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Fig. 2 The instable modes of 2 vortex pairs in comparison with those given by Fabre et al.[®]

3 =X RFEAIERES

WA SCHE T B Jie 3] =X R G0, 3 FH T R 3 18 A LHL R AE A R B0 Bl B 1)
B B X RR A A B 22 W I S AR R N 3 s, — IRt A RIEE N b, iR SRR T, iR 2
R a, , X FRHEARTE 20y T PN X L8 R 45 F4) s A5 S 1) 43 A 3 a2 B R 20 A 1) T8

H1 30 (10) FEATERME AL A THIE nT A B B 0 M R AE e 18 N EF TR PR ILI SR C ARYE
B3 Ematfieimznr,=-r,, rry=-I,, I'o=-1T,.

ARTIFFT B8 FH BRI 1T LAY R 20 DO 36 X6 -5 30 X LA B B 22 i it ot R R R v, b g i
PRI RS AE B 32 N EF TR, IR RS A 50 MHEF TR, 1l WL BEE 100 B0
(R 22 RS A (14D SR fie R T Sl 8 A o 4 38 o g Y (e =2 92 B o7 FH 75 5%, AR SO R I8,
T % AR L 23 [R]X FR 43 AR A BN 22, T HLR A B, TOIE R AR 44 L &
J5 R AR BT ] RS A,

Bl 4 25 T =0 RGeS A MBS R IR A B A T, 2 ab, > 20 J5, [AIRE
B H AT R B B BT B R A PO R RS, 2R 22 R G AR e B o B L B R 22



RAT R R IR B AR E P A 867

WO I AR GeHs 1 B AR TR AR B T =0T, A s S8 T iR T
PRIF A AT I o T ZR AL RN 25 T AL 36 5 | AR sl iciis 2 [A] A9375 02 sl PRI, 1
TIRRPRERFLNE 4 AT LR B A TR A BRVBAGEE N, =0 A £E P sh A o
TR, i HX A AR 2532 2l i DX ] ORAFEAR R B, 55 i i B ) R B B e sh B R
DUANTR], PEB PR B NS AR 5 8 = T i s sh UK.

B3 =X FRE

Fig. 3 The 3 vortex pairs of symmetric configuration

. . 4 5000} . . 4
3500 — antisymmetric mode 4 ___ antisymmetric mode v
—— symmetric mode 4 4500 —— symmetric mode /
/ 0.10 a,/y,=0.10 4
3000F 41/ VT 4 ) . @/
a,/a,=0.05 / 4000 a,/a,=0.05 /
~ 2500} a/m 0.05 7 ~ 3500 a/a| 0.05 74
© /y,=035 ’ © /y,=0.50 /
S A 7 5 3000f 72T /
<’2000-y/y‘ 0.05 7 = y3/y,=0.05 /I
'y I,/ =-0.40 // o 2500+ 15,/17=-0.40 //
[ _ [ —
S 500k £5/11=0.10 // N 5000k I/17=0.10 /
74 | |
1000l // 1500 ||
74 1000+ I
L 4 A
500 5001
0 L) . . . . 0 . . L L
0 5 10 15 20 25 30 0 5 10 15 20 25 30
ab, ab
(a) JCEENIHL2RIFE RS A 0.35, 0.05 1Y (b) JEEA AL RIIE B2 0.5, 0.05 1
SRR S B LS XEFRF SO FRA S
(a) Symmetric and antisymmetric modes of nondimensional (b) Symmetric and antisymmetric modes of nondimensional
vortex filaments wit spacings of 0.35 and 0.05 vortex filaments with larger spacings of 0.5 and 0.05

B4 =X A RE s
Fig. 4 2 instable modes of the 3 vortex pairs
N TAE KPR s P R AR, JC S LR 7 AR B P BT B i 22 o X PRt G AR, i 2L
X RHLR i 5 LA AT i i 15 BRIBE X 1] B DI gl , sk e ibs 1) R A, ARG e U s 28 B0 PRSI ) 1 2
[N N



868 T3 ESRNT T | 0 ]

4 4 ik

ARSCHFH— B o) Biot-Savart i HHfE T 1 175 iz 2l 19— B BOM  F LR 507
TEAS B T XRR 730 B i 0 A2 A T A 1Y DU i 22 R GERS X Bg #EAT 1 30k, O HY 3] =
TR RGURAZS | SR T BEE 19 22 500 22 P 1 B R AN A E A2 5 X I B R sl B e
i e B HE AR B A R 2598

