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SE kT A BROC AR — RS — RO 7 ik — = BB 19 FLIE SR, DL EEP I
SURAETHRZE TG T WA R 23 | B 28 4 1 F i RO JEE B 8 i 9 A2 2 7 IR 25 R 2, X %26
LR P AL S 2 T ()R JRE R A A T R R RN DX ) =
LR R R e AR P LR R A — R A .
ST A S Tl 185G JEE R0 5 N T A 114 o8 BC DDA DG X — 4 md FHE L, 3 I
e B BRZE A A0 A% 1 23] 7 B A X SR B A I AR (38 D P4 0 A 25 ) A e, A SO 2
T EEP B4 BRIT A8 N A 12 F 32 i 1R, 3 7 3 7 w182 70 A o s R s 3h 7 R Y
Galerkin A7 FRIT H & RLR i J7 125 LB HUA 202 3 7 R 413X — 3 R4 ODEs W {E A g Xf 42,
A Galerkin A7 BRITRIEAYSSIE R, SR I5 45 HOBCSOH I A BEP 2 B/ 26 :U A UL B
FHEFR) TSR fifp SRS, i i LA S TR P 505 491 R /s AR SR B0 i 28 T P R A

1 AR & Galerkin A PR ICH#

FIEINN BB R G, B K ODEs #I{E ] .
Lu =Mi +Cu + Ku =P, 0<t<T, (1a)
u(0)=0, 2(0)=0, (1b)
H,w=(u (1) uy(0) - w, ()" R ANESHCA SR R w, () (i=1,2,-,n)
AR, Ay R o, = du/de, i, = AP /dt (0= 1,2, n) 2R AR TR [ R 5
JE )i L O T TR S IR, i B MW R K BHJE RS € N B , for 1000
P NIHE] ¢ B PRE 0 By O MORTE HER (1) M@ AEAE ELE— sk SRR T(T > 0) .
TE OB A: BRI LA 753 5]

au,v) = f;( — V"M +v'Cii +v'Ku)di, (P,v) =j:vTsz. (2)
g e

alu,v) = f:v"‘Ludt -v'Mu|]. (3)
H Galerkin 35BN K w e Hy 15

a(u,v)=(P,v), Vv e H!, (4)

Hrbr) Hy ST A BTN B (SRR ) 4508 H BB — B S 88087 5 AT R pR A ) o 23 ]
H, TR R TER A v R 0 BB B — - 8507 07 TR bR A3 ) 5 T R B R A 2
XHERu e Hy R u(0)=010v e H HEv(T)=0,80 H # Hy 3X/Z5% M Galerkin %
SR A 321 [ BT AN [] .

XPSR AR (0, T s KL BA BRIT B R, KR53 N, A BRTT, 25 1 i 45 i AR R ac
byt BPRIEERTT e, AR BRI h aUHR pRER 1) F VRS 35 bR 5] ot 53 1) PR XA bR 50 A 3
T R B AR AR 2], W= (1) 19 Galerkin A BRITHEIALS AR u" e S C H, 15

a(u"y")=(Py"), Vv e S" CH. (5)
P I R AT A A R TR AR B2 R TR 15 H A BRIT A%,

X (4) F1(5) G, A RITAEIRZE " =u — u" T L BRI e 3.

a(e",v") =0, A (6)

2 EEP fay 2% A0 s
BEBYE B (6) E M HTE e L SAEURSE , BV F MTER Y 5 B L
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ae(eh’vh> = f_z( _ (l}h)'l‘Méh + (vh>'I‘Céh + (vh)'l‘Keh>dt :O,

Vo' e St={v" "= Zvaﬁ‘, vi e R'}. (7)
FH TR A —Le s 5 RI Al 7% EEP SISO A 28, 30 (7) AR ek & &
v' e S AT R AT A A R T (1) B2 (R R R 3 L SCRR [ 19-20 ] 2R H
NG BRSNS = NI = 1,2) 33 (1a) SHEFE EEP 1 H 204 2RI SUR I TH A
3, AR R B R G S (1) 19 EEP 21/ 20k 2B IS 1R AN

