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TEMEST, ALV RA FRICH T 50T A BRI, i 2 Jm B8~ A8 25 4, HLAR 5 22 (] B SC I AN AE AR
AR R TR IR Jr AR AR R D | T SR T 514 SR G 9 AE PR Crouzeix-Ravi-
art( C-R) TG /& inf-sup Z544, AH L Z FAEPMI NCP-P, JofE i3 1 HoA SR s i i, 11
JEHIARNH L inf-sup Z54F. NI SCHR 15-16 ] 7305015 XT Stokes J7 2 FI N-S J7 &, 3 J8 Rl [ ) 5 HL
2 [ARHAEUMR NCP,-P | JCHEATIE L , 455 il Guass B3, N7 TR AE PR BRoT R kiR
FEAAK X, B ZEFE T inf-sup S5 FXFAEDMR NCP,-P, JCHY SR ZE. 78 SCRik [ 15-16 ] By 3L Al 1
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BUA R TTRE TR R /D>, B 8H Braack ' 1 Yilmaz'**. Braack '’ FH 3 ¥ () J5) 3B 4%
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JE/ .73 23 TR SR AT D A BR DT A7 3 3 A SO H B 7E T e AE B NCP-P, JT, W T
N-S Jy R etz il a) 8L, 58 HAR b A BROCE E AL T 5.
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K EE B S AT R AR L e, TEAR 2216 0 T ATHAR 2R 880 A SO YR A A N T 2 B i)
JEE H N-S Jr R Ee L4 il (] 0, 37 Ak R e AE I o] AT SR AT — s .

Z PSR &, A LA R Guass B3 % #UBE/ e ) 25 (6] R FHAE TS L3RBT
T AR B NCP-P | JTHEAT I, I i) b B UCR M2 XA T BRI, ST XHEE B N-S T
AR R R, N7 1 —Fh 4 B E R PR A BR T J A A s X2 NI 58T T inf-
sup Z& X AEBMASE R ST BR ], HAERE—FRIE | RS 5, b 7t 4
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R, (-, <) = (-, ), (o, )y =(y Doy
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Yy, —AAy + (y - V)y + Vr =f + Bu, in Q,

V-y:O’ in Q,

(2)
y=0, on [0,T] x I,
y(x’o):y0<x)’ il’l "(29

HQ=[0,T] x0,T > 0,a HIEFE,y, € L’(0,T;(L*(2))*) JHIrREy(x,t) e R*H
W r(x,t) e RAEI ,u e (L*(Q,))° BEGIALR, f(x,1) € ROMETI A =Re™ HEE
FHL, Re 1 Reynolds (‘B i#7) $0,B 2 (L*(0,))” BI(L(2))? MESLMR T
15 BESCHR] 24 1 WL, 51 AGESERY Lagrange PRZEL
Ly,u,z)=J(y,u) =<y, ~AAy + (y - V)y + Vr - f = Bu,z)

CIREE: B 18 =3/ L)

-z, -AAz - (y-V)z+ (Vy)"2+Vg=y-y,, in Q,

V-z=0, in Q,

(3)
z=0, on [0,T] x 1T,
z2(x,T)=0, in (2,
H (u,z) W2
(au +Bz,ii —u), =0, Yia eV, (4)

Hr B* & B WERES T, H z fi A
HRAE LA g5 Rl — B de e 5544 (3) L (4) SR HI R (1) L (2) W9, T LU A kSR A an
THRIEAL R (y,r,u) e YXRXV,(z2,q9) € YXRIHMEBER (w,b,ii) € Y xR xV, fiif
(y,w) +A(y,rsw,d) +b(y;y,w)=(f+Bu,w),
- (z,,w) +A(z,q;w,b) +b(z;y,w) +b(y;z,w)=(y —y,,w),

. (5)
(au +B'z,i —u), =0,
()’<x,0> 9w): (y(),w)7 (Z(x,T) aw):o’
Herb(w,u,v)=(w-Vu,v)/2 - (w-Vv,u)/2, H
A(y,rsw,d) =a(y,w) +d(w,r) —d(y,d),
a(y,w)=A(Vy,Vw) , d(w,r) == (V-w,r).
531 MMEEMwuveY, i
[b(w,u,v) < C|V \Y o Vv,
(w,u,v) [ Vw | [ Vall o[l Vv | (6)