1) EUCESE TR 2N X 75 12 s A3 A e ) 3l J 2 W0 | M FIZR ML & 19 D7 08
JS3 S AR i Y AR KO AT 3] 32 B0 X R S R B R 8 R e

2) PRIEHES ORI I LU AR SR R , 109 X AR I 900 SR g LRE B  TRLEHE R,

3) WT AR RECA S ERIBRG], BEE PO 2 Fe B O B R B AR
B,
4) R IR R =T 0 98 SIS RHAE (R T LU H B i 0 K S8, 22 R i85 2K
Fet, UL 22 22 RGEARRE S TE WAL | B 193 22 50 9 0 28 X B R BRI Bl A TR A%
FR T AR L B PR A R X SEBRU Sh I U el TP R S B0 AR AT RORIR Y
It

MERA EXHR(3)REFSESHNMINEEES
A i B X (3) Hh B R s BRI R TT (PR B — 5 1

. iax . iax
iy, , e +iaz,,n,e"n, (A1)
z 3 1 x
rrrrr _ 2 o _ Tmn _ 2 a o
3 T 7 T 5 E | £ | S e ——z, e e“n +
r r r r
3 o, _ 3 X iox,iax, (A2)
I Y mnZmn M0 © 5 VB M €0,
r
1 13, 11 3,
- + | — - — 90‘ - | — - —1ax - — (:-'J< zzzzz 90‘ -
3 Y 3 5 Vi n 3 3 m 5 Yo M
r r r r
i { iocx" + i R Z iax"m iax” (AS)
5 Y mnBmnS n € 5 YmnBmné m© € ’
r r

2 EEEES m,, m,,,, L, S RIFRRARIC A m F o B SZ RN y A 2 [0 B930Sl 7
2563:0(2) 530(3) , HEARAISEER o S A R4 B0 Sl B — 1) 7 i 25K
i [ 73 A

Fm
> (Ul + Unm,)

m=1

3 (4) IR B e, RIS I3 @ 100 KA T BB i A2 e

® 1 @ 1 .
U = [ Siay,e®de, Uy, = [ 7 iaz, e dy;
—w T —w T
. / i = AAY
VACE: V]
N

r, )
Z E( Vour * (Vi + Vool + Vi, + Voum, ) e ),

m=1

ENQILUIVES ¢ U

[ my (oL, 30,
Vouw = —dx, V,,, = 5t A |,

~o T -



RAT AR R IR AT AT R P A 869

= (1 3
. 2 i
V2mn = J ( 3 (1 - lax) - 5 Zin e““dx,
- \ I r
1% _ * 3 d _ * _ 3 iaa.d .
3mn 5 Y mnmn A% 4mn - 5 Y mn®mn © X5
r

e T —e
k maEh
N

r
m
2 4’1T( Omn <W1’"'l7’" + Wannm + W3mn£n 4,,,,,; )E‘lm") 5

m=1

(6) BT -
2
= ymn 1 Yo
Won = de, W,,, = — 37| d,
ST
b ymn
W, = | ﬂ(lﬂw»+3 jMM,
- 3 ILU(
Wi =~ f i rfmmz L f 5 Y dx.
St m R L T S
=L Kian), Uy, = Tz (an)
r
v e 1 3z,
Omn  — 21‘2’ Imn = 2r2 4r4 )
o 2 2 2
Vi = Ky(ar) +@’Ky(ar) = Kma-wmw—“¢mw

H K, LK, LK, 20 B 1B .2 e 2B IE Bessel (D1 ZE/R) BR4L, H.
wlar) = K (an) +a’Kar), dlar) = @Ky(ar),

o 5 FRR A 5 T I,

3Y wnZimn ¥ mnZn y
s = s Vi T K J(ar) =-——d¢(ar),
4r r
Yo 1 3y,
v, =—7 W  =-—+—
Omn 2r2 1mn 21‘2 41”4
« 5 ym J”m
Wy == | — K, (ar) +a’K,(ar) - I( J(ar) | ==¢(ar) + — d(ar),
r
W3mn - V'imn s W4mn - V4mn .

Mm = n MR ZI A5z 8, I BT R0 0, /)

Ui = Vs = Vo = Wouo = Vo = W, = Vo, = W,,, =0,

oo Ly L

nn 2« " 2 a7’

Vo = ;(COS(;:%) + asmiaxo) - aZC(axo)) = w(ax,),
0 0

Wow == Vo = =@ (axg) .