_ Ty _ Iy _
wl =u =M (V) [N,(P - Lutydi + (hN,,) [ NP - Lu)dr ), (8)

Horl o, R (e,,0,) BEE—NZ], O, FoRTEm 2] AU ; AR « 2RI N.(i=1,2)
AN R KRR R X T m(m > 1) IETIERTT, 20(8) 45 A IS B i
FTLLIKE] A2 YRR, Ho AL BRIT AR BB 28 /0 iR — B s B O BIF S 00 5 — WL sk 4
TSR E AR BR TR R O SOk 3R

3 FE KR SR

AR SC 38 SR 0 E AR R RS B R 1 e RSO R, FE S e R E R I T, =
(T, Ty - T,)", R A BRITRIRE o, (A% RS A FRICHRE u" 1A 5
o O R RO JEE 5 AP A RS IO 18 4 s Bk 22 B, BRIV 704 148 B G G A2

max |u, —u' |< T, 1=1,2,--,n. (9)
0<t<T

RGBT w AR (5 AT FROGARAS B S = ARSI ™ AR w el 22, R EER
ATBRITAR u” A 43 L

max |u” —ul |< T,, i=1,2,---,n. (10)
0<t<T

B AR SO ] B AR B EA T 19 IR A, X HE Pl A e 18 ST it 1R 2 4R o A0 e R 25 R
AT LAAH TR SN ] | e 1) 19 3 07 45 SRS AS BT A 43 et 4% 1 45 e OB B 250 R X 1 ) 158 22 B, D
B B R 3 N

LI EEP WS TTR 229098 T Mg X o3, 2 (1) s iz shor R4 LUR “ =208 7 3R
mE AT T EEP 709 Galerkin A BRIT H 3 i 3K fiE .

1) A BRICHE 72 25 T ROk (B0 46 PR — B — ST Rl ) 42K (5) #E4T Galerkin A7 FR
JCH B A FRITHE u” .

2) M B BTN (8) A EEP R Z0s 2B IRSU% u” .

3) RS AN R PAICTR S A B 20 (10) J& 750 2 45 BT AN A, U B 22 10 i
AL RALE KL R ITH 53 A A BT ; BT A BRI 36 S5 75 3108 09 A 3R R BR 1) 45 i
A HBITHTA - R (10) | SKARZER.

o S LI YA, 3 B 3 I RS 40 43I, SR R T SCHR L 21 ] 42 10 A 1o 2 722 s O A% 2 i 1Y)
P2k AITERIT e b FRoRIY n D0 BB MR (10) K25, Z 5 XA R 1Y 7 & T LMRER 2
5% AR 43 T 2 2 B o SN RS AR AR

4 HEH p
LT 13 155 R AW, A SCR I Fortran90 25 1 FEIE BRI, AT 43 %5 T 0 51
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J 1 B EGIRER BT A sy B RN iRZR 7, =107 (i = 1,2, -
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{1 J5e /ML B3] T 20t R R B TR 22 5 X E e,
AR AIERL T, R

= max;_, ,.

eI 4 ﬁﬁEjﬁﬁ@—»EEP ﬁ’iﬂﬂi‘%fﬂiﬂ RIC o0 A A 20, B

-,n) 0 m A HITIREL, N,
HNERTTRE R R RAE b, FHTCRKE
S(maxg o lu, —ul|), PASEHIAE

LR N, .
Bl 1 P AR R PELE A2 38 PR 3l 25 ST RCRTINE40h 1 RSPERJE el ¢ = 0.02 1B
F RSB SZ i R Sh AR, AT 2R P = sin(wt) 0 = 0.2, WIIR 5N u, = 0,4, = 1K B0

1 R,
RIS 0 < /T, < 4 718, H
L5p Ty = 2w/ AT BRI A 3 R
1.0 TSI AN VBT T2 UL 1 AT 2 A A EL A e 1
05 ﬂ%@ PERH m = 4,5,6 WOtHEAT A MR

o o SERG T3 170 L, 45 A% AR AT BRI Y
0 O 5% 22 B 7 1 Il ML 45 A 1R 25 RS WROC HOE I &%
03 \/ \/ \/ \/ WG HA BRI AR 1R 225010 IR 2 (), IS
-Lof fiE IR 2 A AN 2(b) s W LLE H EEP #EYRK
sk “h SIS 2 L LA PR ITT A R 5 2 24/ — 4>