Lo(w,uv) 1< CIVw | [lwll o [ Vel o a1 Vvll,.

i Taylor A4 2515 3

S5l32 4 =iAt, At=t,, —t,i=0,1,--N-1,N=T/At,ict,,,, = (t.,, +1.)/2.5
(-0 WY, e LX0,T;L2(Q)) W0, e (0,1) {5
(- ’ZHI)A: y(- ,ti) 0 <c| (- ’,;HHI) I oe
g, e L(0,T;15(0)) TR 6,,0, e (0,1), 1fifF
¢("lz+1) +‘//(',ti)

2

= C(At)z || lptt( : 5ti+62> || 0

0

- !1[/( : sti+l/2)

Gl
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3 1
2!//(',%1) _?‘p(',ﬂ) (e tsn) | S C(At)z ||l/ln(',ti+93) Il o

513 3( Gronwall A%E) W {a,},1b,},{c, },{d, } BIEGTEI kB =0, {EE
BB N = 1, i

N N-1 N
ay +kY b, <kY da, +kY c, +B,
n=0 n=0 n=0

i
a, + kniob,, < exp (k:z_;d” ) (knﬁoc,, +B).
2 EEEAEMEA Rocr ik

B h > 0,7% = (K} A7) = (K, b AP, QF1L0, BIE A5y Al by, 5
BIFRMTE K A K, I9TAE, FL

h =max hy, h, = max h,
K]ETh KUJGT’&:

N=UK, I =000, I', =K N K,
& ME, PR T ML, s [y =yl -y, FonBi.
TR AT 7 A BRI AT PR G2 (B SR
Y, ={y e (D) %yl e (P(K))?, y(&,) =y(&,), y(£,) =0,
VK,K, e},
R, =P, ={reH(2) NR: rly e P(K), VK e ™},
i :
U ={u, e UN (H'(2,)): u,l k, € Pi(Ky), VK, € Ty, Vv, =U, NV.
XY, JEAEPME NCP, I, P,(K,) FIP,(K,) 5 BIFERBICK, K, F A RBUNT 5% T n
ZIEA.
RS 8] Y, W6 e T A SR

jpk[y]ds =0, Lyds =0

%uﬁnTﬁi&l‘@Jﬁ:XﬂL?E%% (y,r) € YXRAEE((y) II(r)) € Y, xR, ffif§
Iy —Hy) I+ lr =L)< CRCIy I+ 7o),

STEER (y,r) e ((H(2)*NY) x (H(Q) NR) AFAEI(y) II(r)) € Y, xR, , fiif3
Iy =H(y) [l o +h(Clly —H(y) |, + IIr = 1(r) [|) <

CR(llyll,+ ey,
Hobo i 0= (X1 1) 7 i
M TP T NCP,-P, A3 L B inf-sup FaE TR, LI ATRETT G, (-, +)

G(p.q) = X {nyzpqu - Lylpqu} . Ypge (),

Hot [ () dv FRITE K, 1210 Guass BUY, LM ZIARE i < 2 1, MEHIR L, g (x) =
p(x) q(x) BRBUNTST 2380000, 58 Lo, LP(02) — Wo( W, #RHITK, LGSR HEBES)
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ARUER L? B il R R
(m,(r),s)=(r,s), Vs e R,
Fm,(r) 1o < Cllirly, VreR, (7)
I(I=m)(r) g <Chlirll,, VYreH(2) NR.
ic
a,(y,w) =4 2 (Vy, VW), dy(y,r)= 2 (Voy,r),,

G, (r,s) = Z (=) (r),(I=m,)(s))g,

v =2 (5 V)vw) e = (- VIwor)y),
2 ; J J

A (y,rsw,d) =a,(y,w) +d,(y,r) —d,(w,d) + G, (r,¢).
SIFE 45 FEfES b, A, At BRMIER B, M HMEEN (y,, 1), (w,, ,) € Y, XR,,
fiifs
FAysrswisd) TS COy o + Il Cllwy 1 + Ty ) s
A(yysriswy,dy)
BCHy, s+ IIrllo) < i A e el
LG (ry, ) IsCIUT=m)(r) ol (T=m,)(d,) [l o
Wy, ozt Rt Ayttt e Rlg ! s alE i, B

n+1

g+ g
g?”=i—;—n g=y.2,7.q, fu; n =01, N - L. (8)

