Fig. 4 The geometry structure of the thin-walled sector and one sample mesh (8x8x8)
R 3 AETARFDGH T S 19 HTL J7 8K 70 TE 8451 702 0o f s AR

Table 3 Iteration counts of the HTL methods for the hierarchical quadratic discretizations of the thin-walled sector

p_GS(3) LBGS_v(1) LBGS_m(1)
4x4x4 80 4 10
8x8x8 60 4 9
16x16X16 68 4 8
32%x32x32 61 3 7

O3 HEARTE B USSR R E A E S (a) s, Hod SERE R 1w 1 RN
10 mx10 mx0.5 m, &M A EIRSTH 0.1 mx10 mx5 m, A8 H Jy 11, FEELARE R0 T IS
FE MR T, =100 °C , HAR R IMNE R RS R ¢, = 0.1 W/m® , SREE N k, =k, =k,
=20 W/ (m™C) SRS AR ITHAT RS 50 (CWE 5(b) ) AEA R AITECT | 3 Rl ik i i
RREANE 4 FR.

(2)

B 5 B R LS5 7 5 R B H A ) 43 (990 S FRIT)

Fig. 5 The geometry structure of the radiator and one sample mesh with 990 elements
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R4 ETARDEHT S B HTL J7 2R RER T R 2 0ot B p kA Qs

Table 4 Iteration counts of the HTL methods for the hierarchical quadratic discretizations of the radiator

element p_GS(3) LBGS_v(1) LBGS_m(1)
990 32 4 4
3 300 14 3 4
9282 9 3 3
13 160 7 4 4

B4 LED U R bR 3 ARG K f ) R —Fh A BB, ARG5S LED HU
[P R R S A B TT A A, 2% TN T 6 s A SR8 JUART ALY 2 DN A MR S e R4S
AR A AR DA R 28 1, Xof g A LA RS R A 38 0 3R 5 TRt i iR 85 B
Q, =2 x 10° W/m?* 3 F () & BREE R 1H X, B A R B by = 10 W/ (m™C) A EHRE T, =
27 C , H AR 0 Ry 4 2% i1 AE PR 1 43 B BEAG 45 1] [RI P 000 A 86 1) 4% 1) SR BT i A
U i) 45 ) SR BT, WX I T | 38R 1 2 A SRR AR R AR 22 19,3 Fh I 1 SR AN [
FICECT 19532 Rt B R AR BN 3k 6 s,

6 LED i i L 4544 7R 218
Fig. 6 The geometry structure of the LED single chip

FR5 LED HLE B RSH

Table 5 The sizes and the thermal conductivity of each component of the LED single chip

model component sizes thermal conductivity
chip 0.004 mx0.001 mx0.004 m 65.6
bonding material 0.004 mx0.000 1 mx0.004 m 240
base plate 0.025 mx0.001 mx0.025 m 202.4
heat sink base plate 0.025 mx0.001 mx0.025 m 202.4
fin 0.001 mx0.030 mx0.025 m 202.4

F6 FTARREDEHF S B HTL J7 oK% LED By [A)84) 12 T 7 R i ik AR Bk

Table 6 Iteration counts of the HTL methods for the hierarchical quadratic discretizations of the LED single chip

element p_GS(3) LBGS_v(1) LBGS_m(1)
1 888 115 11 13
3040 210 18 15
5692 127 16 19

9 620 181 32 16




708 YA AL R R 2 T ROT T REI 22K O 1

AR 45 3 mT L

1) XoF 4% 1] [ PO RS ) B, p_ G 1 B AR B B SRR, AR R R K P AR SR A4 2 —
A PR ICr  ELA AR AT SRR R e . 51, o A% S i QR I R, R S B R A0 S
A8 B HTL(p_GS(3) ) AR AR U B AR AN i ) SRS (10 348 o 7 384 .

2) XF45 I SEPERIAR (R T0) BT, p_GS kA9 S YC R MG AR 22 | T b 43 ok B B8 S B 7
(LBGS_v 5% LBGS_m ) HAG 47 i B SRR, A P 7K P32 AR A i S BE AR AR 1) i 4
BT, 36T LBGS_v AP ZK P AR i AR U B /b i 235 4 A% 5 ) 0, /8 T
PSRBT XS A W TS AR patches [ iEFTER Gauss-Seidel 348, DI i 54 R0CR.