B EARAE E G TR E IR AR A
IR BA] R AL X T IR — AR G AR
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Fig. 1 Exact solution u(t) of example 1

R m = 4,5,60R0CHIERCRAEIZE
Table 1  Results of the adaptive solution form = 4,5,6
m N, s R P N,
4 93 0.990E-4 2.274 0.835 8
5 63 0.886E-4 3.927 1.963 6
6 43 0.939E-4 4.524 1.810 6

PP R AYBFAIR 0 < +/T, < 10 B 0 < ¢ < 1007 PEATR M, ARBBABSR I m = 6 X
JUY, HIE RN 8 55 93 A HLIT iy e A W% , A PR T e iR 25 45 XHEh 0.535E-4,
T R IR 22 B

B2 ZHMEKRRAREZiaE.E 3 s i =255 VI RINESR 250, 7R R 0 B R 2
FH = 0 B i LA B I A AR e = (u, wy) " FORSB LI ¢ = 5% JLFRERE KR
PINCET =By B RI5CR A B Caughey BELJE FFEUNT .

U,

2 0 O 3000 -1200 0
M= 1.5 0 ,K—{—12OO 1 800 —600],

0 0 1 0 - 600 600

7.463 - 1.774 - 0.225 (1)
C-= {— 1.774 4763 - 1.141].

-0.225 -1.141 2.260
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1x10°* 2x10
5x10° 1x10°F
= S /\
'3 0 I: OWW"‘!W‘M.JN A A A A A M A Ul
-5x10° -1x10°F
-1x10" -2x10° . . . .
0 0 1 2 3 4
t/ Ty t/Ty
(a) AMRICHIRZE (b) BB fgR 2
(a) Errors of the FEM solution (b) Errors of the EEP solution
B2 m=5RICKRMmEMIE 7* BMIRZESM(N, = 63)
Fig. 2 Distribution of errors on mesh 7 * form = 5(N, = 63)
AL AEEER s L =1.0
By A TRV Ay 28K ) R s , .
F =(sin(10¢) sin(10¢) sin(10))", )
S, AN S ~ 321 200
WITHEALFE I O, ) 46 B m=15
@(0)=(1/m, UUm, 1/my)". fr— o m
TEBUAEFT S A Maple 16 - 2w GRS J=1200
) s N PR - N =2.0
DAL RS B O 1 DO RERA R B A 1 P, ——> iz R——
i LT 22 B, R 04 1 45 70, 90 o100
HAPRG i it LA 35 AR SC 7 2 IR O ik ) A B2 B
Vezzd Vi 7T

FEXIN 0 <t <0.4m AT R m=4,5,61K
BITHEAT A N R A, 25 R T 2, Hothom = 4
YRICHY 38 1 A% 1 s 4 40 A e 3 B, AR
RIS I oA BR T rY iR 22 i 4 R,

F2 m o= 4,5,6 YCATT HERCR LT

Table 2 Results of the adaptive solution form = 4,5,6

3 ZJRGTUIAINE SN R

Fig. 3 A shear frame model with 3 stories

m N, Cha P min N,
4 6 0.595E-4 0.274 0.146 3
5 5 0.486E-4 0.352 0.188 3
6 3 0.907E-4 0.447 0.391 2
K3 m o= AYORRA P 7 BRI (N, = 6)
Table 3 Distribution of end nodes of mesh 7 * form = 4(N, = 6)
3 ty 1 ty Iy ty Is tg
" 0.000 0.214 0.402 0.670 0.944 1.111 1.257