B @ (ax, ) PR FFS BRI, T oo S AT 228 W 510 10 94 3052 ) TR~ A2 Y BRER, € () AR AR
Iy iR, B TT AN

, 1 12 1:2:3:4 1:2++6
C(x) = sinx- i + 5 - 7 o] =
x

X X

1 1-2-3 1-2-3-4-5 1-2-----7
cosx*| — ~ + - s R I
x

2 4 6
X X X



870 T3 ESRNT T | 0 ]

Hi5F R o (ax,) HIZRTCH Crow 2 B SGZA 1, Crow 1Y [ 75 5 R RO T80 ot A DK 14 765 T 0 85 R 9k 280 1) e B
A BRI (B Bl 2 P SO I AN T B8 17 T 0, Crow 175 AR AU B IR 47 ek, H i VA B i 348
BTN fp e WL 5 SRR ) 5 S b,
SFFRTF 0B x, A« > 1 BHRIEEBOTIFRIG, Fabre Z 441 T8 —R S FRAR, HRITHER.
_ (aa)? 2 1
w(aa) = 5 (ln(aae) v+ 2 ) s (A4)
Hip Euler(BREL) WALy = 0.577,a, A BIREEIE a, = ae* M,
(AL FRIRE A I C WFEEA N
A= f Vrdr - 1In(r/a), C = 2( ) f UPrdr,
Hodr r SR L — 5 5 2470 S A AR, V, SRR S , o MR, U N IR REHE.
{HZ: Fabre () BB SR HA Y aa < 1 WA BT ;% aa— 1, Fabre 251 % ] Saffman'™ 45 1 i Lamb ( 22
) S s A iES
Ji(Ba) Ki(aa)  /B" +a’

= - A5

Bal,(Ba) kaK,(aa) af’d® (AS)
4-(w+1)7
H 2 _ e )
Hr B o PESIUE

1, 9—P Bessel BREL, K, B 1 Bief 2B IE Bessel BREL, /Al KRR XA o M9 FHL, 0 HEKARN B 15 SR

HifH.
K (AS)TE aa ~ O(1) B, A5 RRBURAL , /T H| ] Newton (A=) UILRIEK A7 .

MR B XFEFEZIHEFREHEL

KHCH(T)EL,E(4) (5) L (6) 3 ZE] dE—E 4k, 24 m # n i,
1 1
Viw = 5 =75 Vo = ¥
27 2y, -y, I v
1 3. 1
W]mn:_72+74:7 WZmn =- mn+ mn Y
2r 4r 4 ‘ym ~ Y. ‘ v ¢
WAt g, Fmy(aly, -y, 1), b, #xd(aly, -y, ).
UE3R A r = [r, =r = |y, =5 [y Yow = ¥ = ¥ae
FRYEE 1 BT, 0% 22 [ BE ) HE A i 2

‘y zzzzz ‘— ‘ywl— \+]m"

a
o = WKI((X Y0 =y D+ @K (aly, =y, D),
b, = Klaly, -y, D
Mm = n i,
1 1 11
Vi = _?Tv W, = 77’ Vo = w(axy), Wy, ==V, =-w(ax,) .
Xy Xy

Mix C Z=RXESERMNIEETR

X T IESCR (12) , ZW 0 BESH I M, WAEFITTR T, Hb A5 SR M % A thU(A5) KA
r r I, r r,

6
m 1 — 2 i
M, = + w(aa,) ¥ —— M, = —— ¥ ,
* " o e @) gy e e = g T gt




RAT R R IR B AR E P A 871

F3 — F3 ¢ Fm Fl F[
M, =2 2 3 +27’zl//36’M21 = 2272+2 2w(aal) 1-7’2)(16,
T3 TY36 7:17;(1) TY e Ta, TYe
5y
M Ty T2y M LT Y
= ii N = i s
23 211_};1 21 Zﬂyi() 26 25 21Ty§1 31 Zﬁyzé 36
Fl — rl u Fm FZ _ 2
M, :729//12 +721/’15’ My = z > 2(1)(0((12) +7J¢zs’
21y, 27y s =l 2wy, 2ma; Y s
N
.53
" I, v T r, ’ T, r,
36 21Ty§2 32 ) 4212 42 41 27‘_}/?2 12 271_} ?5 15
- I, ) I, I,
M, = P ) 2“’(0‘“2) BDYERAE R _27} s 53 X5,
mas T ms ST s s ™5
5,
V. = r, - 1 v M, = r, v T r, y
52 = 13 s Msqg = 23 24
2'“’9’%3 2 }'ﬁ 2 33 2 9/54
M. = S I, 3 w(aa) F 3 y 1 r, %
s6 as 34 Mgy 14
m=1 2Ty 04 2’“’“§ y§4 21y 2y,
55
r, r, & I, I, r,
Mg = PIARE] 172X247M65 = 72"'72“)(0‘“3) iigxuv
21y 21y =l 2wy, 2ma; 2my3,

PLERXH, a),a,,0, FoRWEAE BAERHT Fabre 5509 A 15512 S (A4) P o (aa,) FRIBHT i D)
H 5 Tia s 8L, g, 59X, BN HAE TR, TR S, Ry Uls s B0, 775 + 5 F FAT L MET M,
BT IIHET M, .