22 ZIKFERFE

KPR 1 Sl ol VA B e s AR R A KT (2R o0) R (12) 19,24
7] R RAAR AT, 3 5 AN TR T S AR AR, 5 B RO (2t on) Jr R4 Atk g
R R Ao X R EE A AL IR, B T4 P AR T | 7 R4 T IO ) A It T R K
(R BT (45 1) SR BT ) |, BOKS RS i H A PR G 8 5 80 2R 0 ) oR it 3. SR [ 16-17 ]
AIHT, ST PR B RERE (1) DAMG 35X 3K i 45 1a] 52 P A T A 42 1 T O B LA AR AP I RCR AR
KGRI 2 8 ALK (ZeMEon) R (12) , DL ST AR R i 27K k.

TEAMG T, — AN d5c ok 2 (1 PR S KIS 17 s A e B T T, SO 2 A% DAMG 75
H AR T i 25 s T SRR BRI T

ST, FUHE S S AR E B RS K, = (k) ARR B B ERE D = (d,) , B

4 - { (i) =x(D)+ O =y (D) + (D) —=(G))F, ifje Ny
0, if j &N,
H, Na={j1 (k) =03, (2(i) ,y () ,2(2)) s i BJLTARER, i = 1,2, -+ n; FIHIEERS
HEPE D B R SR S = (s;), B Vi e N',s, W2
1, ifjes,,
& _{0, ifj¢s,
Ho, S, ={jl d™ < d; < cd™,Vje N} PR RRIERE Hri ) o H—RTF 1 HEE,
— IR, A G R 1.5~2.5, 30, d™ = min,_, d, W N" = {1,2,--,n} .

SRIG I FH A B 8 o i 0 < O 2R R 8 T A 0 401 e R A ) S M A
2 )[RV 0, ot 45 i) S A PSR 0 ) L A AL A, o 4% o R BT ARG, D S R RO A
SLOYAR FL RS AT B T A AR B KA DG 4R (FTiE o MIS) iy ka1 T KAk,

e, A BRI 240 RS ARAE S 7, TR Galerkin J5 ik ) it R il 382 1 FAH Do 4%
yiE]4

N K DAMG 30 T =4 L SATK 2 8 A5 2R M e i FE (12) AYSK AR, IF S5 Wi FloR
A [0 250 ) B ) AMLG 96 (5 FH AMG ¥ AGMG 3£ 1) HEAT 17 Hedse, S5 sk 7 FeoR. vl
T FE T PRI 1) DAMG JEXT R A 45 1) S Do s 6 P o R LA T A (B RO R
PRGN, X 40x40x40 PIAE F AMEIE % # R AR, AGMG ¥ kAR ECh 29,15 CPU B
(64 8.95 s, HI AMG ¥ERZEAQIRECH 47,115 CPU KA 14.17 s, DAMD &R QIR EC
8,715 CPU ] H 3.80 s 5 AR R H )8, 3 Fh 7 ik A 2 AR KB40 31K 12,49 1 8,115 CPU
IRl 530 3.89,14.86,3.82 s ASCTA BUA LI IITE Intel (R) Core(TM) i5-3470 CPU {1

(14)
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HLCAAE N 4.00 GB,CPU 7 3.20 GHz) ) Windows 7 R85 T #E17.
R7 LA AMG PR AL ST 8 T St T B A AR BRI 5E. CPU ]
Table 7 The iteration counts and CPU time of several AMG methods for the linear

discretizations of the conduction beam

constant coefficient variable coefficient
mesh AGMG commonly used DAMG AGMG commonly used DAMG
(t/s) AMG (t/s) (t/s) (t/s) AMG (t/s) (t/s)
10x10x10 14(0.09) 24(0.12) 7(0.07) 11(0.08) 29(0.14) 7(0.06)
20x20%20 21(0.67) 40(1.52) 7(0.43) 12(0.42) 39(1.49) 7(0.44)
40x40x40 29(8.95) 47(14.17) 8(3.80) 12(3.89) 49(14.86) 8(3.82)
40x4x4 8(0.03) 8(0.05) 5(0.05) 8(0.03) 7(0.03) 6(0.04)
80x8x8 9(0.24) 9(0.28) 5(0.33) 9(0.25) 8(0.26) 4(0.35)
160x16x16 11(2.33) 13(2.96) 6(3.11) 10(2.38) 10(2.44) 5(2.89)