Bl 3 % ECHR 22 | v iR S Al TR BB AR 1 LT A A B v B A B R AN A 5 s, H
Him, = 1.5 x 10° kg, El = 2.26 x 10" kN-m’ b, = 30.48 m, T3t AT B5F 22 5 Jin— & o 24
FH P(1) = 4.448 x 10° kN, ZR&BHJE U (1) Hhxt R S50k
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-l _
1
M=m, 1 s
1
0.5
iy - _ (12)
18.83 -11.9 4.773 - 1.193  0.198 9
£ 14.65 -10.71 4.177 -0.696 1
K= n 14.06 -9.514 2.586
sym 9.878 - 3.646
1.608

A0 < ¢ < LAYRT Maple 16 A AR R 0  IRHE O B g A 6 A S

Tr RIS RIAT BROTHRAORS BE R ] m = 45,6 UCHRITHEAT H G DOR R, 4505 T 3% 45 44 W
M 4% I H B Sh N 88 B AT BROTAR (1R 254532 10006 /2 45 E 1R ZEFR.

F4 m =456 WHAICHGENRAFIILER
Table 4 Results of the adaptive solution form = 4,5,6
m N, e}n‘mx Povas Ponin N,
4 44 0.921E-4 0.032 0.014 6
5 32 0.973E-4 0.046 0.020 6
6 25 0.515E-4 0.054 0.028 5
4107 <107
2x103—/\ P 2x10°} /\
J:xv—
= 0 L 014 L L 1 112 /‘I: 0 A /\\ /\ /\96,\/\ /\1|2
= 0.2 o¢f 08 {0 = Vv \j . \/
-2x10 "1 _2><10’5 L
-4x10°F "
-4x10 "L
(a) RBZINLEA w, (1) (b) ARRICIHRZE u (1) - ui(1)
(a) u,(t) with the mode superposition method (b) FEM error u,(t) — ul(t)
1x10° 8x10° -
5x103-/\ 4x10°F /\
<, 0 R e 12 fN 0 AN /\ /\ N2
= 02 0.8 \L.0 = \AAVERY \/0.6‘\/] YN
. ! S t
-5x10 -4x107°}
-1x10° -8x10°L

(c) PRAIZ Nt uy(t)

(¢) uy(t) with the mode superposition method

(d) A IRITTARIRE u,(1) - ul(r)
(d) FEM error uy(t) — ub(t)
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, 8x10°r
1x10°F

53107} 4x107F
0 /\)'4 L L 1 1'2 FaiN /\/\ [\A /\ A/\ 112

u (1)

uy(1) - u} (1)

0.2 0.6/ 08 \1.0 Unawvs
, EEVITRY Ve
=5x10 r = t
-4x10 r
-1x10°F
-8x10°L
(e) PRAIZ ML uy(t) (f) AFRICIRRSE us(t) - ub(t)
(e) us(t) with the mode superposition method (f) FEM error us(¢) — uli(t)

B4 YRESTAIEMA 4 WOT A GRS 7 B BA EROTAR IR 2E S0 A

Fig. 4 The errors between solutions with the adaptive FEM and the mode superposition method

Bl 4 EEIFAFEIC e fhin Z e R, M v = 0 P() —> ®m,/2u,
Ui [EE o = 1 S R A 2 B AR MO AT R AT R T2 hy .
SYAAR IR F1 (P, /1) sin(wt) , ZFT 0T 25 3830 1R 30 hy '
fEpTR , e s
~ 4P sin(wt) &  sin(px/a) ‘ me
- wpAl o35, i(p? - wz) ’ he .
p; = ”;Ta’ (13) e
St = JE7p B SRR o T OB A BS RN

Fig. 5 A cantilever beam with lumped masses

BT AR, LA AT R T SR, B IR SRR
LR P, = 1,0 =4,

P MR WA BROCIEE BRI AT 52309 2 80T, JH 2 IR Lagrange PRECHEATHH A, K AT
PHTEZS AR « EEATRIHL, BB =X (1) Wiz sh oy e, Horp

0.2667 0.0333 0 0
o - 0.1333 0.0333 -0.0167
- sym  0.2667 0.0333 |’
0.066 7
10.666 7 - 5.333 3 0 0
9.3333 -5.3333  0.6667
K = , (14)
sym 10.666 7 - 5.333 3
i 4.666 7
0.333 3
0.166 7
P = sin(4t) .
0.333 3
0.083 3