ST UL BIC T RRERBERY ), W Rz s A i )] DA 220 (5) i — D 2@ iy AE
PR EAR SO SR (v g et e YV X R, XY, X R, XV, XAERE(w, b, ,8,) €
Y, xR, xV,, i

n+l1 n
yi i , . el
Z {hm,whj +A (yl”/z,r/nzﬂ/z;wha(bh) + bh(ED’/Z Vi l:l ,y/iﬂ/z w,) =
J K:

(f(x’tm-l/z) + Bun+1/2 wh> ’
n+l

Z -z,
- Z ( h h, hj +A (zn+1/2’ Z+1/2 W, ¢h) + bh(Z"H/Z,yZH/Z wh) + (9)
i K;

n+1/2 n+1/2 n+1/2 n+1/2
by, sz T ow) = (T Yl w,)

+1/2 * +1/2  ~n+1/2 +1/2
(au; +B'z; i) -u,""), =0,

s%h

(yhawh = (yOswh> , (Z}T,Wh) =0
/\¢]

t t+t

Lyiy = 5 L E[yr .y =32 -y 2, (n=1,2,N-1)

FAMEA AR, S n = 0B, 4y, =0,

Fig 1 M (9) b, B R 2R A A9 Crank-Nicolson #% 20, g1 F AM 2 200 51 A BF 18 5 3k 4
by ) BIERERRERR SR b, BTy yi ey w, ), BETR T HE B M5 T 1 T2t
KEAEY R,
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3 R ZE M
3.1 REM
EE1 ) BRER, IXHMEEM A > 0,Ar > 0,n =0, 2
e 1+ A% O 1+ 20 (= m) () 1) <
c ) .
||yh(0) ” 3,/(/. + TZ ( ||f(ti+]/2) ” 2—1 + ” u;l+l/2 || 2.,) y (10)
i=0
il

max | 23" |5 + Atz ANz 5, + 20 T =m,) (") 115) <

72 ||y1+1/2 _ 1+1/2 ” 271 . (11)
iERA Eﬁ@)ﬁ@ﬁﬁ*’l‘ﬁ?ﬁﬂ,ﬁl (w,, )= ("2,"2) i b, (- 5y,y) = 0 AT 4%

( Iy e = Iy o) + Ay I, + 1 (=) (n™7) g <

C
o G i IR /A ) +*II AR

K AP R ARy W #5330 10).
[ 2, TT(9)E’J BT (w,,9,) = (277,07 b, (+52,,2,) = 0 A1

( Iz g = Tz o) + ANz 15, + =) (7)<
I ” n+1/2 _ :+1/2 ” 2_1 + % ” n+1/2 ” %’h +] bh<zn+1/2 ,yZH/Z’ Z+1/2> | , (12)

FH Young K#TT@

n+1/2 n+1/2 /L+l/2
| bh( ’yh ’ h ) | =

” n+1/2 ” 172 n+1/2 ” 3/2

1,h || y

n+1/2 || 172

1,h ||y

” Z n+1/2 ” 172 <

n+1/2 n+1/2 n+1/2 n+1/2

||0||y [ ?,h' (13)

ZEA A (12) M (13) X H BB FE YRR G 2, (T) = 0, "1

7”1 ||1h||y ||0+*||Z

N

max ||z, | § + Atz Az 05+ =7, (") o)