»
-

L g
raaa

L 180
L L JL

(a) F&F MIS Ml Irik

(a) The coarse grid selection process based on the MIS method

» » »
. . .

" " o
= = =

(b) T BB AR LA k)
(b) The coarse grid selection process based on the distance matrix"
B 7 WAL IR I R 2 LB, b BB BRI A% i, AR 14 D 2 A A

Fig. 7 Comparison of the results obtained by 2 coarse grid selection processes, where the coarse

B
[ & g o
L o
| o o &

19]

nodes are denoted by black square and the rest are fine nodes

E 2 T BERAE R BRI SE 4% 1) S P RS REAS 2 S A OO ROAR , Ao 4RI, ORI Sk
PREVR S RANTE 7 Br7R. 8% | b igobL AR5 45 20 AR O A 25715 i 20 A B O B RSP R 5k, RIDAT g 4%
T S 1 DO L A kg — 5 1] ] P XA, P T JHEOHEL IO s e MULS KL vk st A TARLAE , W75 30— R 910 4% 1 [ 1 Do
I P e e A DRGSR A AL A J22 07 2. [T TR A Gauss-Seidel 328 QAT I 108 4% 1] [7] 4 60 A 1] it
ECRCRAF . LRI N RS AR T, SEAFMIRL Y DAMG 35 HA B4 133k,

TEPIKF 7 RUKSF 7 B AN T SRR A 1, — AR5 A FH — K DAMG 2 BIAT ) B
TR KA 5 AR T SRR SR A 0 )2 R Oe 2 (7) W 27K - AR v ff B iR an R

Bk 3 ZKEEMAEE

W81 TR 3) Bkl .

4 3) JHH—IK DAMG R RER A . K e, =1V,

fEIICIZZ /K28 HML (S) , Sk 456 AR 6+, AT LIS 2] 3 Fh 20K 5k, ED
HML(p_GS(3)) HML(LBGS_v(1) ) HML(LBGS_m( 1)) B#3% 3 Fh Iy 4350 FH T 4%
AL R0 853 2 RO T FRRSKR A 45 R T



710 YA AL R R 2 T ROT T REI 22K O 1

£ 8 FETARDEH TH HML(S) JriZR gz ooty BRI ARIREL
Table 8 The iteration counts of the HML(S) methods with different smoothers
for the hierarchical quadratic discretizations
(a) P FAIKR

(a) The case of the slender conduction beam

constant coefficient variable coefficient
mesh p_GS(3)  IBGS.v(1) IBGS.m(1)  p.GS(3)  LBGS.v(1) LBGS.m(1)
10x10x10 17 5 5 25 6 6
20%x20%20 18 6 6 26 6 6
40x40x40 18 6 7 27 7 7
20%x2X2 5 3 3 6 2 3
40x4x4 5 4 4 5 4 4
80x8x8 5 5 4 5 4 4
(b) RS
(b) The case of the thin-walled sector
mesh p_GS(3) LBGS_v(1) LBGS_m(1)
4x4x4 79 6 12
8Xx8x8 63 5 9
16x16x16 69 5 8
32x32%32 62 4 7
() A i)t
(¢) The case of the radiator
element p_GS(3) LBGS_v(1) LBGS_m(1)
990 32 4 5
3 300 14 6 6
9 282 12 7 9
13 160 9 7 7
(d) LED Bs
(d) The case of the LED single chip
element p_GS(3) LBGS_v(1) LBGS_m(1)
1 888 115 23 23
3 040 211 22 22
5 692 128 18 20
9 620 181 33 24