TERHAIZERE O <t < 1 1 RAm=2,3 AT (14) X —i8 3 R T HIE R R
{5 Maple 16 =05 FEEETT53 H A0 PR T8 B 02 A 7 VS B A A AG 6 A SO | L2 SR 41 136 5.,
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Ho2 Wou (4525 [ 4R FEA FROGEITUCKIUIR] ) 1 18 10 R gk 14 s ] A% A Ul 3% 6.
£S5 m = 2,3 ROCHERCERFAYLS
Table 5 Results of the adaptive solution form = 2,3

m N, Chax P Pin N,
2 10 0.803E-4 0.120 0.072 4
3 4 0.749E-4 0.250 0.250 2
R6 WL mt BEREE SO (N, = 10)
Table 6 Distribution of end nodes of mesh 7 * form = 2(N, = 10)
2 t 1 I 1 i Is t
T 0.000 0.120 0.240 0.348 0.456 0.528 0.600
L ly Ig ty Lio
7" 0.700 0.800 0.900 1.000

(a) H5H0f# (b) AT 22
(a) The exact solution (b) Errors of the FEM solution
B 6 K KIS0 R 2 AN BT A BROTHR AR 2240 A
Fig. 6 The exact solution and the error distribution of the FEM solution
with 2 elements divided along the length

(a) AR (b) A FRICfif ) BR2E
(a) The FEM solution (b) Errors of the FEM solution
B 7 WA 8 AT A BROCAR B R 22 0 A
Fig. 7 The FEM solution and its error distribution with 8 elements divided along the length
HIERORIFE(14) BIFRE S, BT A BROCEZSRTS 0 < o < 1 IPREMAFFRY SIS A
PRI, SRR (13) ML, AR ZE AN 6 o BT L 3h A B i RiR 220 0.544E-3.
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HEFT A2 AR IE ARERNSE 500 0 8 008, DRI 2 U0 Lagrange RECHTE I, Relt
A 16 AR GE BT AL, U5 R S ST AL 1 HEA 2 YT I8 R e, e
AFE L% A BRICEI S B R AR ZE AN 7 IR, B KR 228 0.553E-5. 1 1L, T RLREAR SC
A ST 4 P2 ) T A BE 1 IR F BRI, T 5 4 030
RS OB

5 45 iE

ARKTE RGBT RRA I TR T EEP 31 Galerkin AR IC H Jﬁ@ﬁ‘ﬁ, SR fife FBL BT
S i SR W Xof — e P 119 728 R Sy RR A IR AT SR T, AT i — 2P T S S TR A )
WY 1SR BT D7k, Ay 0 AR B AR A TR T
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An EEP Adaptive Strategy of the Galerkin FEM
for Dynamic Equations of Discrete Systems

XING Qin-yan, YANG Xing, YUAN Si
(Department of Civil Engineering, Tsinghua University; Key Laboratory of Civil Engineering
Safety and Durability of China Education Ministry, Beijing 100084, P.R.China )
(Recommended by ZHUANG Zhuo, M. AMM Editorial Board)

Abstract: For the solution of structural dynamic equations, generally the accuracy of results
and the efficiency of computation both depend on the selection of the time step lengths, which
makes the key difficulty for efficient solution of time-dependent problems. With the element en-
ergy projection (EEP) super-convergent solution computed at the post-processing stage of the
finite element method (FEM) to replace the unknown true solution and then to estimate the er-
ror of the conventional FEM solution, the so-called EEP adaptive method can automatically re-
fine the solution mesh and has achieved success in various boundary-value problems with spa-
tial coordinates as the arguments. Based on the Galerkin FEM solution of the weak form, the
EEP self-adaptive strategy was introduced and applied to the dynamic equations of discrete sys-
tems. As a result, an adaptive mesh was automatically produced in the time domain, and a dy-
namic displacement solution satisfying the pre-specified error tolerance at any moment was ob-

tained, which leads to a new adaptive computation approach for time-dependent problems.

Key words: discrete system; dynamic equation; Galerkin finite element method ( Galerkin
FEM) ; self-adaptive solution; element energy projection (EEP)
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