0<isN-1
f2< [y 2 =y 202+ I s Ty 0, w2 e . (14)
AR (10) , 7750

*2 [N P B /A FRR S

g5 513 3, 5 (11) k5
3.2 REMI
N T g MBUE AR AR 22 0 AT , 75 25 AR Bh IR
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n+l _un
z [yh (u)At yh(”) ,W,J +A (yn+]/2(u> n+]/2<u) ;wh,th> n
Kj

b,(Ely;(u),y; "(u)] ,yZH/Z (w),w,) = (f(x,t,,,,) + Bunﬂ/z,wh) s

i

n+1 n
z; (u) —z;(u) o e (15)
Z(’ : w} H A2 ) gy () 3w, )+
7 At K.
J
b]l(z"+l/2(u>,y2+l/2(u) wh> +b (yn+]/2 u) zn+]/2(u>’wh>:
(yn+l/2 yg+1/2 wh)’

XH XM n=00,y, " (u)=
AR E T (P, Qh)
EX 1 MEE (w,0) e YXR, (w,,0,) € Y, xR, , SWEHEFT(P,,0,):YXR—Y, x
R, WAEITRAR,
A(P(w,$),0,(w.,d)sw,.d,) =A(w,d;w,.b,)
K A(w,dsw, b)) =A,(w,bsw, . ,) ~ G (b.d,) .
SIEE 5 BEET (P,,0,) WRWM TR SHEEM w,d € Y xR, N
[w-=P(w,d) [, + [ld-0(w,d) [ <scCllwl,+ 1dl,),
SEER w,d e ((H(2))*NY) x (H'(2) NR), N
[w=P,(w,d) g +h(w-=P(w,d)[l,,+ [[d-0Q,(w,d) [, <
h*Cllwl,+ [1oll,).
Big 1 Ri% (y,r;z,q;u) € YXRXY X R x VIEWE(S) A#, HI# 20 R IENPE S0,
max( ||y | L= (0,T,wh=(Q2)) » lyll L= (0,T,H2(0)) » [ Y. I 12(0,7,HI(02)) » | Yu [ 12(0,T,HI () »
||ym I 12(0.T,12(Q)) » | z | L2 (0,T,wl*(2)) » Iz L= (0,T,HX(0)) » [ Z, [ 12(0,T,H'(Q)) »

Iz, 12(0,T,HY(2)) » Iz, |l 12(0,T,12(02)) » 7l L= (0,T,H(2)) » gl L= (0,T,HI(Q))

IR Lw(o,T,Hl(nU))> = C. (16)
516 4 (y,(u),r,(u);z,(u),q,(u)) €Y, xR, xY, xR, JEFM(15) Hfg, i1
BL, WA Ak

max || y,(u) -y |5+ AIZ( Iy () =y g, +

. C
20 (I =) (r 2 (u) =) |13) < T[hz + (A, (17)
Gl
max | z(u) =z || 5+ AtZ( Iz, () =22 |7, +
. C
20 (I =m,) (g, (u) =¢"") |I¢) < T[hz + (AT, (18)

R FERAREE SR (5) B e =t,,,,, FIH Green A3, AIRXMEER (w,,,) €Y,
XR,,H
() swy) + A (Y (E1n) 57 (i) 5wy, 8y ) + b,(¥(2000) ¥ (E010) ,W,) =
=) W) = () w,) + G(r(2,,0) ,¢,) +
(f(x,t,00) +Bu(x,t,.,,),w,), (19)
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Ay (L)
ri(}’(tn+1/2> W) =A zj: <T.l/2,wh >0K/"
ri(r(tnn/z) W) = z <r(tn,+1/2) ’wh'nj>01<j .
j
ﬁﬁiﬁ(19)‘/}&%%%]‘@3@(15)E‘J%#JQ,EM%XME%?% (w,,b,) € Y, xR, , £1
,+|
, (u) —y,(u) ]
2 yl(tn+ ) ’wl +
- ( 12 At I .
A/L(y(lrz+]/2) - n+l/2<u) r(tn+]/2) - "H/z(u)'wh,ﬁbh) +
b (¥ (tyiin) ¥ (i) w,) = b, (ELy;(u) ,y; "(u) ] ,yﬁ”/z(u) W) =
- rrll(.)’(twrl/z) W) ri(r(tml/z) W) G (r(t,,,,),b,) +
(B(u(tn+l/2) _u"+1/2>’wh) d (2())
T (20) Ze A7 PRI R fin A
n+l _ n
2 (yAy,whj + ah(yml/z’wh) + d}x(yn+l/2’¢h) - dh,(wh ,rnﬂ/z) +
j t K
bh(y(tn+l/2> ’E[y" ,y"—I:I [yh<u) ’y;i I(”) J ;y”H/z’w/z) ’
oet!
e n+1 _en
Z [ y v y’whj + ah(e;wl/z’wh) + dh(e;ﬂ/z,d)h) dh(Wh, n+l/2) _
J Kj
Gh( ’”1/2(1‘) »d)h) = (DTI/Q,WJ,) - bh(E[yZ(u) Y (u)] n+l/2 1,) -
(21)