1 _FIRE R AT, BT DAMG 5 H) 227K FJ5 WA R SR g i 2 AL FA 4% S R RBUR A 201 . DAMG
TR T RO o AL B AR T3 2003, DT i v 32 FAg R A S [ LA BR DT 20 A A B AR,

Xt LED g A [alsl, 53 B A S0, A 45 [ R PEAY A« 7 [l A9 00 A y D5 1)
a2 J7 [ AT, P FH— U DAMG 35 SR A RSP J5 it B REB R 22 7P D7 i M8l (A4 ik
AU SE N, Wi 52 0 B AL S RE O, 75 298 1(1 > 1) IR DAMG 33 Rl SR ALK P
DR AR BTSSR AN 9 Fras AT L ) B A EIE , — i AR I 2 2= 3 1k DAMG
LI ARR AR J7 2, 50T 3RAT-5 PIACF I i —RE AR ARUCRL.



ik Moo 2 FHy Ar 711

R9 WL > 1) K DAMG BERAFHDKF IR HML(S) 7 ARk
Table 9  The iteration counts of the HML(S) methods by calling / times of

DAMG to solve the coarse level discretizations

element
l 1 888 3040
p_GS(3) LBGS_v(1)  LBGS_m(1) p_GS(3) LBGS_v(1) LBGS_m(1)
2 115 13 14 210 18 15
3 115 11 13 210 18 15
4 115 11 13 210 18 15

3 4%

1 B A BROGIE R A = 4R A5 A4 L S DB A OB T ik 2 — R

5

1 H T AT AR

RSB ITU R RH L A 5 HICZR e BT HRESR A 33 AR SCHY H A 3L S by i A A% S fm) i )= —
W TCTT REBLIT AR B WK J7 92 1 22 2K SF- 051268 4% 1] [7) 14 RO A 1) 28T, 38 6 Y 54 Gauss-Seidel
HATIRGS B BRI 5 (B X W 25 40 45 6] S M BT, T B ROHE T R i R Gauss-Seidel F) 't
5 FHRLHY WK D5 75 B SR A TSR R & e P T BE B RS 9 DAMG 32 RE sk 4%
[ S PE RS TR (Lot ) 5 RE SRR , I ITTREAT 208 w5 W45 A I L 5 TR BR O Y
BRPRBIR I AN, T BN T — e ) ] 8L, 4 LED 22085 R 41 A8 FCHA ) T, — M 1 Al 45 g 0 A )
R, AT S B BRI, ARG R 7k (A SR RS B R AR SO it mT 3 O — M
ARG SRR R = AR S A [ A ) 2 H R IS 2 4 5 i — AP T ST i T
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A Multi-Level Method for Hierarchical Quadratic
Discretizations of Thin-Walled Structures
in 3D Heat Conduction

ZHANG Shen, XIAO Yingxiong, GUO Ruigqi
( College of Civil Engineering and Mechanics, Xiangtan University,
Xiangtan, Hunan 411105, P.R.China,)

Abstract: When the finite element method is applied to analyze the 3D thin-walled structures,
some thin hexahedral elements are usually used in order to reduce the number of elements, and
the corresponding higher-order elements are preferred since they have some obvious advantages
in the calculation accuracy, the anti-distortion degree and so on. However, they have much
higher computational complexity than the lower-order (e.g., linear) elements and the coeffi-
cient matrix of the linear algebraic equation system is severely ill-conditioned. The convergence
of the commonly used solvers will deteriorate with the increasing size of the problem. An effi-
cient and robust multi-level method was presented for the hierarchical quadratic discretizations
of 3D thin-walled structures through combination of two special local block Gauss-Seidel
smoothers and the DAMG algorithm based on the distance matrix. Since a hierarchical basis is
used, those algebraic criteria are not needed to judge the relationships between the unknown
variables and the geometric node types, and the grid transfer operators are also trivial. This
makes it easy to find the coarse level (linear element) matrix derived directly from the fine lev-
el matrix, and thus the overall efficiency is greatly improved. The numerical results verify the

efficiency and robustness of the proposed method.

Key words: heat conduction problem; thin-walled structure; hierarchical quadratic element;
multi-level method; algebraic multigrid
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