&% 3k ( References) .

[1] Breitsamter C. Wake vortex characteristics of transport aircraft[J]. Progress in Aerospace
Sciences, 2011, 47(2) . 89-134.

[2] Crow S C. Stability theory for a pair of trailing vortices[ J]. AIAA Journal, 1970, 8(12):
2172-2179.

[3] Widnall S E, Bliss D, Zalay A. Theoretical and experimental study of the stability of a vortex
pair[ C]//Aircraft Wake Turbulence and Its Detection. Springer US, 1971 305-338.

[4] Jimenez J. Stability of a pair of co-rotating vortices[ J|. Physics of Fluids, 1975, 18 1580-
1581.

[5] Crouch J D. Instability and transient growth for two trailing-vortex pairs[ J]. Journal of Fluid
Mechanics, 1997, 350, 311-330.

[6] Fabre D, Jacquin L. Stability of a four-vortex aircraft wake model[ J |. Physics of Fluids, 2000,
12(10) ; 2438-2443.

[7] Saffman P G. Vortex Dynamics| M]. England; Cambridge University Press,1992; 216-218.

[8] Tendero J A, Theofilis V, Roura M, Govindarajan R. On vortex filament methods for linear in-
stability analysis of aircraft wakes[ J]. Aerospace Science & Technology, 2015, 44. 51-68.

[9]  Chernyshev S L, Gaifullin A M, Sviridenko Y N. Civil aircraft vortex wake. TSAGI’ s research
activities[ J |. Progress in Aerospace Sciences, 2014, 71. 150-166.

[10] Visscher I D, Bricteux L, Winckelmans G. Aircraft vortices in stably stratified and weakly tur-



872 T3 ESRNT T | 0 ]

bulent atmospheres: simulation and modeling[ J|. AIAA Journal, 2013, 51(3) : 551-566.

[11] WANG Jin-jun, PAN Chong, CHOI Kwing-so, GAO Lei, LIAN Qi-xiang. Formation, growth
and instability of vortex pairs in an axisymmetric stagnation flow [ J]. Journal of Fluid Me-
chanics, 2013, 725, 681-708.

[12] Ludin H B, Omar A A, Asrar W. Numericalstudy of the effect of spoiler configuration on wake
vortex alleviation[ J]. Journal of Aerospace Engineering, 2013, 28(3) . 1-12.

[13] Rottman J W, Dommermuth D G, Innis G E, O’ Shea T T, Novikov E. Numerical simulation
of wakes in a weakly stratified fluid[ C]//24th Symposium on Naval Hydrodynamics. Fukuo-
ka, Japan, 2002. 17-23.

[14] Rodrigues B, Luca D. Weakly nonlinear analysis of short-wave elliptical instability[ J]. Phys-
ics of Fluids, 2009, 21(1) ;. 199-206.

[15] Fabre D, Jacquin L, Loof A. Optimal perturbations in a four-vortex aircraft wake in counter
rotating configuration[ J]. Journal of Fluid Mechanics, 2002, 451(1) ; 319-328.

[16] Allen A, Breitsamter C. Transport aircraft wake influenced by a large winglet and winglet
flaps[ J |. Journal of Aircraft, 2012, 45(2) ;. 686-699.

Instability of Aircraft Multiple Trailing Vortex Pairs

CHEN Li-fang, WANG Zhi-bo, SUN Gang
(Department of Aeronautics and Astronautics, Fudan University,
Shanghai 200433, P.R.China)

Abstract. For aircrafts the wake vortex separation and the disturbance-induced vortex instabil-
ity draw more and more concerns. A 1st-order approximation of the Biot-Savart law was used to
build the induced motion model for arbitrarily multiple vortex pairs. Symmetric and antisymmet-
ric modes of the induced motion of vortex pairs were deduced with the linear combination
method. The properties of the modal matrix eigenvalues were obtained to describe instability of
the multiple vortex pairs. The modes of 2 vortex pairs were used for validation of the proposed
model, which was thereafter extended to 3 vortex pairs to give the instable modes correspond-
ing to the modal matrices. The theoretical analysis and eigenvalue calculation show that, with
the increase of the number of vortex filaments, the instability of the 3 vortex pairs will rise, and

the amplification effects of the vortex system on the disturbance will highten.
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