b (E[ _:9 ;l ]}9yn+]/2’wh>s

5

n

n+l
n+ y _y
(Dl I/z’wh): z[ At

i

- yl,(tn+1/2) ’whj

+a,(y(t,n) yn+1/2’wh) -
K;

dh<w}1 7r(tn+l/2) - r"+1/2> - rrlz,(y(zn-#]/Z) 7wh) - ri<r(trr,+l/2) ’wh) +

(B(u(tn+l/2) - u"+1/2> 7wh) + bh<y(tn+l/2) ;y’”’l/z - y<tn+]/2> ’wh) +

n+1/2

b (E[ Ly ]J =Y (L) 5y W) .

FIAILS:

e =y = yiu) = (" = P, r)) + (P = yi(w) =" + £,

ef =r" —r(u)= ("= 0Q,0y",r")) +(Q,0"

,
n n+l

e +e

;+1/2 = y 2 Yy — Z+1/2 + nn+l/2 ,
en n+l
n+l/2 _ T r _ A,ntl12 n+1/2
N N 6"

FE S, BEGMIE 0, (9" w,) +d, (0", b))
G U RIL S A

J At v

;o) —r(u)) =0" + g,

- dh<w}, ,0””/2) = Gh( Q},(W}, ,d)) ,d)),) , T

n+1 _§n
h
Z ( L ’wh] A (f”*l/z’,},]ﬂl*lﬂ;wh a(bh) =
K

n+l _ n
2( n hj _bh(E[yZ(u>,yZ 1<u)],e"+1/2 wh) -
K

J j
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bi(Eley,e;” 1,y w,) + (D" ,w,) .

y’y

1ER(22) EPEX (w,,d,) = (£ Y2y ATfe
S CIET 1= NE D + A& 13+ 1 U -m) () i <

_ 2 nn+l _nn A
A = «

Y

bh(E[ n 1] ’yn+l/2 n+1/2) | + ‘ (Dn+1/2 Z+1/2) ‘:

€y,¢€,
I +1, +1,.
H Cauchy-Schwarz A% 301 Young Z:%;T:ﬁﬁf/'?'
C nn+1 _nn 2 D
I = —|—F + — | &
R s IR I 1

X]L:J: Iz, EE ﬁT%Jﬁ Young ng—t T‘;ﬁf—t%ﬂ bh( §n+1/2 ,1+1/2) _ Oﬁ‘[‘fﬂ%
L<| b,(E[y!(u),y " (u)] """ ") | +

| bh(E[g fn 1 ’ n+1/2 n+]/2) | +| b (E[n 97'" ]] ,yn+1/2 n+]/2) | <
| b},(E[y ’yn l} ’nn+1/2 n+l/2) | +| b (E[n ’nn 1] ’nn+1/2 n+l/2) | +
| b (E[fh,fn l:l ’nn+l/2 n+1/2) | +| bh(E[f,, 1] ’yn+1/2 n+1/2) I +
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Abstract: For the optimal control of Navier-Stokes equations, a new local stabilized noncon-
forming finite element method was proposed. The time-dependent problem was fully discretized
with lowest-equal-order nonconforming finite element NCP,-P, in the velocity and pressure
spaces and the reduced Crank-Nicolson scheme in the time domain. The scheme was stable for
the equal-order combination of discrete velocity and pressure spaces through the addition of a
local L projection term. Specially, based on an extrapolation formula, the method requires only
the solution of one linear system per time step. Stability of the method was proved. For the
state, adjoint state and control variables, the a priori error estimates were obtained. The error

estimation results show that the method has 2nd-order accuracy.
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